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• We will wander balls of rookies rel centered at the dig in.

• in dimension D= 2 Bz = { ( x , g) EIR- i sit y
'll } E 1122
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set of pts in the plane {
subset of the plane

Ba

-

. D= , B
, ← go, y,⇒epe , *+yeezy , g e up

Something maybe you have never

thought about : die ?

- d - i D , = { KEIR : x' El }= E- I
,

I] 1- demean oval ball

- Wheat 's an ee - dimensional ball ?

it's the subset of IR" Cee - olein space) defused as

Bee ie { (x ,
,
-

,
Xu ) EIR

"

: aft ez't - . .

txu El }

I what is the
"

size
"

( eeuajiolelanalvoeeue) of Bu ?

• a- I size ( Bi) = l CEI
,
D) = 2

• U -- 2 size (Ba) = Area ( Disk) = art I 72 = size (Bi)

. ee=3 Size ( Bg) = Volare ( spleen) = ar't I > E = site CBs)



€ : Does the size increase with u ?

To answer this question, we oleoueol find an alternative way of

computing size (Bz) and size CBs )
.

§ how can we fund area Ba ?

An calc 2 (or 3) if AE IR
'

is a subset of IR
'

,
then :

Areia CA) = Sf LDA
A

So if we wanna fuid Area ( Bz) we sleeved set - up a double

integral over Bs. .

>

Cartesian coordinates i④ messy
we have 2 options

/

t
polar coordinates : ④ nice

• polar coordinates

y÷± tainted - Point " the xy -plane you aaaa

feed Gc
, y ) , then he of them as components of

Hee's vector
,
or Cr , O) their of Keene as angle

vector Ix - ax's and length of the vector

x = r Corso{ y = rg.no 0 lie to
,
za) record is a parameterization of Bz

Areia CBs) = §! Ida = §
"

{
"

s . Jacobean drdo = !
"

{
"

rdrdo = za rye! I

⇒ ⇒
polar coordinates : J =/ goofy / = r

Jacobian = ? Henk about the map Guy) l-sco.pk/arcigfTE);ac4yT)
run

-

{ small D->µ
° square

it measures
"

how destined is flee
"

new square
"

compare to thee ozeyceeoel square
"



Why you sleeved appreciate this approach ? it's easy to generalize !

Volare CBs) = ))) I du calc 3
.

Bz

Bz is a 3- deer ball
,

we can parametrize it using spherical coordinates !

x = rcoso Sino re to
, D

,

OE Eo
,
za)
,
HE Eo, Ed

{ Y tsuyoshid is a parakeet citation of thee meee spleen B,

2-

I I. ⇒
or Zo 00

Jacobean = / IF IT 3¥ / = friendZZ AI
or TO 20

VoeCBs)=§§sdu=§" {
"

{
"

s- Jacob diododr -- {
"

f r
-

cost !! !dodr=
= [ Jowar - dodr -- at .fr ' II = age

Bach-toaerozigueacaisize.CI#
Heese 2 examples suggest us to : paraeuetzite Bee

i set - eep and

evaluate an integral .

Bz : Bs Ba

Xi = rcdsoi x, = rape, Siu@ z I , = r Caso , sing sing{ xs= r Sino , as = rsino , siuoz xa= rsuio , Seitz series{
→ erase. of:%s→Kd



Soule eoceeceeeeets about thee weeding of these any less
r E3

x, = rape, Siu@ z Oi C- To , 2K)

s.is?:siuo. o.eu.⇒

-

-

i
-
.
. .
- - - - - -

xz

IC i

02 (=p) tells you how far you are from thee x, C -z) axis .

.

for a fix Oz
,
we basically have a circle eei thee

→ = roost plane of radius rseieoz

AX 3

/ f
rsiuoz

P " m "" "
b!-"W""

t
r f e- rcosoz to parametrize this circle i

-

-

-
- - -

5oz. . .
-

- ✓ "

\ x.= ( rsuioe) eosoi
• '

i

×, = (rseiroz) Swift§ ×
, ,
rage,

which are precisely the spleen . word
.

tweets of a 3 -dei - bell as mode of a lot of 2- den
.
desks one on

top of the other
,
with radius changing according to the height .

.com#i so it evokes obese fleet O E to
,
za)

,
whence HE CO,a)

How skewed we think about thee parameterization of Ba ?

Oz says
how far we ate from the oca - axes.

At height roses, instead of a desk of rookies r sines
, you now

have a sphere of radius raises .

+week of Ba as a lot of 3-due balls one on top of Hee Auer
,

with radius euayag.



So a way of parametrize.mg Bee is

a, = r coff , Serio z - - - -
- - -

- -
- - - - - Seir Ou - i -0, C- TO

,
2K)

Is = r Serio , Sui@z -
- -

- - - -
- Suite - i Og E TO

, ITT f -- 2, -, ee - I

= raesoasuios - - - - - - - simon . . recoil

Xie-i =r cosDee-z SieOu- c

Xu = 8 Cos@ee- ,

what about the jacobean ?

polar (Ba) y- r - F
'
- serio
" spherical CBs) gerbino =P? Siu

-

2oz , - suis
-

by
,

so in general we have i

Jacobian = r
""

- suit'4ou- it . suit
- '
Con-z) - - - - Simcoe)

uteines

~ I 2h

size (Bu) = Jj! Sdu = §
"

§! - - - - f !
"

r
" ' sin" Coen) - - - Sinha) doidoz-done, dr

O
me

(re-d - times

= {
"

ru
- '

dr . [suit- Countdown - - - [Simcoe)doz . [I - do ,
I

let us see Ig = J Simcoe) doc jeNo
0

We leave : sizeCB.ee/=2uI.Ii-Iz---Ie

NOWwehavetodoooueepe-oef.es integrate by parts twice

- Ig = f! siudcxsdx = J! suit' sci - siucxidx ¥ [ said -Zcxsdx
Heat is

, Ij-t-IIg-z.my 232



. Io = f! swim @
doc = J! Lola = I . Ie = f! Suis " doc = 2

- Iz = Io =L Io - IT Is --3 Ii -- I

- Ia - IIIa = ¥ LE - EE Is --5sIIg=¥ .# = ¥

So the uoeeeee of flee higher deueeesioual wee ball is

size ( Bg) = GI I , = IT Size(Ba) - II.It = E .

2 - EI =

Size CBs) = zIIiIzIz= -
Z it # = III

"

size CBs) - III . - - Iq = I -

E
-ft - Ez . Eat = f- I

'

of Cecere one can Watie down a general formula for In .

Izu =
TC2k Iza, = 2*"Ck
22k " k ! Chan ! (2b -i ) !

For even- denar a.oval bells flee forces Ca is never nicer and is given by -

size (Bau)= Amen! 1st punch line

-
th

- weird thugs happen; like lui size (Ban)= lui a- = O
ele-Ses ele-SW in !

in higher demeanour , flee ball
"

contains less where
"

.

the cure ball eeeaxiceeites the Valene wheen us 5

→ in general . the demeanor that wax wines the volume depends
ou flee radius. j e.g . 8=2 ⇒ ueaxuu at ee

-

- 24

I honestly have no intuition why it happens at ee --5 .



Bitesotw-deu.eu#aspaas
I

wi IR
"

wet ball = set of powers whose distance from flee

center is =L
.

B'RICO) = {XE IR
"

: doc ; o) ER } = ball , rad .- R , centered at the origin

BY (g) = {see IR
"

i dcx
,g)ER } = ball , radek, centered at y

of course size ( B"Ycol ) = size ( BRIG )) . ⇒ sizeCB"%# =L
mmmm size (B''Y Col )

(*)

2nd pande line

(x) this is twee only ou IR
" ( well , de faire deuce wood bleeder spaces)

can
you think about au w - due

. space ?

W is { fi To .D → IR courteous and fool -- o }
E.g . floc) = 4sink

• f , gEW ,
a. be IR ⇒ aft boy C- W

fix) = I- Corse

. f=oeW

how can we define a distance between two
"

point's
'

f. g EW ?

in IR
-

i d
,pz
( ± is)= ( (x ,-gift Coca-ye)2)

"-

dcf.gl wax I fix) - gcses 1 it's a distance .

DEKE 1

So now we can talk about balls in W :

Bee (o) = { few i def
,
a) elf = { f : Colts→ IR coat . fan -- o EEE, lfcaakl }

meet ball centered at thee " origin
"

,
aka zero- function .



Be (g) = { FEW :

Iyaz Ifan
- god let } unit ball centered at g

Eau we visualize
"

points in Bscg) ?
I

"
l >s

"

t
.

'
'

'

' "
" in

..
.

,- Y
' '
"

ra,

a
"point

" in Bicg) is a courteous function f with Goto and whose

graph is entirely between there a blue curves

is the park curve ai Bkg) ? nope .

- wwetabouttrauslatioefae.ae?

Recall that in IR
"

we have :

size ( B"Ycol ) = size ( BRIG )) .

Assume you have a way of measuring site of balls in W
.

pred Assume that
,

TR>0
,
Tf .geW

size ( Br Cf) ) = size ( Br Cg ) ) -

if size ( Br Col ) Los ⇒ size ( Bacot ) =D

Moral Assume you have a
"

way of eueoeauciug
"
ouboeto ai W .

mm

assure that the site of a set and its translation

are the same
.

than the site of a ball is either on or co !



~> So if you want
a uae ttieial way of eueoeouaieg balls in

.

W ; you can't have translation invariance ! :

proof give the idea . just draw something Abe ④
#

,

Since W is uifaue dimensional
,
we can find co - many

pairwise - dugout bells eoutaiueol in Brca)
, say Br ( fu )

for some {fufu CW .

How is this posable ?

ai IR
-

o.io#o::e::::::::::.a:g.::..:meraoaisan .
In co - oleic . apace , you wiglet thick like having co-way axis

⇒ so you
have b - may dugout balls contained wi Brca)

.

by our Assomption size ( Br ( ful ) = size ( Br lol ) = i CLO fante

- each B. Cfa) E Brio) ⇒ So is the union

µ Brffu) c Br (o)

size ( Un Br (fu ) ) E size ( Brca)
.

I if two ball are disjoint , then

size ( Brca .) u Brian ) I' - . -¥'

size (Brian)

size (Br Cfa)) E size (Brca ) Lcs

by assumption, all these sites are the same

→
L c f size ( Br lol ) Lcs

n =L

Q is this possible ? m) yes : iff a- e



since size ( Brca) f size (Br Cfl )

the quotient is wet L
,
so one eaglet ask what the value of

size( Br ( fl )
- at least for overall Pr

.

size (Brca1 )

I e- r÷ . e

- stftfyedx

if someone asks . X is the swellest to eigenvalue of
staff on to .is

.

- So
,

what do I study ?
For kettle : this might be too advance, but it

could be interesting for guiders/ seniors

G= a nice group
nun

if you have taken Linear Algebra , you cow tank of G as being the set

of orthogonal eleatuas, or upper tciaugular - matrices . etc

•

"

algebra
"/ geometry

Wi={ f- Eats→ G cautious fool -- o }
run

topology
- W is an co - deueusreual space ~> functional analysis

' how can you measure size of bells in W ?

simplest way
I knew : Brownian Motion probability .

What do I like about what I do :

Fetaas auelysis1probebeetyW-
I really Gbe when different fields of made combine with
each other .




