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INFINITE FRIEZES & BRACELETS
[, Conway- Coxeter (finite) friezes
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9. ninite —Frfe.?,es

Same rvule , but remove 4he bottom bour\c\nmj condition CTSFJ’W\M\& 10153
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Loter: infrnite frieze with cluster algebra elements



%.Clusﬂ)f‘ al@o,loms (Foan — Zelevinsky , ZooD
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How 4o covistruct cluster Variables
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Eve,n& duster variable is a Llaurent Polyromial [Fomin - Zelevinsky 2°°'£|

with positive coefficients  tn the TritTal clucter
[Lee— Schiffler 2013

4. lafrmite frieze of positive Laurent polynomials

Ialea For cluster alﬂe.lorag ]Crom Sur-FaaeS

arcs H cluster vartables
ge,ne,ralrze& arcs clustex alﬂe,bm elemente
(se,l{‘- c,rossTn% is allouoed) Which are Laurent Tohnom'w(l_g

With TosH-ive, Coefficients
LG., Musifer, Vogel 2014]
The cluster qlsebra elements CorresPonolTno&_ +o 6o.nexaszec°
arcs between Fhe same bouno\qrﬁ of an annulus o¥

a Ppunctured disk -Fo‘fm an Tnfinite frieze.
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An infinite frieze of elements of the cluster algebra corresponding to
peripheral curves in a punctured disk.
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EX&MFIC :

Resolving a self-crossing.

» When the variables are specialized to 1, we recover the integer
frieze pattern. When specialized to nonzero numbers, we get
an infinite frieze pattern with nonzero entries.

1 1 1 1 1 1 1 1 1 1 1

Divide vows Tato e VelS
Level 1 consists of curves with 0 self-crossings

Level X consists of curves with 1 Self—c,roSqu,

Level k consists of curves with k=1 self-crossivgs



An infinite frieze pattern from Q, peciodic with n=5

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

Level 1 3 3 2r 12 3 3 3 2t 12 3 3 3 27 12

Level 2 5 & 17 35 11 5 & 17 35 11 5 b
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Level 3  each leve] 22 13 20 15 8 22 13 20 15 8
has n=5 15 7 23 17 25 15 7 23 17 25
rows 8 8 26 53 17 8 8 26 53
9 9 8 3 9 9 9 81 36
10 28 55 19 10 10 28 55

Level 4 31 192921 11 -31 -19.,.29
29 10 9 90 2 4 91



5 . Grow-lfh wcﬁf icients
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<on —+the Sawme wlumro ic Constant.

* The constants sy Sa+TS‘Fj +he porwalized Che,byghe_\, Folg]v\omials:
Sk= Te(eD YV ok

where  the normalized Chebychev polynomnial is defrned by
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T, (x)= X
T,L (= X T;(_' (x) = Tr_y (%)



é- Growth coefficients and bracelets
]:MuSiker~&ohi{{[er—whams lollj

The element X(Brac, )€K associated to a braceletr which cvossed

tself k-1 4imes is an important element.

®)(®) ©

Bracelets Bracy, Bracs, and Bracs.

* Certain -Ffo&uo‘rs of —the cluster variables gnd +he bracelefs
focm a wice basis of S called —the byacelets batis .

+ The elements XCBrQCy_’> SaJr?SFj ‘the vovwalized C,Inebyshe_v

ro\jnowﬂa\s
XC&‘(QCK> = TL(X(BY—GC\D

X () =T, @( : >>

[-G"') MMS?I‘FJ’» Voﬂ&l ZDIQJ
In the -Frie_ze of Laurent Fo[&nomi'als) the ':juw;P" between level k & k+1

is the cluster alaebra element which C,oY'V‘eS'FovAS to te bracelet
which crosses itcelf k-| times.

The constant S = #H# terme in the Laureat expantion of Xﬁgfﬂcb



In punctured disk case, this growth factor is always 2.
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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A Conwaﬂ~Coxe+er fcteze & Tnwaciant under a qlide veflection
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In a polygon VS a punctured disk/annulus

2-0 @

No %\?Je reflection syrmetey for tnfinite friezes,
Lut theve 1= a "Comr(eywm{— &dmme:(-‘r:‘"

Def  LetT<{ and let y;, bethe arcfrom T to g with K—1
self-crossings. The comp lementary are ¥ of yi s the-are from 7
to f with k — 1 self-crosstngs
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Arithmetic progressions in frieze patterns from punctured
disks (Tschabold)

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

9O 4 14 11 16 9O 4 14 11 16 9 4
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10 28 55 19 10 10 28 55
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Geometric interpretation of the arithmetic progression

Proposition (G., Musiker, Vogel)

The arc from vertex blue to vertex green with k self-intersections

the arc from vertex blue to vertex green with k — 1
self-intersections

+ o+

Proof: Progression formulas and induction.



Progression formulas
Theorem (G., Musiker, and Vogel)

Let v1 be an arc starting and finishing at vertices i and j. For
k=1,2,... and1 < m< k—1, we have

x(7k) = x(ym)x(Brack—m) + x(Vi_om+1), where:

> forr >0, v¢, is the curve v,1 with a kink, so that

x(7&,) = =x(Yr+1), and

» a bracelet Bracy is obtained by following a (non-contractible,
non-self-crossing, kink-free) loop k times, creating (k — 1)
self-crossings.

| x(74) = x(fyl)x(Bracg,) + x(v5) for k =4 m=1
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Infinite friezes of cluster algebras from surfaces
Emily Gunawan, Gregg Musiker and Hannah Vogel

Cluster algebras from surfaces

A cluster algebra (Fomin - Zelevinsky 2000) is
a subring of Q(z1, ..., z,) with a distinguished set
of generators, called cluster variables. Cluster
variables are produced by an iterative process which
can be read off from a directed graph or a skew-
symmetric matrix.

A cluster algebra from a surface (Fomin —
Shapiro — Thurston 2006) is modeled by

a Riemann surface S & marked points.

earcs (with no self-crossing) «— cluster variables.

o Cluster algebras of type A, A, D, and D arise
from polygons, annuli, once-punctured polygons,
and twice-punctured polygons, respectively.

Finite frieze patterns

A (Conway — Coxeter) frieze pattern is an array

such that the top row is a row of 1s and every dia-

mond b satisfies ad — be = 1.
e

Theorem (Conway — Coxeter 1970s): Finite

frieze patterns <—> triangulations of polygons.

2 2 vy U3
P
3 v
1 11 1 1 11
Row2 .-~ 3 1 2 2 1 3 1

Theorem (Broline — Crowe — Isaacs 1970s):
Entries of a finite frieze $— diagonals of a polygon.
OB LEY

OB DY Y

Y e ®

Definition: Let 7" be a triangulation and  an arc.
Let Ry, Ry, ..., R, be the boundary vertices to the
right of 7. A BCI tuple for 7 is a pairwise distinct
r-tuple (t1,...,t,) such that the i-th entry ¢; is a
triangle of T having R; as a vertex.

1
1/ v vy U3 vy U3
1
i .
i 8§ 1
o !
t,ty) = (A, C t,ty) = (B,C
Tandy (8000 (G0 =(10)

Theorem (Caldero — Chapoton 2006): The
cluster variables of a cluster algebra from a polygon
(type A) form a finite frieze pattern.

(Example: type As)

1 1 1 1 1 1
l+a+th a 1+b Lia l+a+b
ab a b ab
l+a lt+a+th a 1+b Lia
b ab b
1 1 1 1 1 1 1

Infinite frieze patterns

Theorem (Baur — Parsons — Tschabold
2015-2016): Every infinite frieze arises from a
triangulation of a punctured disk or an annulus/ in-
finite strip. vy :

Theorem 1: The cluster algebra elements cor-
responding to generalized arcs between the same
boundary of a punctured disk or annulus form an
infinite frieze. (Example: type Ds)

99999999D

Proof:

Given a triangulation 7" of the infinite strip, the
arc (i, j) from 7 to j on a boundary component
Bd corresponds to the (i, j)-th entry in the infi-
nite frieze arising from 7'.

Infinite frieze Progression formulas

Theorem 2: Let 7, = 7 be an arc from i to
J (possibly 7 = j) or a boundary edge from i to
i+ 1. For ke Nand 1 <m <k — 1, we have
a(y) = 2()z(Brace-m) + 24 g 41)s
where:
eforr >0, 'yg‘ is the curve 7,1 with a
contractible kink \, so that
2(7€,) = —x(341), and
e a bracelet Bracy is obtained by following a
(non-contractible, non-self-crossing, kink-free)
loop k times, creating (k — 1) self-crossings.

(example: m=1, k=2)  (example: m=1, k=4)
J

(
()=

w(n)z(Brac)+a(1{) w(y)=e(n)a(Bracs)+a(y§

Level 2
6 7 J
vore e a3 7 719 81 13 7 7 19 87 13 B We prove this by applying skein relations
Level 3 22 13 20 15 8 22 13 20 15 8 22 13 20 1 b N
. 9 e
Level 4

3 10 32 i
11 11 35 71 23 11 11 35 71 23
12 12108 48 12 12 12 108 48 4

Generalized arcs to cluster algebra
elements

IR EEEEEEEEEEEE]

A BCI tuple/ trail (by, 75, 71, 71, 73)
by, w \”“‘
b ba

iy By Ry Ry Ry Ry fir Ry
. . - _ lxyas
with weight by z Lz N lpg="12
To Ty

The 11 BCI tuples correspond to the 11 terms of
XoX1X4 + 2017374 + 213 + dzgrs + 21%
T, =

Tx1Ty

Complementary arcs

Definition: For 1 < i,5 < nand k € N, let
(i, j) denote the arc that lifts to the infinite
strip cover as follows:

7 (i, + (k= 1)n)
v (¢,7 + kn)

That is, (i, j) is the generalized arc that starts
at ¢ and finishes at j (possibly i = j) with (k—1)
self-intersections such that the boundary Bd is to
the right of the curve as we trace it. Let the arc
complementary to v = 7;(4, j) be defined as

ifi<j

(i, j) = fisg

o [yt kn ifi<j
N i R
Y (it (k=1n) ifi>j

(example: 7 and AE) (example: 73 and 7§

e ©®

Arithmetic progression

Proposition 1: Let F be an infinite frieze from
a punctured disk. Then

(the arc from i to j with & self-intersections)

(the arc from i to j with &k — 1 self-intersections)

@ &

Proof: Progression formulas and induction.

Complementary arc differences

Proposition 2: Let 7, = v be an arc from i to
J (possibly 7 = j) or a boundary edge from 7 to
i+ 1. Define ¢, == 2 () — x (v€). Let ¢ = ci.
Then, for k& > 2, we have

@oci, = (Bracy,_, — Bracy_s)c1 + ¢,

oc; = ci(1+ Shl(—1)*s;),
a = 1if k is even and a = 0 otherwise.

where

Note that, if i = j, then ¢; = z(v).
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