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min Zeevinsky 2001

Dynkin diagram s y cluster algebra A

ABCD EFG of finite type

E g Type Ca a
12117

Choose an orientation of to get a valued quiver

Q a sb
1 x y

I initial cluster
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The exchange graph for type C2 cluster algebra
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ne superunitary regin of the C2 Custer a gebra embedded in 1R

offtered
The six cluster variables 15 3
each set to 1 Y

x 1

y 1 53,1

j 1 41144 92 1
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he superunitary regi n of the 3 c uster a gebra embedded in 1R

nitial quiver

nitial Custer X1 X2 X

The nine cluster variables

each set to 1
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dea C instruct a regular CW c mplex with the same face structure
as the generalized ass ciahedrn

E g for type Ca cluster algebra vertices clusters

facets cluster variables
944lb interior the empty subcluster4

15 317 15 3 21 4

115
2

71 24 92

944 b a41yd
9 124 4

Éiy
initial cluster








































































































tally positive region
of A a cluster algebra
efine a topological space ACR ring homomorphisms p A R
with the coarsest topology for which for all aeA

the map
fa A IR R

P I p a is a ntinuous

The totally positive region of A is A Rpo the set of
ring homomorphisms p IR which

send each cluster variable to a positive number

Fact Given a cluster X1 X2 Xr in A

we can identify Kyo with the positive orthant Iso

via homeomorphism fx A Rso Ryo
p pexi p x2 par

C 9 if p pixa then p 1,1 2

if p x1 3 p x 1 2 then fy p 3,2








































































































Superunitary region
bigger than 1

Main Def heatrunitary region of a Dynkin type cluster algebra A is

Ry
ring homomorphisms p IR such that

superanitary region p x 1 for all cluster variables x to o ive

Given a cluster use 7 me m rphism fx Rso Rso
Totally positive Positive

t embed Kyi into Iso region orthant

superanitary region
4 15

2
1

Set each cluster variable 1 9

positive Laurentpolynomial i
4114992 1

E g Embedding of type C2 A R il into 1R

a b jusing x y








































































































X x y
y

In this embedding fx

P where p x 3 ply 2 É 3,2 R2 s j
Can extreme

point
p f 121 5 3,2
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931

all integer
15
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p
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11,29 92
9 1 4 4 1
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X x y
9 15 3

In this embedding fx

P where p x 2 p g 3 É 2,3 R2 Ii

Can interior
2,3

point
P f
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y rX x y

In this embedding fx
if

p where p x 1 pay i 1,1 ER
Can extreme

point
p f 2

41
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4
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Thm A If A is a Dynkin type cluster algebra the superunitary
regi n A Ry is a regular CW complex which is

cellular homeomorphic to the generalized associahedron

Subcluster face indexed by subcluster is p A R s.t p a 1 iff a ex

K face a subcluster of size r k

Efface a cluster variable x

I face a subcluster X of size r 1 aka a mutation
edge

a cluster X X2 xr

3 undary of A Rs
n nemptysubcluster

face indexed by

interior of A Rsi p IR where p I cl var x

indexed by the empty subcluster

Cr A R 1 is closed and bounded

Pf The generalized associahedron is a polytope no



An application of superunitary regions
A uniform proof of a previously open conjecture that

there are finitely many positive integral friezes
for each Dynkin type

Def he set of frieze points is superanitary

Z ring homomorphisms p IR such that region

P 2 1 for all cluster variables x
C R

Cr If A is a Dynkin type cluster algebra
the set of frieze points is finite totally positive region

of The homeomorphism ARE Ropsitive orthant

restricts to 271 27hr integral points
and A 2 1 ACIDI superanitaryregion

Since A R 1 is bounded the set of frieze points is finite



What d we mean sy positive integral friezes in this talk

Def Q a valued Dynkin quiver e g Q
Build the repetiti n quiver IQ

type A 4

s s s s s

A positive integral frieze is a function IQ Zy satisfying
Conway C xeter 97 si

for each
a

we have ad bc 1
typ A

7
1 73 72E g a type As Zyi frieze s 1
1
72

a
3

7

12 1

Cacero Crap t n 2 6 and b
ssem Reutenaur Smith 2 1 for each a Id ad b be

in general bk
friezes as cluster algebras



Tact f Q is Dynkin A Zy Zy friezes of Q
Friezepoints

1hm B f Q is Dynkin there are finitely many Zy friezes of Q

Pf Earlier we said A 2 1 is a finite set

tistory of proofs by type Techniques

Type A Conway Coxeter 1970s Polygon triangulations

3CD G2 Fontaine Plamondon 2014 Type D triangulations
once punctured polygon

E6 F4 Cuntz Plamondon 2018 Eg friezes 2 friezes
of height 3

Ey Eg G Muller 2022 Uniform proof for all types
Conjenture for Ey Es was open until using compactness of the

superunitary region



Conjecture C Any embedding of the superanitary region A R 1

is contained in the convex hull of the extreme points

of extreme

points

To prove
these

prove Conjecture
C or

prove of
2 2 valued

friezes of

type E7
Ep

are 0 and 4



Quiver Dynkin Superunitary Inequalities
type region

1hm D There is a frieze point
in the interior of A Ry

iff
Q is a union of

type Dn n not prime
type Eg

type Bn In 1 2 2

type G2

E g In rank 2 there
is

a frieze point in
the interior of A Ry
iff Q is of type G 13,2

3





Why 1

We should focus on the entire basis of cluster monomials

as opposed to just the cluster variables

when t 1 the set where cluster monomials 1 is equal to A R

when t the two sets differ

when Oct 1 the set where cluster monomials It is equal to Ry

when 71
is empty


