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Path algebra

Q quiver e g Q gib
3 Qo vertiles Q arrows Ikea

1,2 3,4 a b c

Def The path algebra HQ

basis all paths in Q including the lazy path ei at each vertex i I1

multiplication on two basis elements ppl fptatfjne.gg
is a path

KQ I algebra of matrices of the form
e a 0 O

O lb Xe Oiii i
each Xp elk is the coefficient of the path p

Entry in row i cool j G path from vertex i to vertex j

o o 8 o o f o o o 8 o o o f o o o 08 o o o o o
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

E.g 4.88 818 88 4.8 88 and
3.8 884.88 8 8888

path c path b path cb path b path c o
















































































ype m dule category
E g

indQ Indecomposable modules of the path algebra HQ M 1,3

h intervals Mci j i Ej called strings gab
3

string ab or bat or 23

h positive roots in a type A root system at 02 03

The Auslander Reiten quiver of Q is a directed graph to with

vertices indecomposable modules

arrows irreducible morphisms

Q gab
se

4
















































































Barnard G Meehan Schiffler 2019 B GMS 19

A model for ind Q inspired by the 7 map tombinatories for type A

Line segments Ki j Of j Intl 4 indecomposable modules Matt j
incl boundary segments

Lower upper boundary line segments L maximal increasing decreasing paths
Pivots L irreducible morphisms

a b se
4

Q V22
















































































ri angulations s y

tI Ei

_YtI
















































































HQ path algebra of type A

Classical def T E mod ka is maximal rigid if
T1 T has Qo non isomorphic summands

of vertices of Q
T2 For each pair A B of summands of T called

if 0 B E A O is a short exact sequence then E Bta rigid

Def B GMS 19

T E mod HQ is maximal almost rigid Mar if
M1 T has Qol Q non isomorphic summands

of vertices of Q of arrows of Q

M2 For each pair A B of summands of T called

if O B E A O is a short exact sequence
almost

rigid
then EE BTA or E is indecomposable

Rey M1 can be replaced with

T is maximal with respect to M2



















































































nm Bans ig
triangulations of PCQ L mar modules
including boundary edges mar la

Corollary

The mar modules typeA
are Catalan objects jIssim

Thm 2 BG MS 19

Construct a biggerEstTTY type A path algebra 1k

where I o
Qo t Qi

Then ME marc

End M End T

where T is tilting in mod Ik
















































































Gentle algebras

Def A finite dimensional algebra A KEI is gentle if

GI A vertex i of Q F at most 2 arrows starting at i
is

F at most 2 arrows ending at i

GD I is generated by paths of length 2

Y
E3 V arrow a of Q F at most 1 arrow b s.t ba I To relation

F at most I arrow c sit act I I
no
relation

GH V arrow a of Q F at most 1 arrow b st b'a E I

F at most I arrow c sit ad E I

a a 213 a a 55
3

as sift
I ab I Lab caIKQ Not gentle
IKE is gentle IKE is also gentle
















































































String modules pg2

A string w is a walk along the arrows in QiuQi
opposite arrow X de Qi

with no backtrack at or a a

no subwalk v with VEI or V'EI
no going through relations

E
q

a jib 3 ac and b c are strings ab is not a string
C 14 1 97

I Lab
a 4 2

9,4 es e4 are trivial strings

Butler Ringel 1987

w string a MCW string module

If IKE is a finite representation type gentle algebra
finitely many indecomposable modules

indecomposable modules are string modules
















































































Recall def T E mod A is tilting if

T1 T has Qo non isomorphic summands
of vertices of Q

T2 For each pair A B of summands of T

if O B E A O is a short exact sequence then EE Bt A

CTB T has projective dimension at most 1

Def A 1kg finite representation type gentle algebra
T E mod A is maximal almost rigid Mar if

M1 T has Qol IQ non isomorphic summands
of vertices of Q of arrows of Q

M2 For each pair A B of summands of T called

if O B E A O is a short exact sequence
almost

rigid
then EE BTA or E is indecomposable

Rey M1 can be replaced with

T is maximal with respect to M2
















































































Opper Plamondon Schroll 2018 extra marked
Baur Coelho Simoes 2018 points

A IKE is a gentle algebra iff
arcs in SM EM

A comes from a 4 tuple S
M MY eM

oriented ked points marked points
in S

surface in 25

Rules

of Pifj k ab I corresponds to configuration

i j k ab EI corresponds to configuration i É
k of P

E T

Q 1955
3

Csm

Tigon
C 4 EyI Lab

S M PM S M
















































































Mm 3 Barnard Coelho Simoes G Schiffler B CS G S

Let A IKOYI be a finite representation type gentle algebra

Then permissible ideal triangulations of S M s y mar modules
including boundary edges mar A

Ex Q ajit 73 Recall Property M1

C 4 Each T in marCA

I Lab has Qo t Qi summands
4 t 3

ft e

es

c
b'c

b
µ

gg i É

every remark

9C y e4

S M P S M PMt S M

These5sutmands
are required in





















































nm 4 construct a new gentle algebra

B CS.GS A 1k where Qo Qo Qi

Then MemarCA End M End T

where T is tilting in mod I

Q 1952
3

I Cab 0 11 a 5251
3

I Carb
C 4 4

FIFIA KOI




















































Q 1952
3

I ab
c 4 0 11 a if I carb

A IKE
A KEE

M E Mar A T is a tilting module over A

par
over

fixing
over

b
Thm 4 End M End f































































































































































string modules of IKE Is permissible arcs 8 in S

it endpoints are in R
ii each pair of consecutive

crossings of J and P
corresponds to an arrow of Q

OF locally cuts up a triangle

É

HIII att

73 Consecutive crossings permissible 8

y is not permissible

permissible t

a trivial string ez
arc 1 are 3

string b c

195
0 4

to an arrow of Q
I Lab do not correspond or c lb
































S M P S M P S M P R S R

Q

a t IE I it IT i

I Lab Ca
An annulus with

3 points on one bdry
I point on the other

IT Irti Irti
not permissible permissiblebecause

the crossings J G J t
w P at

Permissible

area are 4 trivial
string Ido not

correspond string e4
4



Jef Drop The oriented flip graph of mar KOI
arrows are positive diagonal flips

Ex The flip graph of mar IKE
es

injective
e Mar

ez b

for Q 1952
3

I Lab is es a
C 4 e c ex

It a toe

9C x e4
not permissible es

es e

e I y
c ea b

I bc b
e x e4
C Ez9C e4

not permissible

e

3

Barnard G Meehan Schiff er 2019
y
c
bi b

In type A the flip graph of Mar HQ c ea projective
is an oriented exchange graph of a type A mar

c b ct
cluster algebra a tamari Cambrian lattice eat btesteitac


