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Type A quiver representations
Example

Q an orientation of An Dynkin diagram Ag
S4

Q= si si
s
, Sz - - - Sn -

si

rep Q : objects
= finite - dimensional

representations of Q

morphisms = representation maps o
o

L

Indecomposable representations ①
Id id

¢
M (1) 3) =

written as
✓ L

are mciy-7.is#::..:: a
sum of

two nonzero

representations shorthand I 3
o o . . . ①

' d
¢ . . .

'do 0 . - - O 0
notation 2

Si Sj

<
" I
> positive roots of type An

✗ i -1×2-1×3

I



Auslander - Reiter quiver follow
arrows

to find Pq

54
The Auslander - Reiter quiver To,

si si
of rep Q is a connected Q=

✓ L

52
directed graph with cannot be start with indecomposable projective

written as

Vertices = indecomposable
a direct

"
Then knit

"

4
sum of 3 = Pg 1two nonzero

7representations representations fQ=
2
^

423423 =P}
arrows = irreducible does not factor 7

morphisms
through another 2=13

>

123

^
>

34
representation 7 7

]

12=>17 3
"

4
Caldera - Chapoton - Schiff /er model 2006 - model for

cluster category
Fix an Cn -13) -gon with a triangulation T. 12%4> 0¥

, , (4+3) - gon
where 1- crosses •

•

diagonals not in T <
"

equivalent to
' 23

"

•

•
Y c-

←

indecomposable representations Polygon model for
,
,
}

Conway-
Coxeter o

friezes •
• 2



7 surjection (Bjorner Wachs 1997
, Reading 2006)

Q quiver of type An-12 7g : Sn+ , >>{triangulations}- of PCQ)5
, Sz - - - Sn -12 symmetric group

54 [
Type A-2+2

Q= si si
? w=(21%) to

. • <,
✓

siZ ES
}

O

si E 3-
if us;+ ,

in Q , let it be up
along top edges

Siti {
Xz 0T ✗ 4 W(3)=3if g. <

in Q , let I be down paths remove }

from { "2 0T£ " WG)=T
[ In Emily 's lecture

,
insert i

a- all vertices are down ✗ , O ✗ 3- 4 W(1)= 2-
☐ •

•4=n-12 o n-12 remove
2

0+0 ""

µ ,ngµµomedÑ

¥ to 02-3-4

Q
←
←
←

"

"
←

E I
01 '

, {
'

z
In-12 3



ew model of rep Q (Barnard - G.

Meehan Schiffer 2019)

et E :={ line segments Ni,j) for oEi< Isn -12}
=
: E > { indecomposable representations}Define a bijection

of An-12
line segment Jci,j) > Citi,j)

E. g. 34 I
72 7TQ =I I I +3 Ii"

Oo • Oo • 0. • 2 £23 ]z44 4 4
>

12
>

3
>

4E I E E E I

811,3) 812,4) 811,4)
FI FI FI
M(2,3)=z3 MG,4)=z4 ME,4) -234
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ew model of rep Q (Barnard - G.

Meehan Schiffer 2019)

hm Every arrow ( irreducible morphism) in FQ
-

acts on the line segments Tci,j) by AR quiver

pivoting one endpoint to its counterclock neighbor.
I

0 . J(1,4) •4

I 7
.
I 4

E z pivot fQ= 3 1
72 7

0 . 811,3) • 4 T 34123 72
0

I 3- 2
>

123 134
J I 7 7

Pivot£
y(0,3)

>

12
>

3
"

4
0 . •4

E I
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ew model of rep Q (Barnard - G.

Meehan Schiffer 2019)

hm Every arrow ( irreducible morphism) in FQ
acts on the line segments Jci,j) by

pivoting one endpoint to its counterclock neighbor.

I 4

pivot

0 •

I
812,1 )

• 4

• y

E £
"" '" E

fQ=
>
234

,
I

0 . 812,4) t 4

723 423
E I

J I 2
>

123
>

34
7 7

☐ • 813,4) • 4
>

12
>

3
>

4
0 0

2- 3-
↳

pivot 6



A
5+2 example

Q = PCQ)
- -•

7

i .

I
rain
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What does the triangulation in our model correspond to?

A triangulation

Q= in PCQ)

8-15=13 indecomposable summands
81-5=13 line segments 8



Mar (Q) (Barnard - G.- Meehan- Schiffer)

hm gives a bijection { triangulations} > {maximal almostof PCQ) rigid representations }
Jef * is almost rigid if
-

mar (a)
• is basic (no repeated indecomposable summands)
• =
or each pair A , B of indecomposable summand of ,

if 0→At E -4>713-10 is a short exact sequence]
We cannot have

Imf -- kerg o→A→C⑦D→B→0
w

then EIA B or E is indecomposable # A-1013
as a s.es

* An almost rigid is maximal almost rigid if

i + M is not almost rigid for any representation M .

Cor Let Q be a type An-12 quiver .

# { summands in TE marca)} = 2h -13 (n-13 boundary line segments ,
n internal diagonals)

# mar(Q) n¥(1¥) Catalan numbers !
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Cambrian attice using 7 (Reading 2006)
in fact, a lattice

the (right) weak order on Sinti is a part-time (poset) whose Hasse
diagram is the Cayley graph of Sn+ , with generators { (1,27 , G.3) , . . . .cn ,n+D}

biggest # of I
E.go (2)(23×12)=(23742×23) 321

(23)
inversions

(iz) (23) (12)
0 • • 4

✗ 2)(23) (23×12) 231 312 I E I I
7Q

o . • 4
321

o . • 4(23) (iz)
(23) (12)

⇒
(2) (23) 213 132 E I E I

112) (K)
(zz) 231 312

Id
""

I 23 no inversion I %

0 • • 4 0 • • 4
union of paths{ triangulations} E I7 : Sn-11
from Oton-12

" did
£ 5-
\ I / , zz

' of PCQ) 712137
earlier 213

gives a quotient of the weak order o . • 4
Both

£ I 312 , 132called e-Cambrian attice
.

123 map to
the

same triangulation
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Cambrian att ice on triangulations of PCQ) (Reading 2006)

T, is covered by T2

T, 472 I
largest

T2 slopes o . • 4

1 covering if :
relation I E I
I

0 • • 4

• Ti
,
Tz differ by a diagonal flip E I

→
I

Tz
I

81 82
TNT, in Tz 0 • • 4 0 . • 4

I 5-
\ :

E I
T,

• The diagonal 82 has larger slope Tz
0 • • 4

covers

minimum ITE I
slopes
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Cambrian attice on marc , ) (Barnard - G.- Meehan- Schiffer)

4
3 1

72 7

- 4 I
-12 123 423
1 covering if : 0 . • 4

y
relation 2 423 134

I 7 7 £ I
>

12
>

3
"

4 812,4)
• Ti

, -12 differ by one indecomposable
M(3,4)

summand Mi - Ma
in -1, in -12

• There is a nonzero morphism 4
3 1from Mi to M2

72 7
I

- 4

123 423
0 • • 4

2 423 134 E I
7 7

11 -

z
-

4
811,3)

2 M(2,3)
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union of paths
"

union
"

of representations7 :Sn+ , > {triangulations} induces 7?sn+ , > mar(Q)
of PCQ) with dimension 11,1 , . . . > 1)

E. g. w=(If}) C- 53 w(11=2 w(2)=T w(3)=3

remove 2- insert T remove 3-

to 0234 ✗ I 01×3-4 1201-3-4 ✗
3 01-1×4

- -

I I I I

0 . • 4 0 . ✗ I • 4 0 • ✗
z

• 4 0 • ✗
,

• 4

E E E E E E E I

Take union of all edges of Xo ,X, , ✗2,113 to get triangulation 71213)

✗5=1+034✗or -_ {④ 3+04 ✗F- ' 23+04 ✗E- 1+023+04 2

34 4
72 71 723 I

>
¥

,
I

>
234

,
I

1234
1 4

723
, 123 423

^

123 $234 123 $234
2

>

123
"

34 2 423
>

34 2 423
>

34 2
>

123
"

34
7 7 7 7 7 7 7 7

>

12
>

3
>

4
>

12
>

3
>

4
>

12
>

3
>

4
>

12
>

3
"

4

ext (2) degli) ext ( z)

Take union of all circled indecomposable to get m.a.ir rep 7rC2l3) 13
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