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A polytope in R” is the convex hull of a finite set of points. In R?, a polytope
is simply a polygon. In R?, a polytope is called a polyhedron. Important features of
a polyhedron are its faces, edges, and vertices. For example, the cube has 6 square

faces, 12 edges, and 8 vertices.

EXAMPLE 1 Suppose S is a cube in R>. When a plane H is translated through
R3 until it just touches (supports) the cube but does not cut through the interior of the
cube, there are three possibilities for w , depending on the orientation of H. (See

Figure 1. /
gure 1) Called “faced
H N S may be a 2-dimensional square face (facet) of the cube.
H N S may be a 1-dimensional edge of the cube.
H N S may be a 0-dimensional vertex of the cube. |
H
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H N §is 2-dimensional. H N Sis 1-dimensional. H N §is 0-dimensional.

Notation: If f is alinear functional, then f(A) < d means f(x) < d foreachx € A.

Def Lot S be a polytepe in R of dimension k.
A vonempty subset Foof S is called a (properd face of S
it F#£S and T=SNH fir some hyperplane H=Lf: 4]
Such 4hot  either §(S) €4 o f£() > L

¢ The [/\ﬂfe/]ﬂane H is called a SupperLing ['“Eowch7vg"> by perplone t S,
© It 47M(F>Sk) then F is called a k-face of S
= A 0-face of S is called a vertex of S
a 1-face of S s called an edge of 5)
and a (k-1)- face of S s called a facet of S
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THEOREM 14

Suppose M = {vy, ..., Vv, }isthe minimal representation of the polytope P. Then
the following three statements are equivalent:

a. peM.

b. pisavertex of P.

c. P is an extreme point of P.
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(i) Trad €he maximunm value w of 7C on S
(i) Find all peints X in S at hich jf[f)=wv.
'gil\ : B\'j Tl )é y ™M T atta mec\ at one o-'D e

extreme FO’H"‘ES of S| (To »)C‘,nol ™, evaluote 7CA‘|5

each extreme Fo?n*& and  Select —the Mfﬂe&{- \/m[ua>

A«F/ter SKe—Ecbwbb e see S s a +rl_7|ﬂﬂle v

7%57 - Jt(foq> : 23+0 =3
H@:)C(m>=~‘7+1=-s
7E(?—1>:7((BJ>:—3+2=-1
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(b) —3x;+x,=3

Gi> So X=f1 is he only point in S #t which f(z)=3

Ex ()_7’-) \Da +he  wame 7Co( ’l_near' 7Cunc~é('on0t] a[%l))(Z): X+ 2 Xs .

G

4(;) =—1, ¢(p,) =5,and g (p;) =5, s0 m3 = 5. Graph the line 9(x, x;) =
ms3, that 1s, x; + 2x, = 5. Here, g attains its maximum value at p,, at p;, and at

every point in the convex hull of p, and p;. See Figure 4(c). |
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Wwhos e vecdices ‘Forr—'\ a Cubget e~F vectice & O'F f
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EXAMPLE 4 Let

0 1 3
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Since [OJ ic on “the Same |lalf- Space .
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