




























































Applications linear programming

game theory optimizationproblemsSec
8.5

Polytopescalled

faces

Def Let S be a polytope in mathbbRn of dimension K

A nonempty subset F of S is called a proper face of S

if FneqS and FScapH for some hyperplane Hfd
such that either fleftsrightleqd or fleftsrightgeqd

The hyperplane H is called a supporting touching hyperplane to S

If dim t k then F is called a K face of S

A o face of S is called a vertex of S

a 1 face of S is called an edge of S

and a leftk1right face of S is called a facet of S



Theorem Def

i A point
overrightarrowP in P is a vertex of P iff

overrightarrowP is an extreme point of P
def p is not in the interior of any line segment that lies in P

i e if xyinP and overrightarrowpinoverlinexy then xoverrightarrowp or yoverrightharpoonp
ii The set leftv1ldotsvkright is the minimal representation of

a polytope P if PConvleftv1ldotsvkright
and the vertices of P are v1ldotsvk

Ex Let P Conv leftleftbeginmatrix00endmatrixrightleftbeginmatrix22endmatrixrightleftbeginmatrix23endmatrixrightleftbeginmatrix31endmatrixrightright
3
22 leftbeginmatrix31endmatrixright

1
The minimal representation of P is leftleftbeginmatrix00endmatrixrightleftbeginmatrix22endmatrixrightleftbeginmatrix23endmatrixrightleftbeginmatrix31endmatrixrightright

In summary



Thm Thm 16

Let f be a linear functional defined on a polytope S
Then there exist extreme points i e vertices hatv hatw of S

such that

flefthatvright maximum value of f on S and flefthatwrightmin_vinSfleftvrightnotation

V
m
E
ax
S
fleftvright

Ex Example 3leftbrighttimesleftcright
Let overrightharpoonP1leftbeginmatrix10endmatrixrightoverrightharpoonP2leftbeginmatrix31endmatrixright overrightarrowp3leftbeginmatrix12endmatrixright in

mathbbR2 and SConvleftoverrightarrowP1overrightarrowP2overrightarrowP3right
Consider the linear functional fmathbbR2rightarrowmathbbR

leftbeginmatrixx1x2endmatrixrightHrightarrow3x1x2
il Find the maximum value m of f on S

Iii Find all points
overrightharpoonx in S at which fleftoverrightarrowxrightm

Sol By Thm 16 m is attained at one of the

extreme points of S To find m evaluate f at
each extreme point and select the largest value

After sketching we see S is a triangle w

vertices PT P2 P3

fleftoverlinep1rightfleftleftbeginmatrix10endmatrixrightright303
fleftoverrightarrowp2rightfleftleftbeginmatrix31endmatrixrightright918
fleftoverrightarrowp3rightfleftleftbeginmatrix12endmatrixrightright321

i so m3



Graph the hyperplane line fleftx1x2rightm or leftfmright
3x1x23

ii So overrightharpoonxoverrightharpoonp1 is the only point in S at which fleftoverrightarrowxright3

Ex iii Do the same for linear functional gleftx1x2rightx12x2

Sol

og q

In general for a higher dimensional polytope S

the maximum value of a linear functional f on S

occurs at the intersection of a supporting hyperplane
and S This intersection is itself a polytope s

whose vertices form a subset of vertices of S



A polytope S as the convex hull of a finite set of points
is an explicit representation of S

S also has an implicit representation as the intersection

of a finite number of closed half spaces
This next ex explains how to compute

it.I
let S Con veeleftoverrightarrowp1overrightarrowp2overrightarrowp3right

By inspection
the line L1 off leftoverrightarrowp1overrightarrowp2right through overrightarrowp1 and overlinep2 is X1X21

and S is on the side of L where x1x2geq1
since leftbeginmatrix00endmatrixright is on the side where x1x2leq1

the line L2 off leftoverrightarrowP2overrightarrowP3right through overrightharpoonp2 and overlineP3 is x1x21

and S is on the side of L2 where x1x2leq1
since leftbeginmatrix00endmatrixright is on this same half

spaceFindthe line L3 off leftoverrightharpoonp1overrightharpoonp3right
is parallel to the line to through the origin whose

normal vector overrightharpoonnleftbeginmatrixabendmatrixright is perpendicular to overrightarrowP1overrightarrowP3leftbeginmatrix31endmatrixright
Solve overrightharpoonncdotleftbeginmatrix31endmatrixright03ab0 a possible answer overrightharpoonnleftbeginmatrix13endmatrixright
So Lo is 1x13x20 fleftx1x2rightx13x2
and L3 is 1x13x2d for some

dSinceoverrightarrowp1 is on line Ls dfleftoverrightarrowp1rightfleftleftbeginmatrix01endmatrixrightright3
So L3 is x13x27
S is in the halfspace where x13x2leq3
since leftbeginmatrix00endmatrixright is on the same half space



L3

this is an implicit representation ofSThusS can be described as the solution set of

thesystemof linear inequalities

x1x2geq1x1x2leq1x13x2leq3
I can also write x1 x2 1
if I want to write all
which I do

Rewrite this system as Aoverrightharpoonxleqoverrightharpoonb where

Aleftbeginmatrix111113endmatrixrightoverrightarrowXleftbeginmatrixX1X2endmatrixright and overrightharpoonbleftbeginmatrix113endmatrixright



To go the other way sketch the system of inequalities
Exercise 6 Find the minimal representation

ofinthe polytope defined by theinequalitiesMML
leftbeginmatrix2341endmatrixrightleftbeginmatrixx1x1endmatrixrightleqleftbeginmatrix1816endmatrixright and leftbeginmatrixX1X1endmatrixrightgeqleftbeginmatrix00endmatrixright

So

L1 is 2x13x218
L2 is 4X1X216

The system is 2x13x2leq18
4x1x 2 leq16
X1geq0 I x2geq0

leftbeginmatrix016endmatrixright

leftbeginmatrix06endmatrixrightcdotL1leftbeginmatrix34endmatrixright

leftbeginmatrix00endmatrixright
leftbeginmatrix40endmatrixright leftbeginmatrix90endmatrixright

The vertices of S are leftbeginmatrix00endmatrixrightleftbeginmatrix40endmatrixrightleftbeginmatrix34endmatrixrightleftbeginmatrix06endmatrixright so

the minimal representation of S is leftleftbeginmatrix00endmatrixrightleftbeginmatrix40endmatrixrightleftbeginmatrix34endmatrixrightleftbeginmatrix06endmatrixrightright
the end


