

























































































Sec 8.4
HyperplanesRelall

from
Sec8.1DefA line in mathbbRn is a flat of dimension

1Ahyperplane in mathbbRn is a flat of dimension n 1

Ex A hyperplane in
mathbbR2 is a line

An implicit equation of a line in mathbbR2 has the form axbyd
a linearexpressionExA hyperplane in

mathbbR3 is a plane
An implicit equation of a plane in

mathbbR3 has the form axby cz

d.alinear
expressionSoa plane is the set of all points at which a linear expression has a fixed value d

Def A linear functional on mathbbRn is a linear map fmathbbRnrightarrowmathbbR

If d is a scalar in mathbbR then the symbol
leftfdright

denotes the set of all
overrightharpoonx in mathbbRn at which the value of f is d

That is

leftfdrightleftoverrightharpoonxinmathbbRnfleftoverrightharpoonxrightdright
The zero functional is the map fleftoverrightharpoonxright0 for all overrightharpoonx in mathbbRn

All other linear functionals on mathbbRn are called

nonzero.ExThe line xy4 in
mathbbR2 is a hyperplane in

mathbbR2
It is equal to leftf4right where f is the linear functional fleftxyrightxy
i e the set of points in mathbbR2 at which fleftxyright has the value 4

y
4
X

4

Here the standard matrix of the linear map fmathbbR2rightarrowmathbbR1 is

Aleftbeginmatrix11endmatrixright a 1times2 matrix




























































































DiscussionIn

general take a nonzero linear functional fmathbbRnrightarrowmathbbR
Then the standard matrix of f is a 1timesn non zero matrix

Aleftbeginmatrixa1a2ldotsanendmatrixright

1 So leftfDeltaright is the same as leftoverrightarrowxinmathbbRnAoverrightarrowx0rightNuA
Note rank A1 because there is exactly one pivot position
so dim Nat An1 by the Rank Nullity Thm Sec 4.5

ofcols
So leftfOright is a subspace of

mathbbRn w dimension n1

In particular leftfOright is a flat in
mathbbRn w dimension n1

Conclusion leftforight is a hyperplane in mathbbRn

2 Now let d be any number in
mathbbR

Then f
backslash

d is the same as leftoverrightharpoonxinmathbbRnAoverrightharpoonxdright
Recall fact
The set of solutions of the system Aoverrightharpoonxoverrightharpoonb canbenonhomogeneousthe

homogeneous systemobtained by translating the solution set of Aoverrightarrowxoverrightarrow0
by any particular solution overrightarrowP of Aoverrightharpoonxoverrightharpoonb i e

solutions of Aoverrightharpoonxoverrightharpoonb solutions of Aoverrightarrowx0overrightarrowp
where overrightarrowP is any solution of Aoverrightharpoonxoverrightharpoonb

So leftfdrightleftf0rightoverrightharpoonp for any overrightarrowP in leftfdright
Then leftfdright is a flat in mathbbRn w dimension n1 parallel to f0
Conclusion leftfdright is a hyperplane in mathbbRn parallel to leftf0right

Discussion con't




























































































Discussion cont

3 Since Aleftbeginmatrixa1a2ldotsanendmatrixright is a 1timesn matrix the equation

Aoverrightarrowxd

leftbeginmatrixa1a2ldotsanendmatrixrightleftbeginmatrixX1X2vdotsXnendmatrixrightd
may be written w an inner product using overrightharpoonnleftbeginmatrixa1a2vdotsanendmatrixright

the transpose ofA

overrightharpoonncdotoverrightharpoonxd

leftbeginmatrixa1a2vdotsanendmatrixrightcdotleftbeginmatrixx1x2vdotsxnendmatrixrightd
Thus leftfdrightleftoverrightarrowxinmathbbRnAoverlinexdright is the same as leftoverrightharpoonxinmathbbRnoverrightharpoonncdotoverrightharpoonxdright
and leftf0rightleftoverrightharpoonxinmathbbRnAoverrightharpoonx0right is the same as leftoverrightharpoonxinmathbbRnoverrightharpoonncdotoverrightharpoonx0right
Observe leftf0rightleftoverrightharpoonxinmathbbRnoverrightharpoonncdotoverrightharpoonx0right is the orthogonal complement of Span ñ

using
mathbbR3 calculus geometry terminology say

overrightharpoonn is a normal vector to leftfcircright
We still say

overrightharpoonn is normal to each parallel hyperplane leftfdright
although

overrightharpoonncdotoverrightharpoonx is not zero when dneq0




























































































300k Ex 3 Let Hleftleftbeginmatrixxyendmatrixrightoverrightharpoonncdotleftbeginmatrixxyendmatrixright12right where overrightharpoonnleftbeginmatrix34endmatrixright
a Find an implicit equation of H i.e a linear equation axbyc
Sol leftbeginmatrix34endmatrixrightcdotleftbeginmatrixxyendmatrixright12 so an implicit equation of H is 3x4y12

b Find a linear functional f and a scalar d such that Hleftfdright

Sol fleftxyright3x4y and d12

c Let overrightharpoonvleftbeginmatrix16endmatrixright Consider the parallel hyperplane line H1Hoverrightharpoonv

Find an implicit description of H1

H1 will be of the form leftfd1right for some d1 in mathbbR

To find di first find a point
overrightarrowP in H1

by taking a point in H and adding
overrightharpoonv to it

A convenient point in H to work with is leftbeginmatrix03endmatrixright or leftbeginmatrix40endmatrixright

Let overrightarrowpleftbeginmatrix03endmatrixrightoverrightharpoonvleftbeginmatrix13endmatrixright
Compute overrightharpoonncdotoverrightharpoonpleftbeginmatrix34endmatrixrightcdotleftbeginmatrix13endmatrixright3129

Then d19 so H1leftfqright

Sol

3x4y12

3x4y0

3x4y9




























































































d Give an explicit description of the line 3x4y12
in parametric vector form i e of form leftbeginmatrixxyendmatrixrightoverrightharpoonv1toverrightharpoonv2tinmathbbR

Sol Solve the equation 3 4 leftbeginmatrixxyendmatrixrightleftbeginmatrix12endmatrixright
A overrightharpoonxoverrightharpoonb

The matrix 3 4 is already in row echelon form
Let y be the free variable

3x4y12Rightarrowxfrac123frac43y
The solution is leftbeginmatrixxyendmatrixrightleftbeginmatrix4frac43yyendmatrixrightleftbeginmatrix40endmatrixrightyleftbeginmatrix431endmatrixright y in

mathbbR

An explicit description of 3x4y12 in parametric form is

leftbeginmatrixxyendmatrixrightleftbeginmatrix40endmatrixrighttleftbeginmatrix431endmatrixright for t in mathbbR

Book




























































































Book Ex 6 Let H1 be the plane that contains the pointsoverrightharpoonv1leftbeginmatrix111endmatrixrightoverrightharpoonv2leftbeginmatrix214endmatrixrightoverrightharpoonv3leftbeginmatrix312endmatrixright
Find an implicit description leftfdright of H1
Note Since we are in the special case of

mathbbR3 we can use the cross product
formula from Calc3 to compute a normal vector for the plane
But we'll use a procedure below that generalizes to higherdimension n 1Sol

Step1 Recall from Sec 8.1 Affine combinations Thm 1

H1 is parallel to H0S pan leftoverrightarrowv2overrightarrowv1overrightarrowv3overrightarrowv1right Span leftleftbeginmatrix123endmatrixrightleftbeginmatrix201endmatrixrightrightdenote overrightharpoonqdenote overrightarrowP
overrightharpoonqoverrightarrowP

Note H0 is a subspace so H0 is the plane containingoverrightarrowP overrightharpoonq1 and the origin

step2 Find a vector overrightharpoonnleftbeginmatrixabcendmatrixright which is normal to H0
Recall from Sec 61
A vector overrightharpoonZ in mathbbR is said to be orthogonal to a subspace w of mathbbRn
if overrightharpoonz is orthogonal to every vector in w but it's suffilient
to check that overrightharpoonz is orthogonal to every vector in a spanning set of W

Let's find a nonzero
overrightharpoonn which is orthogonal to both overrightarrowP and overrightharpoonq

1a2b3c0overrightharpoonpcdotoverrightharpoonn0 SetSolve for a b C
2ac0Set

leftbeginmatrix123201endmatrixbeginmatrix00endmatrixrightrightarrowleftbeginmatrix201045endmatrixbeginmatrix00endmatrixright
Choose any nonzero c let's say c4 So afrac422 bfrac5left4right45
Let overrightharpoonnleftbeginmatrix254endmatrixright Then H0leftleftbeginmatrixxyzendmatrixrightleftbeginmatrix254endmatrixrightcdotleftbeginmatrixxyzendmatrixright0right i e H0leftf0right

overrightharpoonqcdotoverrightharpoonn0
Rowreduce 2ac0

2ac4b5c c is free
4b5c0

where fleftxyzright2x5y4z
step 3 Find d where H1leftfdright
Simply choose a point in H1 and input it into f
Weknow overrightharpoonv1overrightharpoonv2overrightharpoonv3 are in H1 Set dfleftoverrightarrowv1right2left1right5left1right4left1right7

Check fleftoverrightarrowv2rightfleftoverrightarrowv3right7

Then H1 is leftf7right where fleftxyzright2x5y4z or 2x5y4z7




























































































In Summary

Thm Thm77 Suppose H is a subset of mathbbRn Then TFAE

la H is a hyperplane

b Hleftfdright for some nonzero linear functional f and some d in mathbbR

c HoverrightarrowxcdotinmathbbRnoverrightharpoonncdotoverrightharpoonxd for some nonzero vector
overrightharpoonn and some d in mathbbR
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