
Sec 8.3 Convex combinations

An affine combination of vectors overrightharpoonv1overrightharpoonv2ldotsoverrightharpoonvp in mathbbRn
Defis

a linear combination c1overrightharpoonv1ldotscpoverrightharpoonvp
such that c1c2ldotscp1

the weights sum up to

1ecallrom
The affine hall or affine span of a set S

is the set of all affine combinations of points in S

Notation aff S68.1Def

A convex combination of vectors overrightharpoonv1overrightharpoonv2ldotsoverrightharpoonvp in mathbbRn
New

is a linear combination c1overrightharpoonv1ldotscpoverrightharpoonvp
such that c1c2ldotscp1

the weights sum up to1ANDall C1C2ldotsCp are nonnegative

The convex hull of a set S is the set of all convex

combinations of points in S Notation ConvS

ote aff leftoverrightharpoonvright is just left
overrightharpoonvright

conv leftoverrightharpoonvright is also leftoverrightharpoonvright
affinecombinations ofoverrightharpoonv1 and I

aff leftoverrightharpoonv1overrightharpoonv2right is leftleft1trightoverrightharpoonv1toverrightharpoonv2tinmathbbRright1
leftharpoondownoverrightharpoonv0

overrightharpoonv1
distinct points rfloor

the line containing both overrightharpoonv1overrightharpoonv2
convex combinations of

rightleftharpoons1 and
overrightharpoonv2

onv leftoverrightharpoonv1overrightharpoonv2right is leftleft1trightoverrightharpoonv1toverrightharpoonv2tbetween0and1right
overrightharpoonvcirc

overrightharpoonv1
Because the weights in a convex combination are nonnegative

the line segment between
overrightharpoonv1 and overrightharpoonv2 denoted overlinev1v2



Recall Sec 8.2 Unique representation thm barycentric coordinates

If S is affinely independent and 51 is in affS
then overrightarrowP can be written uniquely as an affine combination of S

The weights are called barycentric coordinates of overrightarrowP
Note overrightarrowP is in conv S iff the barycentric coordinates of overrightharpoonP

are

nonnegative.Let
Sleftoverrightarrowv1overrightarrowv2overrightarrowv3right note S is an orthogonalset.thepoints are pairwise

orthogonalDeterminewhether overrightharpoonP1overrightharpoonP2 are in span S aff S conv S

Sol Let W Span S
Recall that proju overlineP is the closest point in W to overrightharpoonp
so overrightarrowP is in W iff proju overrightarrowPoverrightarrowP

For PT
pros woverrightharpoonP1 proj overrightarrowv1overrightarrowP1pv0joverrightarrowv2overrightarrowP1pv0joverrightarrowv3overrightarrowP1

we can do this because leftoverrightharpoonv1overrightharpoonv2overrightharpoonv3right is an orthogonal basis

of w see Sec 624 63

This shows pi is in W Spans
Since the coefficients sum up 1 PT is in offS.andare nonnegative PT is in sonu S



For P2 prog woverrightarrowP2fracoverrightarrowp2cdotoverrightarrowv1overrightarrowv1cdotoverrightarrowv1overrightarrowv1fracoverrightarrowp2cdotoverrightarrowv2overrightarrowv2cdotoverrightarrowv2overrightarrowv2fracoverrightarrowp2cdotoverrightarrowv3overrightarrowv3cdotoverrightarrowv3overrightarrowv3

frac4854overrightharpoonv1frac10854overrightharpoonv2frac1254overrightharpoonv3

frac89leftbeginmatrix3063endmatrixright2leftbeginmatrix6330endmatrixrightfrac29leftbeginmatrix3603endmatrixrightleftbeginmatrix02left3rightfrac129endmatrixrightneqoverlineP2

So overrightharpoonp2 is not in W Spans
Thus overrightarrowP2 sannot be in affS or conv S

Reca 11leftS181rightA set S is called affine if
overrightharpoonpoverrightharpoonq in S implies the entire line through overrightharpoonptimesoverrightharpoonq is in S



The intersection of two subspaces is a subspace
11 of two convex sets is a convex set

n of two affine sets is an affine

seti

e conv S is the smallest convex set containing

S.If

p is in the convex hull of S then by def

p is a convex tombination of points of S

How many points are needed for this combination


