
Sec 8.2 Affine

independenceDef
A set of points overrightharpoonv1ldotsoverrightharpoonvp in mathbbR is called affinely

dependentifthere exist C1ldotsCp in mathbbR not all zero such

thatnoteup to here we have the def
of linearly dependent

c1overrightharpoonv1ldotscpoverrightharpoonvpoverrightharpoon0
and

c1c2ldotscp0
If no such numbers exist we say the set is affinely

independentNoteAn affine combination is a special type of linear tombination

every affine combination is also a linear combination

Being an affine combination is harder than being a linear combination

An affine dependence is a special type of linear dependence
every affinely dependent set is also linearly dependent

Note Part c or d is often easier for
computation because we can use RREF technique



When S has three points

The affine hull of two distinct points overrightharpoonpoverrightharpoonq is the line

through overrightarrowP and overrightharpoonq see discussion in Sec 8 1

overrightharpoonqoverrightharpoonrleftarrowLet
overrightharpoonr be a third point on this line

overrightarrowPlet 5 be another point not on this line overrightharpoons

Then leftoverrightharpoonpoverrightharpoonqoverrightharpoonrright is affinely dependent
Why overrightharpoonr being in aff leftoverrightarrowpoverrightarrowqright means

overrightharpoonr is an affine
combination of overlineP and overrightharpoonq so by part b of Them 5

leftoverrightharpoonpoverrightharpoonqoverrightharpoonrright is affinely dependent

In contrast overrightarrowpoverlineqoverrightharpoons is affinely independent

Why These three points are not collinear
Call lying on the same line

meaning
overrightharpoons is not in off leftoverrightharpoonpoverrightharpoonqright
overrightharpoonp 1 off leftoverrightharpoonsoverrightharpoonqright
overrightharpoonqldots off leftoverrightharpoonsoverrightharpoonpright

so none of the points of leftoverrightharpoonpoverrightharpoonqoverrightharpoonsright is an affine combination

of the other two so by part b of Them 5

leftoverrightharpoonpoverrightharpoonqoverrightharpoonsright is not affinely dependent



For example here's a set S of three points

we'll use method of part c

of Thm 5

meaning
overrightharpoonv1overrightharpoonv2overrightharpoonv3 are

not all on

the same line



same as before

If so produce an affine dependence relation

c1overrightharpoonv1ldotsc4overrightharpoonv4leftbeginmatrix000endmatrixright
where c1ldotscq0 and not all ci are zero

Sol 1 We'll use part leftdright of Them 5
Consider the homogeneous forms vsim1v2simv3simv4sim

rref

Mleftbeginmatrix120037414765761111endmatrixrightrightarrowleftbeginmatrix1004010200130000endmatrixright
There are 3 pivot points and 4 columns

so leftv1simoverlinev2v3simv4simright is linearly dependent

By Thm 5leftdright S is affinely

dependent.Howto find an affine dependence relation

First find a linear dependence relation

c1vsim1c2vsim2c3vapprox3c4vsim4leftbeginmatrix0000endmatrixright
or

Mleftbeginmatrixc1c2c3c4endmatrixrightleftbeginmatrix0000endmatrixright
Then C

c14c4c22c4c33c44c40c22c40c33c40 c4 is

freeApossible solution is c41c14 C22C33



S04leftbeginmatrix1371endmatrixright2leftbeginmatrix27651endmatrixright3leftbeginmatrix0471endmatrixright1leftbeginmatrix01461endmatrixrightleftbeginmatrix0000endmatrixright
But note the bottom entries are all 1

so whatever C1ldotsC4 we choose would give c1ldotsc40

Check 42310

is an affine dependence
relation for Sleftoverrightarrowv1overrightharpoonv2overrightharpoonv3overrightarrowv4rightScirc4leftbeginmatrix137endmatrixright2leftbeginmatrix2765endmatrixright3leftbeginmatrix047endmatrixright1leftbeginmatrix0146endmatrixrightleftbeginmatrix000endmatrixrightoverrightharpoonv2overrightharpoonv1 overrightharpoonv3 overrightharpoonv4

Alternative Sol 2 usingpart s of Thm 5 same answer

If so produce an affine dependence relation

c12
c23simleftbeginmatrix102013000endmatrixright

1uparrowuparrow
coordinates or affine coordinates of

overrightharpoonv4These coefficients are called barycentric



Recall

Thm 8 Unique Representation Theorem for basis in Sec 4.4

Let B be be be be a linearly independent set

Then every element in V SpanB can be written as a linear

combination of B in exactly one way I.e

for every element x in V there exist a unique set

of scalars Ca C2 Ck such that

c b cabat Cnbk
This allowed us to define coordinates relative to a basis B

Now we have

Thm 6 Unique Representation Theorem affine version

Let S be be be be an affinely independent set

Then every element in off 5 can be written as an affine
combination of S in exactly one way I.e

for every point x ̅ in affS there exist a unique set

of scalars Ca C2 Ck such that

x ̅ c b cabat caby and cat cat Ck 1

Def The coefficients in this Punique representation of x ̅

are called the barycentric coordinates of x ̅

As I demonstrated in previous example



Geometric interpretation of barycentric coordinates

If overrightarrowP is inside the triangle Δ
rightharpoonup

a
overrightharpoonboverrightharpoonc

then overlineproverlineasoverrightarrowbtoverrightharpoonc where rst1 and r sit

positiveWhen

p is not inside the triangle some of the barycentric
coordinateswillbe

negative.aff leftoverrightharpoonboverrightharpooncrightoverrightharpoona

The points on this

line is an affine
combination of

overrightharpoonb and I only
so gamma0

gamma1
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