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( EXAMPLE 2 Letb;,=|0|,by=|4|,bs=|2]|,p,=|0],andp, = |2
3 2 4 0 2

The set B = {b;, by, bs} is a basis for R3. Determine whether the points p, and p, are
affine combinations of the points in 5.

SOLUTION Find the B-coordinates of p; and p,. These two calculations can be com-
bined by row reducing the matrix [b; b, bs p, p, ], with two augmented columns:

2

4 0 5 2 1 10 0 -2 3
0O 4 2 0 2|~]10 1 0 -1 %
3 2 4 0 2 1
0o 0o 1 2 -4

Read column 4 to build p,, and read column 5 to build p,:
p, = —2b;—by+2b; and p, = 3b; + b, — ib;

The sum of the weights in the linear combination for p, is —1, not 1, so p, is not an
affine combination of the b’s. However, p, is an affine combination of the b’s, because
the sum of the weights for p, is 1. [ |




Earlier, Theorem 1 displayed an important connection between affine combinations
and linear combinations. The next theorem provides another view of affine combinations,
which for R? and R? is closely connected to applications in computer graphics, discussed
in the next section (and in Section 2.7).

DEFINITION For v in R”, the standard homogeneous form of v is the point v = [Y] in R**1,

THEOREM 4 A point y in R” is an affine combination of vy,...,v, in R" if and only if the
homogeneous form of y is in Span{vy,...,V,}. Infact,y = c;vi + -+ + ¢, V),
withe¢; +---+ ¢, = 1,ifand only if y = ¢, V| + -+ + ¢, V).

PROOF A pointyisinaff{vy,..., v, if and only if there exist weights ¢, . . ., ¢p such
that
y \4 V2 4
[=alt el e Y]
This happens if and only if y is in Span{v,, v,, ..., Vpl |
3 | 1 4
EXAMPLE 4 Letvi=|1|,v2=|2|,v3=|7 |,andp = | 3 |. Use Theo-
1 2 1 0

rem 4 to write p as an affine combination of vy, v,, and v3, if possible.

SOLUTION Row reduce the augmented matrix for the equation

(Secord Metred
(AS'N% ’([,1M6+> xlf'1+x292+x3\73=f)
To simplify the arithmetic, move the fourth row of 1’s to the top (equivalent to three row

interchanges). After this, the number of arithmetic operations here is basically the same
as the number needed for the method using Theorem 1.

11 1 1 11 1 1
0 % W B~ 301 1 4| |0 -2 -2 1
1 2 7 3 0 1 6 2
1 2 1 0 0 1 0 —1

1 0 0 15

0 1 0 -1

T lo o0 105

0 0 0 0

By Theorem 4, 1.5v; — v, 4 .5v3 = p. See Figure 4, which shows the plane that con-
tains vy, vy, v3, and p (together with points on the coordinate axes). [ |
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The next example takes a fresh look at a familiar set—the set of all solutions of a
system Ax = b.

EXAMPLE 3 Suppose that the solutions of an equation Ax = b are all of the form

2 4
X = x3u+ p,whereu = | =3 |andp = 0 |.Recall from Section 1.5 that this set
1 =3

is parallel to the solution set of Ax = 0, which consists of all points of the form x;u.
Find points v; and v, such that the solution set of Ax = b is aff {v;, v»}.

SOLUTION The solution set is a line through p in the direction of u, as in Figure 1.
Since aff {v;, v2} is a line through v, and v», identify two points on the line x = x3u + p.
Two simple choices appear when x3 = 0 and x3 = 1. That is, take vi = p and v, =
u + p, so that

2 4 6
vo=u+p=| -3 |+ 0f=1]-3
1 -3 -2

In this case, the solution set is described as the set of all affine combinations of the form

4 6
x = (1 —x3) 0| +x3] =3 [ |
-3 -2

Practice Problem

Plot the points v; = [(1)} v, = [_;] V3 = [?], and p = [g} on graph paper,
and explain why p must be an affine combination of vy, v,, and v3. Then find the affine

combination for p. [Hint: What is the dimension of aff {v, v, v3}7]

Solution to Practice Problem

Since the points v, v, and v3 are not collinear (that is, not on a single line),
aff {v,, v, v3} cannot be one-dimensional. Thus, aff {v, v,, v3} must equal R2. To find
the actual weights used to express p as an affine combination of vy, v,, and vj, first

compute
. |2 I d T
V2 V) = 2| V3 V) = 1l an P V) = 3

To write p — v, as a linear combination of v, — v; and v3 — vy, row reduce the matrix
having these points as columns:

-2 2 3 1 0
2 1 3 0 1
P=(1-5-2)Vi+35V2+2vs=—3vi+ V2 +2vs

N RI—

Thusp — v, = %(vz —vy) + 2(v3 — v;), which shows that

This expresses p as an affine combination of vy, v,, and v;, because the coefficients
sum to 1.



