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Computergraphiis in
mathbbR3

See 8.1 Affine combinations
Think of vectors in mathbbRn as points

Subspaces of vector space
mathbbR3 are

I leftbeginmatrix000endmatrixright

a line containing the origin
a plane containing the origin
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Idea

We also are about lines planes that don't have to contain the origin
in mathbbR3 These are examples of flats

Def An affine combination of vectors overrightharpoonv1overrightharpoonv2ldotsoverrightharpoonvp in mathbbRn

is a linear combination c1overrightharpoonv1ldotscpoverrightharpoonvp
such that c1c2ldotscp1

the weights sum up to 1

The affine hall or affine span of a set S

is the set of all affine combinations of points in S

Notation aff S



overrightarrowyleftbeginmatrix57endmatrixrightEx 1 overrightharpoonv1leftbeginmatrix11endmatrixrightoverrightharpoonv2leftbeginmatrix12endmatrixrightoverrightharpoonv3leftbeginmatrix32endmatrixright
Then 5leftbeginmatrix11endmatrixright2leftbeginmatrix12endmatrixright4leftbeginmatrix32endmatrixrightleftbeginmatrix57endmatrixright is an affine combination of

overrightharpoonv1overrightharpoonv2 overrightharpoonv3
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Scircleftbeginmatrix57endmatrixright is in off leftoverrightarrowv1overrightarrowv2overrightarrowv3right
overrightarrowv1

4

overrightharpoonv2overrightharpoonvcdot
overrightharpoony

1 11sofrac52leftbeginmatrix11endmatrixright2leftbeginmatrix32endmatrixrightfrac12leftbeginmatrix57endmatrixrightleftbeginmatrix12endmatrixright so
overrightharpoonv2 is in affleftoverrightarrowv1overrightarrowv3overlineyright

frac522frac121

Fact The affine hull of a single point
overrightharpoonv off leftoverrightharpoonvright

is just leftoverrightharpoonvright since cv with c1

is the only affine combination of
overrightharpoonv

The affine hull of two distinct points
rightleftharpoons1 overrightharpoonv2 is a

line.Factwhy
Suppose overrightharpoonyc1overrightharpoonv1c1overrightharpoonv2 is an affine combi of overrightharpoonv1overrightharpoonv2

Then c1c21 Let c2t any number in mathbbR

Then c11c21t

Then affleftoverrightarrowv1overrightarrowv2rightleftleft1trightoverrightharpoonv1toverrightharpoonv2anytinmathbbRright
leftv1tleftoverrightarrowv2overrightharpoonv1rightanytinmathbbRright

Let PYLet
overrightarrowu

This is the line that contains overrightharpoonv1 and is parallel to overrightarrowuoverrightarrowv2overrightarrowv1

overlineP to eachpoint in Span
overrightarrowu

notation Span leftoverlineurightoverrightarrowp
add

beginmatrixoverrightarrowpoverrightarrowpendmatrixbeginmatrixoverrightarrowuoverrightarrowP1endmatrixoverrightarrowu Spanleftoverrightarrowuright

Aff leftoverrightharpoonv1overrightharpoonv2right is the line that contains both overrightharpoonv1 and overrightharpoonv1



Theorem 1

A point
overrightharpoony in

mathbbRn is an affine combination of
overrightharpoonv1 overrightharpoonv2

in mathbbRn iff
overrightharpoonyoverrightharpoonv1 is in Span leftoverrightarrowv2overrightarrowv1right

In general

A point
overrightharpoony in

mathbbRn is an affine combination of overrightharpoonv1ldotsoverrightharpoonvy
in mathbbRn iff overrightharpoonyoverrightharpoonv1 is in Span overrightharpoonv2overrightharpoonv1 overrightarrowv3overrightarrowv1ldotsoverrightarrowvpoverrightharpoonv1
Note we can replace

overrightharpoonv1 with any of overrightharpoonv2ldotsoverrightharpoonvy

Ex 2 Write overrightharpoonyleftbeginmatrix57endmatrixright as an affine combination of the points

overrightharpoonv2leftbeginmatrix12endmatrixrightoverrightharpoonv3leftbeginmatrix32endmatrixrightoverrightarrowv1leftbeginmatrix11endmatrixright
Sol First method using Thm 1 Will learn another method using Them 4

Translate the points overrightharpoonv2overrightharpoonv3overrightharpoony by overrightarrowv1

overrightharpoonv2overrightharpoonv1leftbeginmatrix12endmatrixrightleftbeginmatrix11endmatrixrightleftbeginmatrix21endmatrixrightoverrightharpoonv3overrightharpoonv1leftbeginmatrix32endmatrixrightleftbeginmatrix11endmatrixrightleftbeginmatrix21endmatrixrightoverrightharpoonyoverrightarrowv1leftbeginmatrix57endmatrixrightleftbeginmatrix11endmatrixrightleftbeginmatrix46endmatrixright
We need to find scalars C2C3 such that

c2leftoverrightarrowv2overrightarrowv1rightc3leftoverrightarrowv3overrightarrowv1rightoverrightharpoonyoverrightarrowv1
To find c2c3 row reduce the augmented matrix

L22

leftbeginmatrix224116endmatrixrightsimleftbeginmatrix112116endmatrixrightleftbeginmatrix112028endmatrixrightsimleftbeginmatrix1101endmatrixrightbeginmatrix24endmatrixsimleftbeginmatrix102014endmatrixright2leftoverrightarrowv2overrightarrowv1right4leftoverrightarrowv3overrightarrowv1right2v22v14overrightarrowv34overrightarrowv1
c34

overrightarrowyoverrightarrowv1yoverrightharpoonv1y5overrightarrowv1 2v24overrightarrowv3

Check leftbeginmatrixT7endmatrixrightequiv5leftbeginmatrix11endmatrixright2leftbeginmatrix12endmatrixright4leftbeginmatrix32endmatrixright
52125105

548187

Check 1equiv524



DefA set S is affine if

If
rightharpoonup

pig in S then left1trightoverrightharpoonptoverrightharpoonqinS for all t in mathbbR
the set of all such expressions is the line
through overrightarrowP and overrightharpoonq

Geometrically a set S is affine if

If two points overrightharpoonpoverrightharpoonq are in S then the line through
overrightarrowP and overrightharpoonq are in

SThm
2 S is affine iff S off S

lie S is affine iff every affine combination of S lies in S

Let SsubsetmathbbRn let overrightarrowP be a vector in
mathbbRn

Soverrightharpoonpoverrightharpoonsoverlinepoverlines in s called the translate of S by overrightarrowPDefDef

1 A flat in mathbbR is a translate of a subspace of
mathbbRn

ex Any line and any plane is a flat in
mathbbR3

2 Two flats are parallel if one is a translate of the orther

3 The dimension of a flat is the dimension of

the corresponding parallel subspace
4 The dimension of a set S is the dimension of
the smallest flat containing S

5 A line in mathbbRn is a flat of dimension 1

6 A hyperplane in mathbbRn is a flat of dimension n 1



Thm 3 Any nonempty set S is

affineiffS is a

flat.Soa flat consists of all the affine
combinations of points in the set

Extra Ex



Second Method

using Thm 4



Extra examples


