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The Singulav  values of an Mxn  matrix

lel A be an mMxin madei X

T 7 i wimeT T nce NN = Y T— T
hen  AA i symmetric, siace (TA) = KAV = AT

' B
ard S0, ‘ma Sec F oA, ATA can e or%hoaonallj Afaaonalrzeol,

Let &‘77) )17;} be. an orthenormal basis -For R”
.. . ATA_
Cons(s{:m%, o{ et%en\/ec{:ors oWC ) anJ
-
[t ?\1) ...)% be, +the asSociated P_Tcae,m\/alues o{ AA.

'Tlnen) ’Fof each ?-iaer\VeOtof v,

[A 0% = (a5) (Aw) = 5TaTasw

c—~—
def of -
T . - U

Tnner = NV; STnee Vi is @ XreTﬂeﬁve_C:(-or of AA
Yoduck
! = n W

=N IIVED®

- >\? 1) Cince ﬁ; s a unit vector

%)
Tos Azl Sy

Observe: The e—ne,mvmues of ATA are  al| wonneaa-{:ive.

Pef

Z—

The singular values of A are the square roots of the eigenvalues of A”4, denoted by
o1,...,0,, and they are arranged in decreasing order. That is, 0; = /A; for 1 <i < n.
By equation (%), the singular values of A are the lengths of the vectors Avy, ..., Av,.
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Numerical Notes

In some cases, the rank of A may be very sensitive to small changes in the entries
of A. The obvious method of counting the number of pivot columns in A does
not work well if A is row reduced by a computer. Roundoff error often creates an
echelon form with full rank.

In practice, the most reliable way to estimate the rank of a large matrix A is to
count the number of nonzero singular values. In this case, extremely small nonzero
singular values are assumed to be zero for all practical purposes, and the effective
rank of the matrix is the number obtained by counting the remaining nonzero
singular values.!

The Singular Value Decomposition
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EXAMPLE 4 Find a singular value decompositionof A = | =2 2
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SOLUTION  First, compute A4 = [_9

_g :| The eigenvalues of A7A are 18 and 0,

with corresponding unit eigenvectors

_[ w2l o, vz
V) = —l/\/i_. V) = l/ﬁ

These unit vectors form the columns of V':

_ | yv2 o2
V=[v VZ]__—I/\/E l/ﬁi|

The singular values are o) = /18 = 34/2 and o, = 0. Since there is only one nonzero
singular value, the “matrix” D may be written as a single number. That is, D = Bﬁ.
The matrix X is the same size as A, with D in its upper left corner:

FIGURE 3

D 0 372 0
X=| 0 0]= 0 0
0 0 0 0
To construct U, first construct Av; and Av,:
2/3/2 0
Avi=| —4/V2 |, Av=|0
4/2 0
As a check on the calculations, verify that |Av,|| = oy = 3«/5. Of course, Av, =0
because || Av,|| = 02 = 0. The only column found for U so far is
1 1/3
u = —AV1 = —2/3
32 2/3

The other columns of U are found by extending the set {u, } to an orthonormal basis for
R3. In this case, we need two orthogonal unit vectors u, and uj that are orthogonal to u;.
(See Figure 3.) Each vector must satisfy ulrx = 0, which is equivalent to the equation
X1 — 2x2 + 2x3 = 0. A basis for the solution set of this equation is

2 -2
W = 1|, w,=
0 1

(Check that w; and w, are each orthogonal to u;.) Apply the Gram—Schmidt process
(with normalizations) to {w;, wz}, and obtain

2/+/5 —2//45
wu=|1/J/5|. w= 4//45
0 5/\45

Finally, set U = [u; w; u3],take X and V7 from above, and write

1 -1 1/3 2//5 —2/V/457[3v2 0
A=|-2 2|=|-2/3 1/¥5 4Va5| 0 0 [i/g —i/g]
2 -2 23 0 s)vais |l o oLV /

||
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