
See 7.4 The singular value decomposition SVD

Goal Not all matrices can be factored as A
Pyg

but every man matrix can be factored as A QΣP

Recall Ch5 if 7 is an eigenvalue of nxn A w the greatest length

then a corresponding unit eigenvector V1 gives the direction
in which the stretching effect of A is greatest

Harill 17,51
We can generalize this concept to Mxn matrices this will
lead to the SVD

Ex 1 A 114

The linear map x ̅ A x ̅ maps
the unit sphere in1R onto an ellipse in IR

Problem find a unit vector at which the length 11A Ill
is maximized compute Ax1̅1

Sol

Note HAT12 is maximized at the same x ̅ that maximizes Aill
11AxH̅ Ax ̅ Ax ̅ Ax ̅ T Ax ̅ xT̅AT AI xT̅ATA x ̅

ATA is a symmetric matrix since ATA ATAT ATA



Let B be a symmetric matrix

Let M be the largest possible value overrightarrowxTBoverrightarrowx
for unit vectors

overrightharpoonx Note M is a realnumber

Then 1 M the largest eigenvalue lambda of B

2 If
overrightharpoonv is a unit eigenvector of lambda then overrightarrowvTBoverrightarrowvM

Facts

Thm6
in Sea7.3

So the maximum value M of leftAoverrightharpoonxright2 is equal to the

greatest eigenvalue lambda of BATA And the maximum value is

attained at a unit eigenvector of BATA corresponding to lambda

For this problem compute



The singular values of an mxn

matrixLetA be an mxn

matrix.ThenATA is symmetric since leftATArightTATleftATrightTATA
BT B

and so by Sec 7.1 ATA can be orthogonally diagonalized

Let leftoverrightarrowv1ldotsoverrightarrowvnright be an orthonormal basis for mathbbRn

consisting of eigenvectors of ATA and

let lambda1ldotslambdan be the associated eigenvalues of ATA

Then for each eigenvector overrightarrowvi

leftAoverrightarrowviright2leftAoverrightarrowvirightTleftAoverrightarrowvirightoverrightarrowviTATAoverrightarrowvi
defof
inner productsince

overrightarrowvi is a xpeigenvector of ATA

viTlambdaiviToverrightarrowvilambdaileftoverrightarrowviright2lambdaileft1right
lambdaioverrightarrowvi

since
overrightarrowvi is a unit

vectorThusleftAoverrightarrowviright
fXsqrtlambdai

Observe The eigenvalues of A1A are all

nonnegative.Def



Ex Find the singular values of Aleftbeginmatrix720044endmatrixright

S0loATAleftbeginmatrix704204endmatrixrightleftbeginmatrix270044endmatrixrightleftbeginmatrix65303020endmatrixright
Find the eigenvalues of TA

det leftATAlambdaIrightdetleftbeginmatrix65lambda303020lambdaendmatrixright

left65lambdarightleft20lambdaright302lambda285lambda1300900lambda285lambda400leftlambda80rightleftlambda5right
Eigenvalues ofATA are lambda180 lambda25

The singular values of A are sigma1sigma2

4sqrt5sqrt80sqrt5

Note If v1 and v2 are unit eigenvectors corresponding to lambda1lambda2

then

leftAoverrightarrowvirightleftrightsqrtlambdaisigmai
Thm 9 Suppose leftoverrightharpoonv1ldotsoverrightharpoonvnright is an orthonormal basis for mathbbRn

consisting of eigenvectors of ATA arranged so that

the corresponding eigenvalues of ATA satisfy

lambda1geqldotsgeqlambdan
Let r of nonzero singular values of A

Then rank Ar

leftAoverrightarrowv1ldotsAoverrightarrowvrright is an orthogonal basis for Col A

Partial Proof leftAoverrightharpoonv1rightcdotleftAoverrightarrowv2rightleftAoverrightarrowv1rightTAoverrightarrowv2overrightarrowv1TATAoverrightarrowv2overrightarrowv1Tlambda2overrightarrowv2lambda2overrightarrowv1Toverrightarrowv20
since overrightharpoonv1overrightharpoonv2 areorthogonal



mfracn

Theorem 10 The Singular value decomposition

Let I1 be an mxn matrix w rank r

Then there exist

1 an mtimesn matrix

Sigmaleftbeginmatrixsigma1sigma2sigma3ldotssigmar000endmatrixrightwheresamesize as A

sigma1geqsigma2geqsigma3geqldotsgeqsigmar0 are the first r singular values of A

2 an mxm orthogonal matrix u
3 an ntimesn orthogonal matrix V

such that

AUSigmaVT

The columns of V are called
right singular vectors of A

The columns of U are called
left singular vectors of A



Any such factorization is called a singular value

decomposition of A

The diagonal entries of Σ are necessarily the

singular values of 1 so Sigma is unique

The matrices u and V are not uniquely determined by A
How to find a singular value decomposition of A
that is also a proof for Them 10 SVD

1 Find the eigenvalues of ATAlambda1geqlambda2geqldotsgeqlambdan in descending order

Take square roots to get the nonzero singular values

sqrtlambda1sqrtlambda2 sqrtlambdav

sigma1geqsigma2geqldotsgeqsigmar
size mtimesn
same size as ALet Dleftbeginmatrixsigma1sigma2ddotssigmarendmatrixright

lel Sigmaleftbeginmatrixsigmasigma2ddotsoverline0endmatrixrightfrac00
2 Produce an orthogonal set of eigenvectors of ATA
associated to lambda1lambda2ldotslambdan possibly applying the
Gram Schmidt process if there are repeated eigenvalues

Normalize them to find unit eigenvectors overrightarrowv1overrightharpoonv2ldotsoverrightharpoonvninmathbbRn
Let Vntimesnleftbeginmatrixoverrightarrowv1overrightarrowv2ldotsoverrightarrowvnendmatrixright

only for eigenvectors correspondi
to nonzero eigenvalues lambda1ldotslambdar3 Compute Aoverrightharpoonv1Aoverrightharpoonv2ldotsAoverrightarrowvrinmathbbRm

Normalize them overrightarrowu1frac1uparrowsigma1Aoverrightarrowv1overrightarrowu2Aoverrightarrowv2ldotsoverrightarrowurAoverrightarrowv2
since leftAoverrightarrowv1right2lambda1 as we showed earlier in eq leftrightleftAv1rightsqrtlambda1sigma1
By Thm 9 leftoverrightarrowu1ldotsoverrightarrowurright is an orthogonal set so it's orthonormal

Complete to an orthonormal basis leftoverrightarrowu1ldotsoverrightarrowurldotsoverrightarrowumright for mathbbRm

Let uleftbeginmatrixoverrightharpoonu1ldotsoverrightharpoonumendmatrixright



NoteΣ

because sigma1overrightarrowu1Aoverrightarrowv1 I sigma2overrightarrowu2Aoverrightharpoonv2ldotssigmaroverrightarrowurAoverrightarrowvr

So USigmaVTAVVT
A since V is orthogonal

end of algorithm also proof for SVD

Ex of
SVDLet

Aleftbeginmatrix720044endmatrixright
as before

ATAleftbeginmatrix704204endmatrixrightleftbeginmatrix720044endmatrixrightleftbeginmatrix65303020endmatrixright
has eigenvalues lambda180 lambda25Step 1

Frompuev

exSo the singular values of A are sigma1sqrt804sqrt5 sigma2sqrt5

Let

Dleftbeginmatrix4sqrt500sqrt5endmatrixrightletSigmaleftbeginmatrix4sqrt500sqrt500endmatrixright size 3times2



step 2
Find the eigenvectors of ATA associated to 77 80 12 5

For 11 80 Find basis for Nul ATA 80 Id Nal 65 2 80

3 8
2 2 0

X2 can be any nonzero number so let 1 Then x 2

An 80 eigenvector for ATA is

Normalize Tj

For 12 5 Find basis for Nul ATA 5 Id Nal 6552 5

1 exit o

Let X2 2 Then Xp 1

So a 5 eigenvector for ATA is

Normalize
j 2 5

let V
3 11

then VT 455 455

45



Step 3 Compute Aoverrightharpoonv1Aoverrightharpoonv2

Aoverrightarrowv1leftbeginmatrix720044endmatrixrightleftbeginmatrix2sqrt51sqrt5endmatrixrightleftbeginmatrix16sqrt5012sqrt5endmatrixright
Normalize

overrightarrowu1frac1sigma1Aoverrightarrowv1frac14sqrt5leftbeginmatrix16sqrt5012sqrt5endmatrixrightleftbeginmatrix45035endmatrixright

Aoverrightarrowv2leftbeginmatrix720044endmatrixrightleftbeginmatrix1sqrt52sqrt5endmatrixrightleftbeginmatrix3sqrt504sqrt5endmatrixright
Normalize

overrightharpoonu2frac1sigma2Aoverrightharpoonv2frac1sqrt5leftbeginmatrix3sqrt504sqrt5endmatrixrightleftbeginmatrix35045endmatrixrightSince leftAoverrightharpoonv1rightsqrtlambda1

Sleftbeginmatrixoverrightarrowu1overrightarrowu2endmatrixright is a linearly independent set in
mathbbR3

Extend S to a basis of
mathbbR3 by finding

overrightarrowu3

such that leftoverrightarrowu1overrightarrowu2overrightarrowu3right is orthogonal
We want overrightarrowu1overrightarrowx0 and overrightarrowu2cdotoverrightarrowx0

Set

frac15leftbeginmatrix403endmatrixrightcdotleftbeginmatrixx1x2x3endmatrixright0 and frac15leftbeginmatrix304endmatrixrightleftbeginmatrixx1x1x3endmatrixright0
s04x13x30 and 3x14x30

Nw
reduce leftbeginmatrix403304endmatrixbeginmatrix00endmatrixrightrightarrowleftbeginmatrix120912016endmatrix00rightrightarrowleftbeginmatrix12090025endmatrix00right

12X19X30
25x30

We can choose overlineu3leftbeginmatrix010endmatrixright already a unit ector

x10x2 can be any number
X30

Alternatively note that both overlineu1overlineu2 have 0 in 2nd entry

so I could have guessed overrightarrowu3leftbeginmatrix010endmatrixright
world work

LetUleftbeginmatrix4535000135450endmatrixright
l



USigmaVTleftbeginmatrix4535000135450endmatrixrightleftbeginmatrix4sqrt500sqrt500endmatrixrightleftbeginmatrix2sqrt51sqrt51sqrt52sqrt5endmatrixright

end of example

is a singular value decomposition of Aleftbeginmatrix720044endmatrixright
Bases for fundamental subspaces see Example 6 in book

Perform an SVD for an mxn matrix A Let V rank A

1 leftAoverrightarrowv1ldotsAoverrightarrowvrright is an orthogonal basis for Col A Thm 9

So the first r columns of uleftbeginmatrixoverlineu1ldotsoverlineurendmatrixright
is an orthonormal basis for C 1A

also called image or range of A

2 Also it's a fact that leftC0Arightfrac1NulleftATright

So the rest of the tolumns of uleftoverrightarrowur1ldotsoverrightarrowumright
is an orthonormal basis for NulleftATright

also called cokernel of A

3 Sime leftAoverrightarrowvirightsigmai for 1leqileqn and sigmaisigma iff ir

leftoverrightharpoonvr1ldotsoverrightharpoonvnright the last nr columns of v
is an orthonormal basis for Nul tI

also called the kernel of A

4 We also have leftNulArightfrac1 Row A

So leftoverrightharpoonv1ldotsoverrightharpoonvrright the first r columns of V
is an orthonormal basis for Row A



The Invertible matrix theorem the end of the list

let A be an nth matrix TFAE

191 A is invertible

s Col A 40

1 Nul A R

141 Row A R

µ A has a nonzero singular values



Additional

Ex ofSVD

frombook

end of PDF


