

























































































Sec 7.3 Constrained optimization
It's often useful to find the maximum or minimum value

of a quadratic form Qleftoverrightarrowxright over a set of inputs
overrightharpoonx

Ex 1 When Q has no cross product terms it's easy to find themaximumandminimum of Qleftoverrightharpoonxright subject to the constraint x ̅ 1 1
Let Qleftoverrightharpoonxright9x124x223x32
Find the maximum and minimum values of Qleftoverrightharpoonxright for leftoverrightharpoonxright1

leftoverrightharpoonxright1 iff overrightharpoonXToverrightharpoonXX12X22X321

S 1fleftoverrightharpoonxright1Qleftoverrightharpoonxright9x124x223x32
leq9x129x229x32
9leftX12X22X32right

9

Noteso

9 is an upper bound of Qleftoverrightharpoonxrightf or leftoverrightarrowXright1

Also Qleftleftbeginmatrix100endmatrixrightright9left12right4left02right3left02right9
so q is the maximum value of Qleftoverrightharpoonxright for leftoverrightharpoonxright1

Similarly Qleftoverrightharpoonxrightgeq3 for leftoverrightharpoonxright1

so 3 is a lower bound of Qleftoverrightarrowxright for leftoverrightharpoonxright1
A150 Qleftleftbeginmatrix001endmatrixrightright9left02right4left02right3left12right3
so 3 is the minimum value of Qleftoverrightharpoonxright for leftoverrightharpoonxright1

Observe The matrix of the quadratic form Q

isSo94,3 are eigenvalues of AAleftbeginmatrix900040003endmatrixright
and Aoverrightharpoone19overrightharpoone1Aoverrightharpoone24overrightharpoone2Aoverrightharpoone33overrightharpoone3

The greatest eigenvalue the constrained maximum of Qleftoverrightarrowxright

n least in n minimum of Qleftoverrightharpoonxright




























































































Ex 2 Let Aleftbeginmatrix3007endmatrixright and let QleftoverrightarrowxrightoverrightharpoonxTAoverrightarrowx for overrightharpoonx in mathbbR2

Graph of the constrained values

of Qleftoverrightharpoonxright i e the intersection of
z3x127x22 and 1x12x22

Graph of Qleftoverrightharpoonxright

The points are X1X2QleftleftbeginmatrixX1X2endmatrixrightright
for all leftbeginmatrixx1x2endmatrixrightinmathbbR2 The points are x1x2Qleftleftbeginmatrixx1x1endmatrixrightright

for unit vectors leftbeginmatrixx1x2endmatrixrightinmathbbR2
See

DesmosLinkThe
highest points on the intersection curve are left017right and left017right

11 lowest11 left103right and left103right

These corresponds to eigenvalue 7 of A w eigenvectors leftbeginmatrix01endmatrixrightleftbeginmatrix01endmatrixright
and eigenvalue 3 of A w eigenvectors leftbeginmatrix10endmatrixrightleftbeginmatrix10endmatrixright

Every point on the intersection curve has a Z

coordinatebetween3 and 7

For every number t between 3 and 7 there is a unit vector leftbeginmatrixx1x2endmatrixright

such that Qleftleftbeginmatrixx1x2endmatrixrightrightt
I e all possible values of

overrightharpoonxTA x ̅ for Ill 1left37right




























































































Fact The set of all possible values of a quadratic form QleftoverrightharpoonxrightoverrightharpoonxTA x ̅

for leftoverrightarrowxright1 is equal to a closed interval leftm1Mright
notation
m min overrightharpoonxTAoverrightharpoonxcdot leftoverrightharpoonxright1 MmaxleftoverrightharpoonxTAoverrightharpoonxleftoverrightharpoonxright1rightnotationThm6 Let A be a symmetric matrix let QleftoverrightharpoonxrightoverrightharpoonxTAoverrightharpoonx

notationnotationLetm min leftoverrightharpoonxTAoverrightharpoonxleftoverrightharpoonxright1right MmaxleftoverrightharpoonxTAoverrightharpoonxleftoverrightharpoonxright1right
1 Then M is the greatest eigenvalue of A and

m is the least eigenvalue of A

2 QleftoverrightharpoonxrightoverrightharpoonxT Ibackslash1overrightarrowxM when overrightharpoonx is a unit M eigenvector

QleftoverrightarrowxrightoverrightarrowxTt I
rightharpoonup

xm when overrightharpoonx is a unit m eigenvector

Proof Orthogonally diagonalize APDP1P 1PT

Do the change of variable overrightharpoonxPoverrightharpoony so that

overrightharpoonxTAoverrightharpoonxleftPoverrightharpoonyrightTAleftPoverrightharpoonyrightoverrightharpoonyTleftPTAPrightoverrightharpoonyoverrightharpoonyTDoverrightharpoony
see Ser

7.2NoteoverrightharpoonxPoverrightharpoonyoverrightharpoony for all overrightharpoony because orthogonal matrices

preserve length Thm 7 Sec6 2
In particular

overrightharpoony1 iff leftoverrightharpoonxright1

So xT̅A x ̅ leftoverrightharpoonxright1leftoverrightharpoonyTDoverrightharpoonyleftoverrightharpoonyright1right
Forsimplicity Suppose A is a 3times3 matrix w eigenvalues ageqbgeqcassume 3 3
instead of
nxn

w unit eigenvectors overrightharpoonu1overrightharpoonu2overrightharpoonu3
let Pleftbeginmatrixoverlineu1overrightarrowu2overrightarrowu3endmatrixrightDleftbeginmatrixa0gamma0b000cendmatrixright
Then overlineyTDoverlineyay12by22cy32

leqay12ay22ay32 since ageqbgeqc
and y22y32geq0aleftoverrightharpoonyrighta

Thus Mleqa




























































































Moreover overrightharpoonyTDoverrightharpoonya when overrightharpoonyleftbeginmatrix100endmatrixright so Ma l provingleft1right
overrightharpoony7

Note Pleftbeginmatrix100endmatrixrightleftbeginmatrixoverrightharpoonu1overrightharpoonu1overrightharpoonu3endmatrixrightleftbeginmatrix100endmatrixrightoverrightharpoonu1Delta
So Qleftoverrightarrowu1rightoverrightarrowu1TAoverlineu1leftbeginmatrix100endmatrixrightDleftbeginmatrix100endmatrixrightaM
So overrightharpoonx is an Meigenvector of A proving 2

Similarly mc
smallesteigenvalue ofA

and m xT̅A x ̅ when overrightharpoonXPleftbeginmatrix001endmatrixrightU3
angles

w characteristic equation
0leftlambda6rightleftlambda3rightleftlambda1right

Ex 3 Let

Aleftbeginmatrix321231114endmatrixright
Find 1 the maximum value M of the quadratic form xT̅Ax ̅

subject to the constraint
overrightharpoonxToverrightharpoonx1

121 a unit vector at which this maximum value is

attained.Soat The largest eigenvalue of A is lambda6 so M6

2 This constrained maximum of
overrightharpoonxTAoverrightharpoonx is attained

when overrightharpoonx is a unit 6 eigenvector
overrightarrowu of A

To find overrightarrowu solve for leftA6Idrightoverrightarrowxoverrightarrow0
x1x10

X2X30leftbeginmatrix362123611146endmatrixrightbeginmatrix000endmatrixmoleftbeginmatrix321231112endmatrixright0rightarrowleftbeginmatrix101011000endmatrixrightbeginmatrix000endmatrix
So
leftbeginmatrix111endmatrixright

is a 6 eigenvector Set
overlineufrac1sqrt3leftbeginmatrix111endmatrixright

or

frac1sqrt3leftbeginmatrix111endmatrixright

Check Qleftoverrightarrowuright3leftfrac1sqrt3right23leftfrac1sqrt3right24leftfrac1sqrt3right22left2rightleftfrac1sqrt3right22left1rightleftfrac1sqrt3right22left1rightleftfrac1sqrt3right

18frac136




























































































Thm 7 Let A be a symmetric matrix

Let lambda1 be a largest eigenvalue of A

and overrightarrowu1 be a unit eigenvector corresponding to lambda1

1 Then the maximum value of A x ̅ subject to
the constraints overrightharpoonxT 1

rightharpoonup

i 1 and overrightarrowxToverrightarrowu1Delta
unit vector overrightharpoonx is orthogonal to

overrightarrowu1
is the second greatest eigenvalue lambda2

2 This maximum is attained when overrightharpoonx is a unit eigenvector
overrightarrowu2 corresponding to lambda2

Example 4 Idea of proof for Thm 7 when A is a diagonal matrix

Let Qleftoverrightharpoonxright9x124x223x32 The quadrati form from Example 1

Find the maximum value of Qleftoverrightharpoonxright subject to the constraints

overrightharpoonxToverrightharpoonx1 and overrightarrowxToverrightarrowu1Delta
where overrightarrowu1leftbeginmatrix1gamma0endmatrixright a unit q eigenvector recall 9 is the greatest

eigenvalue of the matrix of the quadratic form
ExtralSol

The constraint

leftX1X2X3rightleftbeginmatrix100endmatrixright
o means X10

So Qleftoverrightharpoonxright9lefto2right4leftx22right3leftx32right
4x224x32leq

4 4leftX22X32right

for overrightharpoonx w these two constraints

We have Qleftleftbeginmatrix010endmatrixrightright4 so 4 is a maximum

Note 4 is the second greatest eigenvalue
and leftbeginmatrix010endmatrixright

is a 4 eigenvector
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