
Sec 6.7 Inner product spaces
Idea Generalize the notions of length distance orthogonality

the Gram Schmidt process and best approximation
from IR to general vector spaces

Def Let V be a vector space
An inner product on V is a function

Cartesianproduct
V V IRcross V

tupples lab where a.be V
air Lust

that satisfies the following axioms for all um we and CER

11 air u u symmetry

2 utv w u w v w additivity
3 cu v c u v7
4 u u 0 positivity
5 u u o if and only if u zero element

Def A vector space with an inner product is
called an inner product space

EI Rn with ur defined by the usual dot product u u

is an inner product space by Thm I of Sei 6.1

E R with E 4414 5 422

is an inner product space

Proof partial

Axiom 3 cñ F 4 cu v 5 cuz he c 4 um suave care

Axiom 4 a ñ 44,2 542 0



EI P2 with p q p o q o p E q E p 1 qa
Example3 is an inner product space

If pct 12 2 and q t 2 1 we have

pig p o q o p E q E p 1 qa
0 1 12 412 1 1211 241 17
0 0T 12 1 12

and q.gr q o qco qE1q E q 1 qa
1 C 1 0 o 1 1 2

Ex In fact given any distinct to.tn t2 E R
Example 2 P2 with Lp q

ᵈ
p to qct.tt p t q ti p t2 q t

is an inner product space
In the previous example to 0 ti t2 1

I lengths distances orthogonality
If V is an inner product space with inner product denoted by Lu v

define the length or form of an element in V to be

Hull Fly witnumber is o or positivenote this is a sialar

Take the square of both sides

Hull v v7
The distance between elements u and u in V is u v11

We say u v V are orthogonal if ur 0

Ex From previous ex q g 2 so 11911 52

Example4 pig 1240 so p and q are not orthogonal



II The Orthogonal Decomposition Theorem Best Approximation
Sec 6.3 Thm 8 generalized Sec 6.3 Thm9 generalized

Let V be an inner product space with inner product
denoted by 44,7 Let W be a subspace of V and

let T be an element of V

a Then we can decompose 5 into the sum of 2 vectors

5 5 E

f is in wand

b If us up is an orthogonal basis of W

Up and Z y ythen

framed

c The closest point in W to y is

5 projny the orthogonal projection of y onto W

e
11 y y 11 11 y v11 for any v in W that's not equal to j



IV An inner product on a b

Take any polynomial and define its length using

the evaluation inner product from earlier

using 9Fntsto.tt to Tsingmorpoints to th tn

Each interval is of length of 1 so Ea
If n is large we get a large value of Psp so

scale it down by dividing by n 1

pig to q to p tn qCta

Eg pets q ti of

As n approaches infinity we get

Ia pas get dt

We can use this to define an inner product on

Claib the vector space of all continuous functions on Cab

For simplicity remove the factor

fig f e act dt

defines an inner product on Caib



I The Gram Schmidt Process

Ex Let V C 0,1 with inner product fig fa gas at

Let f 1 1 g t 2 1 h t 12

Then f g 1 2 1 dt 2 t 1 1 0 0 0

fin f i 12 de 12 4 0 4

So fig are orthogonal but f and h are not

Let W Span f g h Find an orthogonal basis 91,92193 for W

Sl Take q f and qz g since f and g are already orthogonal

Let We Span q1 923

Set q h

projwzhprojwzh
projq.ph projg

at 92 re

h.gr Ch f7 4

91 na de 1
Chile 2 2 1 at

24 3 12 dt 2

2921927 2 1 dt

h priswl f 2 173
0

So q3 Ft Ez 12 2 12 2

So an orthogonal basis for W is 1 2 1 12ᵗʰ 12 2



II Cauchy Schwarz Inequality

C B Pythagorean Theorem

A pigantspana Ego
Observation I projurll is no bigger than Hull itself

Suppose U the zero elt Then
11 proja all I Effguff by def of projar

I Hall since 110411 14Hall for any scalar c

I
Y 11411 by def of 114112

Y
Since 11proju all lull by above observation

we have 14,1 1h11

so curry Hull Hull

This is the Cauchy Schwarz inequality
useful in many branches of math

Extra

Theorem 17


