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EXAMPLE 2 Let x; = , Xp = , and X3 = . Then {xi,x,,x3} is

1 1
clearly linearly independent and thus is a basis for a subspace W of R*. Construct an
orthogonal basis for W'.

SOLUTION
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Step 1. Let vi = x; and W) = Span{x;} = Span{v,}.
Step 2. Let v, be the vector produced by subtracting from X, its projection onto the
subspace W,. That is, let

Va3 = X3 — Projy, Xz

X3+ V] .
=Xy — Vi Since v| = X
Vi*V]

0 1 —3/4
|1 _é 1] 1/4
11 411~ 1/4

1 1 1/4

Asin Example 1, v; is the component of x, orthogonal to x;, and {v;, v, } is an orthogonal
basis for the subspace W, spanned by x; and x,.

Step 2’ (optional). If appropriate, scale v, to simplify later computations. Since v, has
fractional entries, it is convenient to scale it by a factor of 4 and replace {vi, v,} by the
orthogonal basis

vV =
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Step 3. Let v3 be the vector produced by subtracting from X3 its projection onto the
subspace W,. Use the orthogonal basis {v;, v, } to compute this projection onto W;:

Projection of  Projection of
X3 onto v X3 onto v,

} |

1 -3 0
. X3: V] X3+ V, 211 2| 1 2/3
= A\ Vv = - i —
PrOJw, X3 viev ! + v, v, 2 411 + 12 1 2/3
1 1 2/3
Then vj is the component of x3 orthogonal to W,, namely
We can also

0 0 0 o
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See Figure 2 for a diagram of this construction. Observe that v3 is in W, because X3
and projy, X3 are both in W. Thus {vy, v’z, v3} is an orthogonal set of nonzero vectors
and hence a linearly independent set in I¥. Note that W is three-dimensional since it
was defined by a basis of three vectors. Hence, by the Basis Theorem in Section 4.5,
{v1.V,, v3} is an orthogonal basis for W. [ |
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EXAMPLE 4 Find a QR factorization of A =
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SOLUTION The columns of A are the vectors X, X», and X3 in Example 2. An
orthogonal basis for Col A = Span {xi, X,, X3} was found in that example:

1 -3 0

1 1 -2/3
i=|, | a=| || w= 1§3

1 1 1/3

To simplify the arithmetic that follows, scale v3 by letting vg = 3vs. Then normalize the
three vectors to obtain uy, u,, and u3, and use these vectors as the columns of Q:

/2 —3/J/12 0

1/2 1/V12 =2//6
0= 12 1412 1/v6

/2 YJ12. 1/46

By construction, the first k£ columns of Q are an orthonormal basis of Span {xi, ..., X;}.
From the proof of Theorem 12, A = QR for some R. To find R, observe that QTQ =1,
because the columns of Q are orthonormal. Hence o

Thwm b
0'4=0Q"(QR) =IR=R Sec G.2
and P9 0%
ro1)2 1/2 1/2 1/2 } (1) (0) >
R=|-3/v/12 1/J12 1/J12 1/J/12 L1
0 —2/J6  1/J6  1//6 L1 1
2 3/2 1
=10 3/V12 2/J12 n
K 0 2/v/6

Tl/] m b An m x n matrix U has orthonormal columns if and only if UTU = I.



Practice Problems

1/3
1. Let W = Span {x;,X,}, where x; = | 1 [ and x, = 1/3 |. Construct an or-
-2/3
thonormal basis for W'.
2. Suppose A = QR, where Q is an m X n matrix with orthogonal columns and R
is an n x n matrix. Show that if the columns of A are linearly dependent, then R
cannot be invertible.

Solution to Practice Problems

1
X2+ Vi .
1. Letvi=x;=| 1 |and v, = Xx; — vi = X, — 0v; = X». So {Xx1,X»} is al-
Vi-V
1 1 1

ready orthogonal. All that is needed is to normalize the vectors. Let

I | ! 1/v/3
ST ] el A

Instead of normalizing v, directly, normalize v, = 3v; instead:

! v, = ! 1 = i;ﬁ
vyl 2 12 F 24 (<22 s 216

u =

Then {u;, u,} is an orthonormal basis for W'.

2. Since the columns of A are linearly dependent, there is a nontrivial vector X such
that Ax = 0. But then QRx = 0. Applying Theorem 7 from Section 6.2 results in
|Rx|| = ||QRx|| = ||0|| = 0. But ||Rx|| = 0 implies Rx = 0, by Theorem 1 from
Section 6.1. Thus there is a nontrivial vector x such that Rx = 0 and hence, by the
Invertible Matrix Theorem, R cannot be invertible.



