
See 6.4 The Gram Schmidt Process How to turn any basis into
an orthogonal basis

Recall Def Sec 6.2 given vectors 52 and w̅ in IR

the orthogonal projection of x ̅ ontoTn or orthogonal projection of I ontoWi

whereWSpank is the line containingE andT is equal to

proju v Y

Eg is called the component of x ̅ orthogonal to W or

the component of x ̅ orthogonal to w̅
Jo

Recall Def Sec 6 3 The orthogonal decomposition theorem

Given linearly independent vectors Xs T.ve in IR

the orthogonal projection of Is ontoW2 where WESpank Ñ

is the plane containing E F E is equal to

proja Yt v2

I Is is called the component of x ̅ orthogonal to Wa

Ne

We use the orthogonal decomposition them to give us an

algorithm for producing an orthogonal basis from
any basis called the Gram Schmidt process



I The Gram Schmidt process Thm 11

Let I Xa Xa 3 Xp p 1 be a basis for a subspace W of R

Step 1 Let y

Step 2 Let v2 X2 12,11m
the component of orthogonal to Wi Span w̅

projection of x2 onto M

a span Y V2

pprojection of xz
onto in

projeition of onto V2

Step 3 Let us s n 1222
the component of x ̅ orthogonal toWzSpan w̅ I

step p Let up xp
t

m 122 75T a 1

Then me Mp is an orthogonal basis for W

Note If we want to turn an orthogonal basis V1 _Vp

into an orthonormal basis scale each he by
y



We canalso
use



Idea Applying the Gram Schmidt process scaling
to columns of A corresponds to factoring A Q R

I The QR Factorization of matrices Thm 12

Let A be an mxnfmÉt w linearly independent columns
Then A can be factored as A QR where

Q is an mxn matrix whose columns form an

orthonormal basis for Col A

R is an nxn upper triangular matrix
w positive entries on its diagonal
note R is invertible since its rank is n

above
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