

























































































Sec 6.1 Re iew

Ex The inner product of vectors a and b is

n.gg
Fatb 1711

f
1 0 162 1 1 1 2 1 1 0

The length or arm of a vector v is11

motel.no Fv Jo2 Ezj i r f

Some
properties For all w̅ in IR and c in IR we have

at 1 5 12 T.ve a 110511 14 till

Def A vector whose length is 1 is called a unit vector

Ex Find a unit vector u in the same direction as

This process is called normalizing w̅

s.nu

t.fi i1
Def Two vectors a and 5 in IR are said to be orthogonal

to each other if G 5 0

In IR and IR two vectors a andB are perpendicular or orthogonal
to each other if 5.5 0

Ex Vectors a and b in 1124 above are orthogonal since a b o




























































































Def Let W be a subspace of IR

A vector E in IR is called orthogonal to W if

E is orthogonal to every vector in W

Wt all vectors that are orthogonal to W
Read W perpendicular or W perp
is called the orthogonal complement of W

Facts Wt is also a subspace of Rh
wt W

Ex The line W Span is a subspace of R

EE I
2 1

The vector Z f is perpendicular to every vector in W so

we say z is orthogonal to W

Every vector in L Span is perpendicular to each vector in W

so we say the line L is Wt the orthogonal complement of W

Note Lt W

Ex The plane W v 202 39 0 is a subspace of IR

P W

The line L Span is the orthogonal complement wt and W Lt




























































































Review Sec 6.2 Orthogonal sets

Jef Orthogonal projection of vector y onto vector u

Given vectors y and u in IR the orthogonal projection of y onto a projuy

Cak.a orthogonal projection of y onto L projly

where L Span u is the line containing and u is

1I projay projlyd.FI u
0

to
5

note y can be written as sum 9 5 44 z
z 5 if

5
to

to
5

Theorem

Suppose S 5 hip is an orthogonalset of nonzero vectors in IR

meaning each pair UT Tg are orthogonal to each other

4 if 0 when i j

17 Then S is linearly independent

2 Thus S is a basis for the subspace w span s

Def S is called an orthogonal basis for W

3 For each f in W the weights in the linear combination

5 C E Catz t Cpup

are given by ci ff.FI Fgi cp Ii p




























































































Ex Let 5 1
7

a in us

a Check that S is an orthogonal set

So U 43 0 from above

42043 3 1 1 2 111 0

Also check up u o

b This means S is an orthogonal basis for w̅ Span s

Express y as a linear combination of S

Normally we would need to do
yucus

Now we can use part 13 of the theorem above

Sol Compute

g u

1
7 3 3 3 4 un un 1 1 1 1 4 G 4 1

1111

9 42
11

21 3 3 3 24 42.42 9 1 1 1 12 C2 1 2 2 2

9 43
11

0 6 3 3 12 uz.us 0 4 1 1 6 2

So y Up 242 243

Verify by computing the RHS






























































































I Orthonormal sets

Def An orthogonal set S In up is called an orthonormal set

if each element is a unit vector

If The S is called an orthonormal basis for W Span s

The standard basis et en is an orthonormal basis of IR

Ex 8 is an orthonormal basis of W Span Erie ta a subspaceof114

Thm
Chmp

Suppose U is an mxn matrix with orthonormal columns
and let x ̅ J E R Then

a Ux ̅ 11511 The linear transformation using U
preserves lengthb Ux ̅ Ug x.̅g

The linear map using Uc Ux Ug O if and only if x ̅ 5 0
preserves orthogonality

Se 6.2
Sol

Def Theorem Let U be an mxn matrix TFAE
11 U is an orthogonal matrix possibly confusing name

2 UT u Id i e U is invertible with 4 UT
137 The columns of U form an orthonormal set

orthogonal set of unit vectors









Review Sec 6.3 Orthogonal projections onto a subspace

The Orthogonal Decomposition Theorem Sec 6.3 Thm 8

Let W be a subspace of IR and I be a vector in IR

a Then we can decompose 5 into the sum of 2 vectors

g 5 E

fis in wand

b If us up is an orthogonal basis of W

Up and Z y ythen 5

fify't Tiffany immediate
from eq

Def The ventor 5 is called the orthogonal projection of y onto W

denoted projuy
The best approximation theorem Sec 6.3 Thm9

Let W be a subspace of IR let f be a vector in IR

Then the closest point in W to J is

5 projny the orthogonal projection of 5 onto W

e

Il y y 11 11 y v11 for any v in W that's not equal to j



Let u 42 1 Span us us and y
SeealsoSec6 3

ᵗ mP
w te as the sum of

egtggwzandcgqyltow.SIWe checked earlier that us 42 is an orthogonal basis for V2 so

I projay proju y us us 2 1
22 11

We computedhearlier copidbelow

19.41
4 41 41 4 1 4 1 so proja 14

y 42 24 42 42 12 1 2 2 2 so projuy 242

saffff Eft1111 1111
y 5 Z

Confidence check Z should be in Wt Check z Un O and z.us o

to.no ff oSeealsoSec6.3
Example

b What is the closest point in Wa to y

Sol By the Best Approximation Theorem

the closest point is proju y which is y 1

SeealsoSec6 3

Fit'att's the distance from y to the nearest point in Wa

Sol The distance from y to the nearest point g is

the length 114 511 02 42 2 22 524



Sea 6.1



Sec6_2

See 6 3

i

ii what's the closest point
in W to y Ciii Find the distance from y to W

i

ii

ii The distance is 0

end


