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Sec 5.1
Def

An eigenvector of an n X n matrix A4 is a nonzero vector X such that Ax = Ax for
some scalar A. A scalar A is called an eigenvalue of A if there is a nontrivial solution
x of AXx = Ax; such an x is called an eigenvector corresponding to A.!

EXAMPLE 1 Let A = [? _g],u = |:_{|,andv = [?].The images of u and

v under multiplication by A are shown in Figure 1. In fact, Av is just 2v. So A only
“stretches” or dilates v. [ |

A—'ﬁ-:(} ~3}[ﬂ=[i]: L_‘?_) So w'_‘/' s an E.(‘ﬂe,m/eo('or of A

Cerre.g‘?on&'rm:&_ Lo an eTA&V\\/nlue A= 2

Aue® T

FIGURE 1 Effects of multiplication by A.
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FIGURE 1 Effects of multiplication by A.
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4 -1 6
EXAMPLE 4 LetA= |2 1 6 [|.Anceigenvalue of 4 is 2. Find abasis for the
2 -1 8
corresponding eigenspace.
SOLUTION  Form
4 -1 6 2 0 0 2 -1 6
A-2I=|2 1 6|—-]0 2 0|=(2 -1 6
2 -1 8 0o o0 2 2 -1 6
and row reduce the augmented matrix for (4 —27)x = 0:
2 -1 6 0 2 -1 6 0
2 -1 6 0|~|0 0 0 O
2 -1 6 0 0o 0 0 O

At this point, it is clear that 2 is indeed an eigenvalue of A because the equation
(A —2I)x = 0 has free variables. The general solution is

X1 1/2 -3

X2 | = x2 1 + X3 0|, x,and x3 free

X3 0 1

The eigenspace, shown in Figure 3, is a two-dimensional subspace of R3. A basis is
1 =3
21, 0 ]
0 1
X3 X3

Multiplication by A

— 3

=

*

X Eigenspace for A= 2 X Eigenspace for A= 2

FIGURE 3 A acts as a dilation on the eigenspace.



Cec s Determinants

d@(}? jD, sd-be

Before turning to larger matrices, recall from Section 3.1 that the matrix A4;; is
obtained from A by deleting the ith row and jth column. The determinant of an n x n
matrix A can be computed by an expansion across any row or down any column. The
expansion across the i th row is given by

detA = (—1)*a; det A + (=)' ajpdet Ay + -+ + (—1) T"a;, det 4;,
The expansion down the j th column is given by

det A = (=)' ajjdetAy; + (=1)*Tay; det Ayj + -+ + (=1)"T a,; det Ay

EXAMPLE 2 Compute the determinant of

2 3 1
A=1(4 0 -1
0 2 1

SOLUTION Any row or column can be chosen for the expansion. For example,
expanding down the first column of A results in

detA = ajdetAy; —ay det Ay + as; det Az

0 -1 3 1 3 1
= 2det[2 1]—4det[2 1]+Odet|:0 _1:|

= 20— (=2)—4(3-2)+0(=3-0)=0

Sec §.2
E&f_ T[’le, W(aa{'g(ﬂg—bic, e,aL_‘Ma-(:Ton e-F a ~natrix A s

det (A —)Lb =0

F_mﬁ A scalar A is an eigenvalue of an n x n matrix A if and only if A satisfies the

characteristic equation
det(A—AI)=0



Cec AN

A square matrix A is said to be diagonalizable if A is similar to a diagonal matrix,
that is, if A = PDP~! for some invertible matrix P and some diagonal matrix D.
The next theorem gives a characterization of diagonalizable matrices and tells how to
construct a suitable factorization.

The Diagonalization Theorem C Thm S‘)

An n x n matrix A is diagonalizable if and only if A has n linearly independent
eigenvectors.

In fact, A = PDP~!, with D a diagonal matrix, if and only if the columns of
P are n linearly independent eigenvectors of A. In this case, the diagonal entries
of D are eigenvalues of A that correspond, respectively, to the eigenvectors in P.

In other words, A is diagonalizable if and only if there are enough eigenvectors to
form a basis of R”. We call such a basis an eigenvector basis of R”.



Sec §.3%
Diagonalizing Matrices
EXAMPLE 3 Diagonalize the following matrix, if possible.

1 3 3
A=|-3 -5 -3
3 3 1

That is, find an invertible matrix P and a diagonal matrix D such that A = PDP~!.

Step 1. Find the eigenvalues of A.

- 23 ~s—x -3 ] Jed (-g—; -3 ot [F2 -5
det -3 -\ -3 = (1—)) Jo&( ) 1_/\] () RN + (?) de .

ERE T N
(12 [ 500+ 1] = 5 ((daR +1) + (D 7+ 364)

=X 3%+ 4
0=det(A—AI)=—-A*—3A*+4
=-(A-DA+2)

The eigenvalues are A = 1 and A = —2.

Step 2. Find three linearly independent eigenvectors of A. Three vectors are needed
because A is a 3 x 3 matrix. This is the critical step. If it fails, then Theorem 5 says
that A cannot be diagonalized. The method in Section 5.1 produces a basis for each

eigenspace:
1
Basisfor A =1: vy = | —1
1
—1 —1
Basis for A = —2: v, = 1 and vy = 0

1

You can check that {vy, v, v3} is a linearly independent set.

Step 3. Construct P from the vectors in step 2. The vectors may be listed in any order.
Using the order chosen in step 2, form

1 -1 —1
P=[vi v» i]=|-1 1 0

I 0 1



Step 4. Construct D from the corresponding eigenvalues. In this step, it is essential that
the order of the eigenvalues matches the order chosen for the columns of P. Use the
eigenvalue A = —2 twice, once for each of the eigenvectors corresponding to A = —2:

It is a good idea to check that P and D really work. To avoid computing P!,
simply verify that AP = PD. This is equivalent to A = PDP~!' when P is invertible.
(However, be sure that P is invertible!) Compute

13 37 1 -1 -1 12 2

AP=|-3 -5 3[| -1 1 0|=|-1 -2 0

3 3 1] 1 0 1 10 -2

T 1 -1 =171 0 0 12 2
PD=|-1 1 0fl0 -2 o0f|=|-1-2 0 B

i 1]lo o -2 10 -2

EXAMPLE 3 (Orthogonally)diagonalize the matrix A = | =2 6 2
4 2 3

[me &ec 7']> |: 3 =2 4i|

é]\/cf\ —he "Fo “o@?n% T"“F:: :

An (orthonormalbasis for the eigenspace

for A =7:
1/v2 —1/4/18
u = 0 , W= 4/+/18
1/3/2 1/+/18
An@rthonormal)basis for the eigenspace for A = —2 is
. -2 -2/3
u; = dvi=-| -1 |=|-1/3
[12v3]| 3 2 2/3
Sol  Let 1/VZ ~1/VIB ~2/3 7 0 o0
P=[u uw uw]|= 0 4//18 —1/3 |, D=0 7 0
1/v/2  1/4/18  2/3 0 0 -2
Then P(orthogonall}bdiagonalizes A,and A = PDP™!, [
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