Sec, 4.5 The dimension o(: a Vvecdtor sPace

T Def of  dimension

ThM H: a vector s?ace V' hes o basis b: {b13b2)~-')[oh’} and

—_

(—r[’\M 10) S 3 On%, set in \/ Con'(:a(—ﬂfng_ o Ye +than n @[E—MQV\"E_S)

‘U/;en S wmust be \7"\601(1!.6, C{E:Fe/ncien‘b,

COY\'HaFoST-{-':\/e, S{m{@meﬂ-ﬁ [e%uTvae(e,n{-> -
"F > s zxngI NV Chrt T l?nearl% Tnc&eFe/no\e_wﬁ)

‘Uﬂtn S ntains o wmore Lhan n elements

Thm  f a vector Space V las a basis of n elements,

CTI"M“> then every basis of V' wusk Congist of e_xac,—E(%L n  elemenrts,

Def: f a vector Stace Vo owe a FMH;& Spanning set, then

\/ s Said €o be -F‘M?-};e—olfmezns'loml) and

the dimension of V is

dim V= The number ”‘F elewents in a lasi ‘@r V

The dimension of ~the zero vector Space {Z@fo e/[ezmem-éf} is

At{?nea\ {0 ke ).

IfV dotsrt bmve @ frurke spanniog ety then

AVARTS Said o be Tn-FTniée,—olrmems(‘onal-




~ "
’E_ﬁ 1. (}\'lrv‘ IR =n because the standard  basis 4@( R

-~ —~ —
?S {61)E2),._16nr}

dim TR%: > because ng las a basis {[é]}ﬁ])[g]}
o) o] [
2. dim = a+l because +Hie stordged  basis %r i

S {’l) t, tz) --‘)’HE
dim =2 Lecause T, las 2 basis £1)J°>J°2}>

So VZ TS Tsoworphic + H{g because Thwn 9 Cm Sec 44)
tags  everg Veckor Lpace of divnension M

= T&omox(‘rlq'nc_ —+o R
; 3 \P = £a“ ?a(anomﬂzlg(i S MFTn?‘te—— o{?men&?onal

—Th& &Tace a.F all corntfnuous -Fum(;-l—Tor& is ‘m—FIn':'E&—J?Me_nSFonQ(,

1. gubg\baces of [Rw

Ex # -From Sec 4.4 C?re,\/_:ouS {ec—{-ure\>

I

— = = _>: —\/—: 0

[ he s?ace/ H = S?ﬂ nf_\f_‘n )\/E:} Whece V1 {ﬁ y & [1]
has a basts ﬁz{%ﬂ‘;%> to dim H =2

Ticture

Basis B= [, %] Tmposes a
Coordinate Cystem ["\90:?% *To.Ferj
on  the T[amt H i R

Note: « H s a Sub&\mcce/ of B-ig

B 2 2

- H ¢ 'SOMWFWC to ~the -F(ame, R Chot |R>
because Thm 9 CM Sec 44—) Sags  everg Vector gche
O.F A"me}\&‘raﬁ "\ = T&Omo\(‘ Fl’];c_ -—to Bb\n



Fact The Lollowing are all SulosYaces of RS Cc(agsﬁﬁeol by ouime)nSTo./Di
¢ The om[% 0 -dimenSio nal Subsrace s the zero SMKosFaoc {E}}
‘ Bvery 1-dimens Tonal subs?ace of R i a line L %rauﬂh ~the origin.
L can be S‘rmnr)eab by any ronzere Vechr Covtrined in L.
+ Every 2-dimensional  subspace of R is g plare H Ahvough —the origin,

H can be S“mvmeok (o&, qn% 4o |Tncar(%_ Tnd)e_Fe,nJerrL vectors in H

* The only 2-dimencional SM,ESTQC,E, of R3 s /Kg itse lf.
/Rg can be sTp.vmeal [o%, any +hree [Tn@ﬁr‘[%_ 7ndereml©n-é veet s S

in Kg) b‘/& dhe  lnvecdible Matrix Theovem

Sample subspaces of R3

X 3

1-dim

0-dim

X



mr . Tre basic theorer

Then SMFTose Vs 4 ‘F;m]-(;e,—o“memgl-oma[ vector Space
(b ) and et H be o subspace of V.
() Any [Tnearly independent set S H (if Sis wot alveady
a basis for H) can be expanded to a basie for
(6) dim H £ dim V

Remark © To be a basis Hor a vecksw Space V) a set S ust ke
¢ 2 Spanning cet of V. Au»
{?ﬂwr(lﬁ, TaneFencqemt CM&UO\HQ easie to \/C('T‘F\.] ~then S?an?rﬁ»}

BUT, if you Kaow the dimension of V
ond gou knood S hac the corcect number of e,[evwe_m{:;

gs C“DU%L’ +o chow one °‘F the 0 %fo?ef—\“&g_

The  (The Basis Theofem>
(Tl/}m’l3>> let V' be a vecdor Space wWith  dim V= S =1

C”‘) If S is a hm@ar(x&_ Tn&e?enclé‘_m‘t et of B ele mente in

DN

_{'}\en S s am-f‘,oma‘t'l&“%_ a lbas]s ‘(:;\" \/ .
C[’) If S s a set of P clements Such that V- S:fvmfg?g
"then S is awf;oma‘f'j&ﬂ“% a basis “{;\” V .



N The dimensions of” Nul & & (ol & [a")a’ Row@

TDef let A be an mxn vaateix .

rewsS  Cols

* The ronk of A i€ dim (ol A (mo‘l:a"t'/an‘- (ank A>

© The vullity of A is dimn Nul A (votation: nullidy A )

Note Cank A = number of  pivot columng of A
= dim Row A
l’\w‘a?. o Our alaor?‘HnM +for wc'mo“’w%_ a bastig jczsr Col A4 i o
“dnke B = b?vo*é Colunms of He of?@fml ratris /‘%
(Cee  Sec 4.3 bey 29C-227)

¢ Our a\ﬂor?—f'hm ‘[':r -FTnclTr%_ a lasic ..Fr ﬁou/\ i to
+take B =][ nonzera Yows of a vouw cchelon '@rm of A })

and each wnonzZefo Voud corresrfovds —+to a ?’z\/ot ?os%r“oo

T

nullity A= number of free variables
= number of Colunms of A Ahat ave wot pivot colurans
Why 2 The  algorithe for indig o loass Lo Nul A
i« 4o —Fm& o Vectpr _Fof eaCh -ree wariable.
(See Sec 4.2 Py 213-214)

Thm CT he Rank Tl’\CofeM>

-

@hm “0 rank A + nullity A = vumber of columns in A

?foojc’
rank A + Y)M“Hg, A= :# s‘F FWO{7>")‘ /’#*F WOV"F7V6{;> by above roteg
columns Columns J
= 4f O‘F Columanr$

N



Ex Let A= (—3 b _71 )
— 1 -2 2 2 -
Bow reduce A 4o an echelon —Form:

/ Ttlree monFi\/a‘l: colu mng
v

'

1. -2 2 3 -
0 0 1 2 2
0 0 90 0 o0
~ 7

Two pivet Columns

Then * ) dim Gl A= 2 = dim Row A D dim Nul A= 3
i) (‘ank A = 9_ 4> NMI’T{Y A = 3

C[/IC(Lk_i Yank A + mu”?"’g A = number c-(: columns Q-F){
2 3 IS

Loalc‘rnj ahead : We Il see  later Ehat Row A and NM) /4‘

are Farfenatl'wlar‘ to each other
Gartoon n J‘Rg e DP Naut A
’_\

e

Y. "The [nvectible Matrix T heovem C&ant"muecp>
Let A be gn nxn watcix . TFEAL:

(M A io nverdible

() The columns of A 7g,m 2 bags of B

) Gl A= R

(4) vang A =n

(5) nuliky A =0 (Fhe number 2ev5)

©) Mul p= {3} (b cero vector space)
5 is e Toro Veckor ;gj e

o



Practice fw’ofo(e,mg at +Ehe end °'|,: Class

Twe ox ‘@llSc? Give A reason [in 1-2 Semlwce_\)

Hu’e \/ S a4 wnoncers _,[.\7,,', fe- 47me AN / vector &\Tolae
C1> [-]C A1 \/C' ‘f aan !—f S s a [7"’@0"\/7 cge]bevden_t Subget
07[ \/) "[‘,[/\ en S C&Y)%ﬁ s move "t(/\ﬂ\/] 4— C/(C,Meﬂ+5

/Amgwe(‘, Fm[ge, COMWJL’/@F ex“l/\’]r[el Le,{: \/= JRLP and [ef S:{ E] [E}}

4 3
He(e, S [mearh& J@femdeﬁ{: and S has vo more —than 4 elementr

(2) LF S STMS \/ano\ of T 75 a Cubset of \/W~I' Contains
more elevments 4tuan S Fhen T 1 lfhemr(tﬁ ooszmole.rr&.
AV\SWQW: Tf(lﬂ. STHC& S S a _Q“rmmn?ng_ et -For \/3 S Cortains

o ‘bCLSng ﬁ {Of \/ CL%,W_[—(/\a S‘};(nn?.,j <ot Tlneorev\/;// ?AT’% ({o)
Thm g 0F Sec ‘["5 j>0d ?,9-_g>, g'mae T has more elerments Huan g)

T also has more, elements Han §> e (lo«él Thm o D]C Sec 4© ?72/((>

T ie memr(é,]t Ae?emc‘ew{:r

(%)

Example 6

a. If Ais a7 x9 matrix with nullity 2, what is the rank of A?

b. Could a 6 x 9 matrix have nullity 2?

Solution

a. Since A has 9 columns, (rank A) + 2 =9, and hence rank A = 7.

b. No. If a 6 X 9 matrix, call it B, had a two-dimensional null space, it would have to have
rank 7, by the Rank Theorem. But the columns of B are vectors in R, and so the
dimension of Col B cannot exceed 6; that is, rank B cannot exceed 6.
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