
See 4.2 Null spaces column spaces row spaces

T.it Fi E t
Nul A x ̅ x ̅ in IR and Ax ̅ 83

112m

i e the set of all solutions of the homogeneous equation Ax ̅ 0

Ex A

f
Q is a

f
in Nat Is in Nala

H
Ans To test whether I and I satisfy AP 0 simply compute

w.fi iff i i II laaef li
So I is in Nul A and w̅ is not in Nut A

Them2 The null space of an mxn matrix A is a subspace of R

Equivalently the set of all solutions to a system AT of
m homogeneous linear equations in n unknowns is a subspace of Rh

Prof Nut A is a subset of R because A has a columns
Show that Nul A satisfies all three properties of a subspace

1 Containing the zero vector BEIR is in NulA since T.am
2 closed under vector addition suppose I and I are in Nul A

Then A Ttr AT AT bydistributivity property of matrix multp
I 8 since w̅ and I are in Nul A

Thus I w̅ is inENul A
3 closed under stalar multiplication suppose c is any number

and it is in Nul A

Then A a c Añ
J since w̅ is in Nul A

J
Thus ct is in Nul A



Ex Find a spanning set of Nul A The same steps as in Sec 1 5

The augmented matrix of the system Ax ̅ is
Note A is the

same matrix

2
I used in
the notes

Row reduce from the

i l firstas
of class

Row row

this is in a crow echelon form

we can stop here or keep going to get the reduced echelon form

of
now row

gyp p a is a man ma p

The general solution is 2 X2 4 0

3 2 4 0

it it itti
the non leading
variables are

the free variables

Every linear combination of and is an elt of Nul A

and vice versa Thus is a spanning set for Nul A



Worksheet Pg 1

True or false The set of all solutions to A is a subspace of IR

Q True or false The set of all solutions to is a subspace of IR

True or false Let H be the set of all vectors in 124 whose

coordinates a b c d satisfy the equations a 2b 5C d

and c a b Then H is a subspace of 1124

1 True or false Let It be the set of all vectors in 124 whose

coordinates a b c d satisfy the equations a 2b 5C d 1

and c a b Then H is a subspace of 1124



Part 11 Column space

Defithecolumnspace of an mxn matrix A is

Col A all linear combinations of the columns of A

ie Col A Span columns of A

i e ColA 5 5 11 for some x ̅ in R
Notation

mggftsthey.li gr gmbination of
the columns of A

Thm 3 The column space of an mxn matrix A is a subspace of Rm

Pf Let on 52 In denote the columns of A

Then Col A Span at on which is a subspace by 1

which says If vi V2 rp are in a vector space V

then Spanfun up is a subspace of V

Since the columns of A are in RM the result follows

Ex Let W y z are real numbers

Find a matrix A such that W Col A

Sol 1 Write W as a set of linear combinations

w s f z 9 zi.ir span

2 Use the vectors in the spanning see
A Fanningst
for W

as the lolumns of A

let A f
1

Then W Col A



Fact Assume A is an mxn matrix TFAE

1 Ax ̅ 5 has a solution for each 5 in Rm Them 4 in See 1.4

2 The columns of A span Rm I because colA Span coluffs
3 ColA IRM

I.tthe row space of an mxn matrix A denoted Row A

is the set of all linear combinations of the
row vectors of A

Thm Row A is a subspace of IR

Note Since rows of A columns of AT_transpose

Row A Col At

Ex let A

f y
be as before

1 Find a nonzero vector in Row A

2 I
ColA and

3 NalA

4 Determine wether I is in Col A

Sol 2 Any linear combination of the row vectors of A e.g

1 2 1 3 first row

2 Any linear combination of the columns of A e.g

live.t EE.TL



3 Earlier we computed that

f by
is a spanning set for NulA

So any
linear combination of this set e.g

fifth TED

4 From Day 1 class notes we have

real f it

S Ax ̅ has at least a solution

so t is in Col A

Ikernelandrangelimage ofalnearmap
Def Suppose V and W are vector spaces

A map T W is called linear if

i T preserves addition i e

T utr T a TG for all user in
the domain V

ii T
preserves sialar multiplication i e

T ca TCU for all u in the domain

and all scalars c



Def The Kernel or null space of T is the set of all u

in the domain such that TCU
zero element in vector space W

Def The range or image of T is the set of all

elements in the codomain W of the form T x

for some in the domain V

I The kernel of T is a subspace of

The range of T is a subspace of W

Ker T zero element if and only if T is one to one
VI

range T W if and only if T is onto

Lote If T IR Rm is a matrix transformation

defined by T x ̅ AP then

The kernel of T is just the null space of A

The range of T is just the column space of A

EI Let V Differentiable functions f 0,1 R
whose derivatives are continuous

Ex 9 W continuous functions f 0,1 IR

Define D W to be the map

f f
This is a linear map D f g D f D g

1 f CD f

The zero element in the codomain W is the

zero constant function
So the kernel of D is constant functions
so D is not one to one

The range of D is the entire W So D is onto



Worksheet pg 2 Similar to

Sec 4.2 441
Define a linear map T P2 123

in MML

by TCP

9 What is the kernel of T

Find two polynomials in P2 that span
the kernel of T

b what is the range of T

Find a vector in IR which spans
the range of T

end of PDF


