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def | 1 O
2.2 The Tnawerse of a wiateix n= JiO]
1

Def I+ A Ts an nxn ek, the javerse of A i

the. nxn rmatcix C such ot -
AC= I, oand Ca = LT,

T he 7Tnverse o-p A s dempted lo% A—1

De £ I£ A hes an invecrse A 7s called Tnvertible  or non-singular.

£ A doecvit exist A is called not Tnvertible o sTgular

Note: Non- Square ™atrices are never invertibkle.
Ex A=|% 5} C-’[’;‘ <
- 377 2 2]
Ac :[2— 5“?? —j: 1--?#93’ 2.-5 +5-2 _ | 14 HIy Adottof |1 o
37 3 2 “32-7.3 ‘»;—S -7 2 | o2t -2 I5-14 o 1
CA = -S[|% 2| |10
2 2 || 7377 o1

S CpA ad A= C

Am alaorl' then ‘Fof' -prnchna& A_1

s Row reduce +the auamu\%&ol mocteix LAI I]

I A T¢ youo %u'rVa(e,nb +to I, Hhen EA/IJ m [I’A—j

[f not, A doecrit have an Tnverse

-1 2
Ex Find the Tnverse of A=[3_J, if it exists,

W] el
ERA I 3R11’R2003 !

-1 2
Note - [o o] i o (row) echelon —Fofr\/l dot e rowo cobuﬂ/a[ent to A

[ o
There g onlné, one ‘Fi\/ot , So it is act rows eott)ﬁ\/m(ewl: to I° [o /J
Which lws teo F}vots. Co A ic ot row e%uﬁ/a(en‘t + I .

Thus A 7= ot Tnuectitle




Ex (G 2.2 Example 7>

Find The inverse of A= 1 0 3 if it exicte

[0 1 2|1 0 O
[A1Z]=11 o0 3]0 1 of~
:4 -3 870 01 _ This is a row echelon
1 0 310 1 O
~1o0 1 2 1 0 0 ‘FOfM ‘Hw“f— S oL e%ui\/a[en'(: +o A
0 =3 =410 =4 1 Since i+ has 7>?\/n‘ts) 1%
[1 0 3,0 1 0 ] rowJ e_abuiva(e,m‘[: +» Ig_
~lo 1 2/1 0o o oA~ T, % e com
[0 0 1132 =2 1/2] floos
[1 0 0({-92 7 =372 ke ep ot
-1 Qora,
~lo1 0| =2 4 -1]= EI 'AJ
000 1132 =2 12
7’
Thm (Sec 2.9 Them ¢)

Let A and B be nxn watrices . Smf?ose, AJ& are. Tnvertible,
() Thea A'is also nversible | and (&)= A
(2) (ﬂgoc(cg - Shoes ?rarer+%,>
Thea AB is also invertible | and (AB)' = B'A”
(2) Then A s also tmertible , and @' =G7)

(-I;he trans pose of A) The inverce of AT is the “l:raﬂ&{y::&f’— of A

T(OO-F °-F (2): (A[;> [[}~IA_1) = A@@'>A§7 Since bt mm[-l}flfcﬁ-r/-ﬁan

IS ASCocriative
1

= A L/‘v_ Since &' i the Thverse of R
= A AT
=71

We can also CUW)FW(:& [J}UIAJ)(A&> =71

TWS Shows +M+ E-%_l i< -FAL nverse_ O'F A& 7



Sece 2.2 Chavactecizations of Tavertible yatrices

I Thm (TL.C, Tnvert+ible watcix +thesrem (I MT> \>

Let A be on nxn eaateix,

/rl"ﬂ —Fo |\0v-’7r\¢3 ore C.ybui\/a 'e,nr\‘(:

a. A has an Tnverce

b. A e rouw C%ul'\/a[cw'(. +o I,
C. A bhae n Trv«r{: -Fos?-l:?ov)s
d.

Th& l/lomuﬂa,neaus €;(_)ua-"for\ A;Z.—.ﬁ hae onl% the +trivial Solutian,

Freof _of  (0)=(ly (Read ") Tmplies )" or "If () holds +hen @) lu(d_q")

Stnce A has n -f‘,\/ot FDSFtTaWS; ~the auﬂmr,n-éeol ot i x
(@)
1'.

[A13] s oo equivmlon Jw[ ‘ }

6. The columns of A are bnwrlcq ‘molcfe,molw-t

Q0--000

Oo-

(1)

o A?*‘-g fas €,><ch;“3 one Soludlion ?:Y{

(5

Proof £ @) & (eD (Reod “(d) s True F and only f (B s +r«e">
This —Follo\,gg —F—om Y ulo;{-‘*.n‘.ﬁaﬂ a_f’ Linear Tnolb'FE,r\Ae/V\cg 6" Sec {_¥>
‘\'\‘ The ['mear wa p X —> AS? is one- to-ove

8, For e,\lua’ E n IRn> e anua-l—l'ovn A)?: I: has  at least ovie SD‘u.+7un_

T he colurmns o{:/\ Span Rﬂ
The ['lr\&;,(- rap X —AYX Vm]bg /Rn ornte R”

L AT ic invertible.



The Invertible Matrix Theorem (]_' M T>

Let A be a square n x n matrix. Then the following statements are equivalent. That is, for a

given A, the statements are either all true or all false.

a. A is an invertible matrix.

b. A is row equivalent to the n X n identity matrix.

c. A has n pivot positions.

d. The equation Ax = 0 has only the trivial solution.

e. The columns of A form a linearly independent set.

f. The linear transformation x — Ax is one-to-one.

g. The equation Ax = b has at least one solution for each b in R".
h. The columns of A span R".

i. The linear transformation x = Ax maps R” onto R".
j. There is an n X n matrix C such that CA = I.

k. There is an n X n matrix D such that AD = I.

. AT is an invertible matrix.



Ex: Determine f A=l &34 is invertible.

I 2 3% 4

[ 232 4

I 2 24

Ane: A i row e%u?\/q[e_m'ﬂ ts 22 4 ¢ s 1 ri\/ot,

000 O
po 0o O
0 oo o

To be invecdible, a 4x4 malfix must love 4 3ivets
C A is not mver+ibkle.

2\ ——
(gcc 2.2 Exercice :ﬁi@& 9_9_.> o MM
A upper Friangular watrix is  a motrix whose enfries  beloc)

J—

Ex

+the m™ain (ira_&o nal are 0O7s , C«S .

10
and 0 1

When 1s a Square u?rer *i’r‘:om%ulmr atrix Tnver-l-‘(\o\e_?

o w

0 1
y ad | °
0

N > v

3
7
2 0
0

-S> O g =

1
o
0 o
0 0

Sol BZJ/ +e IMT an axn oabeix A 1 itaertible if and only
A hos n ?’nvot Tos':-(-iong_
I all entries in 4he main olfqacml are non zeo,
thea A i a]reprd:& m vor) echelsn ‘FO(M ,
ard Wk tee A has n :r‘u\/o-f' posi+ions.
g ane of Hhe entces 0 e o diggml s O, S
in colurmn k| +her  column K cannot be a F'ivo-l-_ Colyrv,

So A has WC&WQF —ton n ?NDJC Fogr\-?bn&_

A_‘ff An axn urPer -l—rmn&mLmr et A s
Tvergible W and enly

all entrie? on Fhe cmatn c;\.\aaofm\ 0{2 A are nonzery _



T, laverFible [T near W\afs

Tef I TR — R is a Linear map ,  the Toverse of T s
a \Cw,c+-,on S: R"—=>R" such —that
M S(T() = % feal 2 K
G T(sx®) = ¥ foe dl 7 K
The Tnvecse of T ic denoted by T

—1

Def A livear wag T: R — R" ic called invertible if
T Lw\_s

an  Tnvevrce mqf.

Note: A Linear map TR —> R” is never invertible if n#m.
P T

Thw (Sec 2.2 Thm 2)

L&“b T: Rﬂ —> RH Lﬁ, a A,Q? nea ma:{> X
et A Le +he standard  waatrix or T,
Then T is fnver+tible if ond only +

A s an T'\\/QA“FIEIC ~atrix.

e T s ‘rnve,r{—'l\a\t) —the nverse L T s

6"\/&({\ bL& S(’)?): /A\_I >7



Co\ngio\er the ~ap T ﬂil—> 'S

defined by T( D)= [rw ‘w]

4x-7y

s T Qriear ? Ans A8, Since T([§J>: E‘fr ZJ[?J
So T % A(]Cincnl

[oﬁ MDI{'YT>< W\V\H—i?]r&"\'ran‘
[c T rtoverdaple T |f

*Fl‘f\al X ‘g(mula -@r T~1‘

Standard ™kt ix D( [N [

ugﬁ, “FL‘C/ Q[OU(.‘+L‘M [A ’ IJ — o v )’Cduce;
[AII]=[-Y o . S 7]t o0 _>[_S,,71D
o ] Thtte [Of5)5 1] skelo 1]45

g
We See A’ rs (I\(/Ef-{-‘b/o
~TR2tly |5 O |35 4 Ly
s M

Soe T s toverdible.

Ar\s ; T e

So e keep JD

73] - Gl

(£c Thverse

is Fhe linear

~ap
TR =R defined by
TrN={7971%] . X+
(EUD [“r y} Lj] r [Wﬁj], .
et 4- ab]_ Then det A= ad-Le
c 4

Thm 4 [Sea 2.;)

£ de£ m>?€ O Jdhen A s Tnvectible itk

-1 d -
A= det(A) [_c a]

(f det (A)=O Lpon A Ts et Toversible



