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7 Stokes' Theorem

Recall Green's Thm connects circulation and double integral :

(circulation form)

6)(f , 9) · dr = (fedpos

C~
2 D Doubleralcirculation contribution& overalong C

in R2

A region R-07). da⑳
S (Sec 16

.
2-16 . 3)

CurveboundaryofReviewed from oa

Now
, instead of region R in IR2

,
we

have surface S in IR

S
carl Si

=> positive contribution
curve C boundary of S

Stokes' Theorem
Let F = <figch) be a rector field ,

S is an oriented surface (pick
which direction is "up"),

C is the curve which is the boundary of S

o F - di (SOXE) ons
=

um
C

- curl

-
still circulation

LHS
RHS surface integral

(Sec 17 .6)
along C

Same before :aSmeaning

Net circulation on boundary of S = sum of "rotation" of E

over S



Here i is the unit rector normal to 3.

Direction ofa is determined by orientation of S

(which way
is "up") .

Right-hand rule :S and C are related by the

Curl your right
hand in the positive direction

around C . Then your thumb points
in the

general direction of which way is "up"

The rector i points in the same direction as

your thumb
.

In this situation
,

we say that i is

consistent with the orientation of C.

Recall

(Se17.5) F isconservativethen
Fac forsoma

So &F .

d = 0 :. circulation is zero on all closed curves

·
no work is done in moving an object on

a closed path .



Cold Final Exam Sp2D

Assume that in points
upward.

One of the ways to "use Stokes' The" is to

convert difficult surface integral into easier line integral :

Stokes' Theorem says (/xF). &S = & F .

de where <

CS
curl

is the boundary of S.

C is the intersection of S and the xy-plane (z = 0) :

0 = p - y - y = 4= + y = 1 = 1+
1Y

2

A parametrization of C is

- (t) = 74 cost,
2 sint

, 0>
x

4

for 01 + < 25

'(t) = < - 4 sint ,
2 cost

, 07

2π

⑧ F .
di = /Ezy) (4sint) + (x + y)(2cost) + z(0)dt

-

OC
4 cost + 2 sint0-2Sint

2π

limittocostcost touse
n-substitution

t= 2π

= 120 + 2 sin(t)dt = Ot - Ecos(2t))
t = 0

= p (2+) - cos(45) - 10 - col] = 16 it
-

1
T



Ex2 Use Stokes' Theorem to compute the line

integral &F .

dr (circulation) of the vector

field F = zY- z+ (x =y2) E
,

where C is the closed

starting at point A (2 ,
0

,
0)

,triangular path
to D(0 . 4,

6)
,
to DG0 ,0) and back to A (2,

0
,%)

·

Sol : 6
,

F .
dr = /EXE) .

nds (Stokes' Thn)

-

Choose a surface such

Sketch C :

M that C is the boundary.

SinceC lives in a plane ,"Ia we can choose to be

the plane containing A,
B

, D
.

Review See 13
.

5 lives & planes :

i4↓To find a normal rector to S
,
take ABXAD =

-208

=
i (32-0) -y(- 16 - 0) + k(0 - -b) = <32,

16
, 8)-can choose B or D

instead
Equation of Plane S is : (normal rector) · Ap = 0

232 , 16 ,870(X - 2
, y-0

,
z -0)= 0

find 0 : 8-4X-2y
32x - 64 + 16y + 87 = 0 by setting

z = 04X - 8 + 2y + z = 0

-

above the 2D region R = & (x , 3) : 01y1-2X + 4
,

S :
z = a - 4x -

2y 01x 23 .
Let g(x, y) = 8- 4x-2y #

2 xCexplicit description]



Compute normal rector of S : <-Ex 1 -Zy ,
17 = <+ 4

,
+ 2

,
17

This vector is pointing "up",
consistent wy orientation ofC

Cusing right-hand rule

use this.Bona So

Curl F = - x E =( 2y + 1
,

1 - 2x
,
00) = 2- 2y + 1

, 1 - 2x
, o)

gxhx

F = (z ,
- z ,

x+yz) feltushf 9

fz gz

1)(xF) .nds =/)(-2y+-2x,07 · (4,
2

, 1) A
2 -2x + 4

= (((oy + 4)+ (2 -4x)dydx
Inner :

- 2x + 4
y = 2x + 4 y = 2x + 4

( - oy + 6 - 4xdy = -by + by - 4xy) I - 4yz + y(6 - 4x)y=0y = 0

=- 472x+4)2 + (2x+4)(6 -4x)
Skip

=

- 4(4xx -16x + 16) - 12x +8x+ 24 - 16X.
= -1x264x-bx+T~ -

ter : 1- ax +36x-40dx = -* +36x-4x
Negative

circulation means net circulation is

the opposite
(clockwise) direction of C

,
looking

from above.


