
17 . 6 Surface integrals

1

. Parametrized surfaces

* A parametrization of a curve Cin IR2 :

↑ (t) = (x(t) , y(t)) for a+ -b
.

-

↑ &
two dependent

variables

one parameter
+

* A parametrization of a surface S in IR" :

↑ (u,w) = (x(u ,2) ,
y(1,2) ,

z(u,2) (Note:

↑ ↑ + parametric
Two parameters u,2 Three dependent variables

description of

where the parameters u anda vary over a rectangle a surface is

R = ((u ,2) : a [u = b
,

c [wed] nZ not unique,

-v just like

& F I parametric
a

[

b
>

~ each point (nw)inD/ description of
is sent to a point a curve is

(n ,v) on S not unique

Examples of parametrized surfaces

001π, 21z563
1 . Cylinder S [(x , y , z) : X = 5 Cost , y = 5 sint,

-

(MML #1) half a cylinder, 1st and 2nd quadrant only

A possible parametrization of S is to let U = 0 ,
W= z

Z

height

(n ,
2) = <X (aiv) , y (u ,

2) ,
z (u,2)

= (5 cosu ,
5 Sin u

,
v[ st

for 0 U- #
and 2 &W16

-
-
-



2. Plane S ((x , y,
z) : 3x - 2 y + z = 2)

·
S

Let u = X ,
v = y ,

and z = - 3x + 2y + 2

↑ x z = - 34 + 2V + 2

X and y can
be

any
number

A possible parametrization
of S is

↑(,2) =

<u Wimaw
+ 2) foroua

- a(v(0 .



# · Surface integral of a scalar-valued function ()f(x ,3) &S

partition rectangle R
= &(u ,

v) :
9tuzb,

-
c[v1d]

Idea:
M

into small rectangles

Ii m
nu - plane PR

Each small rectangle gets

sent by F(u ,w) = <X(n ,
2), y(u,2) ,

z(u ,2))

to a curved patchSk on the surfaces .

Let Plaib) be the lower left corner

point of
the small rectanglee.

↑(n ,
2) Sends Pla , b) to apointby (a

,
b),

(a,b) on SK
.

-

S
Take the sum off) (over all lower left corners of

the small rectangles
RK multiplied by area of Sk

[f(x(an ,
br) , y(ar ,

br)
,

z(am,
bu)) (area of Su)

over all

small rectangles

areaoftangent vector corresponding

En= to change in v

(keeping a constant)
=(
tangent rector

this parallelogram
in the taneto

correspondingto change in u plane has area (ouEx-Er
(keeping or constant)

= lEuxErlnow



surface integral of f(x, y , z) on surfaces ,

denoted /) f(x , y ,
z) & S is the limit of the sur

as the sizes of the small rectangles go
to 0.

·
To compute surface integral ,

we first convert it to

a double integral over the rectangle M :

(i) using a parametric description of surface S :

1 +(, y,
z)dS = () + (xcui) , ycut,u lExErld

(ii) If S is explicitlydefined by z = g(x, y) for

x(y) in region R
,

then En = Ex = (1 ,
0
,
Ex)

Ev = E = (0 ,
<
,
zy]

ExEy =)x) = (zx
,

-za , )
Zy

(Ex x (y) =Jzx + zy + 1

so 1/fdS = 1 + (x> y · g(x,y) JE dA

S

Both are the usual 2D double integral from Sec 16
.
2-16

. 3.

· If f(x, y,z)= 1
,

then 1 f(x, y,z)dS = surface area of S



Ex 2(a) and MML #3 :

Find the area of the surface of the half cylinder

Z

& (r,
0 , z) : v = 7 ,

01[π ,
04z8]

height

using a parametric description of S. to
So 1 : Parametrize S :

(n ,
2) = <X (aiv) , y (u ,

2) ,
z (u,2) -i

= (Ecosn , 7 Sinu
,
v]

for 0 U- i and 0&28

Surface Area =///2dS = 11 /ExEd

8EnxEn =/sin Fo = sin-count
O 18

=

77u ,
7 cosu , 0

lEnxErl =JFSinn + 72 cos
:

#normalvetde z
=((x = 7

surface area is (7 da

=g dud =5



call this surface S

- idMM#6 /AdditionalESurface z = 5x+ 5y2 for 02z -00.

Sol : S is a paraboloid is from o to do

Area of S is the surface integral /S1dS
Projection of S on

the xy-plane is

R = G(x, y) :xx+ 5y2 2003 = ((r , 0) : 01 = 4
,
02622π]

x2 + yz [16

Since S is explicitly defined by =52 ,
01180,

=-
let g(x, z) = 5x* 5y2

Then zx = 10X
, zy = 101

,

so+z+ 1 =Jon2)+ 1

1/2 d =(2+ 2A rando
S R

r2
u = 1601

iner : "Jordr=du= -1! 200

u = 100r2+ 1

du = zoor dr

-du= rdr
200

ter: (1601* - 1]d0 = 50((0x
=

- 1]2π



Ref : See Sec 17. 6 Example 6
,

MML #6

Mass on a surface S is the surface integral /) (density ds=is

Since the surface is explicitly defined by =xy2 ,

014,

let g(x, z) =x2+ yz

we will use the double integral

Sketch of S: is froa Set z = 4 :

x2+ y z = 4

The projection of S on the xy-plane is R= &(x, 1) : x*+ y2(43 = ((riF) :01-2,
0012

Ex = 2x
, zy = zy ,

sozx + zy + 1 = (4x+ 4y2 + 1

(1 +(x, y,
z)dS =()32( write the iterated

S integral in polar

because R is a
disk

extra (see Sec 16
.
3

"Double integrals- in polar
coordinates")



# surface integral of a rector field .

Given a surface S
,

we turn S into an
oriented surface
- -

11

by choosing which normal rector is up"

a

Fr
Walk under

When the surface is closed (e .g. a sphere) ,
we choose the

orientation so that the normal vectors point outward
.

DetThe flux integral of a rector field F= (figch)

across an oriented surface S
,
denoted !En as

is the net flow across the surface.

Ex
.

water that passes through
barrier of a cell during I minute

(flow into the "up" side ofS gives positive contribution ,

& 11
- opposite side-"-negative

-1 - (

To compute ,
first convert into a

double integral :

using parametric description of surface S

-

1) Find = // F · (En+t) dA

R

l Ends = )) (tig , h)o(-zx , -zy , 1) d



(Additional Ex)
on &

EXFRain robe modeled by the vertical

Vector field F = (0 , 0
,
-1)

.
A roof can be modeled

by S where S is the plane z = 4-2x-y in the

positive
octant. Find the flux in the downward

Rain

direction across s . 104 AddS (0,
4 , 0)

--

circui
(Application : if F is rate of rainfall per min

,
this flux integral

gives the mass of rain that falls on the roof

C let g(x , y) = 4 - 2x - yin one minute

Sol :

Surface S is given explicitly
z=ex-y

for (x ,) in the region R2
x

m = [(x , y) : 01y1 - 2x + 4

01x 23 .

Ex x Ey = (- zx
- zy , 1) = (2 , (d)

&

↑
This vector points upward (z-component is positive).

Because we want downward flux
,
take the same vector but

-
-

in opposite direction (2 ,
-1-17

.

Flux is (
,

F .
ndS =

(d
= (2dA=rea

R

n
the roof

Observe :

massofrainthat
float
would

= mass

beneath the roof if the rocallon thefloe.
- the end-



MML #7

Find the flux(Finds where F=< -Y ,
X

, 1) and

S is cylinder y = 6x2 for 02X11,
02714,

normal rectors point in the general direction of the positive y-axis

"f
parametrization of S :

Let X = u
,

z =

(u ,
2) = (n ,

642 , v) for OU11
o (v -4

En = <1
,

12 u
,0

to = 10 ,
0

,
17

Extr i((24) - j(1) + E(0)

= I
0

,
0,

=(1zu ,

- 1
,
07

This is the opposite of
what we

want : <124 ,
1 ,
07

4

flux is /S
,

(2x , 1) .
&S = %S')- u2u .

1) · (12u, 107endr

/72 + u
d

inner : /172u3 + u du = 72*2 =
10(1)+E

outer : 1
* Edw = 2(3) = 74


