
17
. 2 Line integrals

to pic notation integrate over ...

single-var calcf(x) dx interval (ab] in real line

IR

double integral)f(x,y) dA 2D region R in 15

=
D

triple integral ((z) dr

sApplication :

average,
vol

,
area

,
mass

(New) Scalar

Line integral If do
a curve C in1R

Ishould really be (t) = (x(t) , y(t))

called "curve integral" C

or "path integral") fi
or curve (in1R3



I - (Scalar) line integral
What is (of as ?

f(x ,z) is a function wy input points
in R

and outputs
are

numbers in R

Cut C inton parts wy equal lengthChoose a

representative point in each part

(to make it simple ,
choose

the earliest point

(x2 ,Yz)

n
Take sum DS [f(x, Y 1 ) + f(xz

,yz) +
... ]

The limit of this sum as n -> 0.

If the limit exists
,

it's denoted (fds.

We say f is Integrable on d.



Recall Sec 14
. 4

Let a smooth curve (in
R be represented by

the parametric function
- (t) = (f(t) ,

9 (t))
,

for to in [a,b]
a Y

C

!i
The length of Cover the interval [a ,b]

b
is S1'(t) /de



Procedure for evaluating line integral /,
f ds

Choose a parametric description of C

↑ (t) = (x (t)
,

y(t) ,z(t)) for
a St b

.

2
Compute (5'(t)) = ( x '(t)

2
+ y'(t)2z'(t)-

-
~ It is

Ex 1 : The temperature of the circular plate

R = ((x, y) : xz + y2 [13 is f(x,y) = 100(x2+ 2yz)

Find the average temp along the perimeter of the plate .

Sol :

R

1

Boundary of
R is circle (= [(x , y) :x+ y= 1)

1

Average value of over C isthat (fds
1 Choose a parametric description of

C :

& (t) = <cost ,
sint) for Oft 12

a ↓

2 'Ct) = < Sint ,
cost]

Ic)sint+ (0s +2 = J = 1



3 Ifds=2)
= 100%

**

cos(t) + 2 sir (t) &E

= 1001(205t + sinit) + sinde It
-

-

1 -(2)

= look I + E-2t
t= 2π

= 100((z)+ - +sin(2+)))t
= o

= 100 (2π) = 3001T

Length of the circle is 2 Cradius) = Zit

Average temp is I (2001) = 150

T

-



# .

Line integrals of rector fields

Sec 13
.

3 :

cos : IF

-
The (scalar) component of F in the direction of F is lop/

If F is a unit rector
,

IFI = 1
,

so TPEEF
co

-

-

Now ,
let F(x, y) be a vector field ,

letC be an oriented curve w/ parametrization [Ct).

what is I
,

F .Fds ?

F(cd) Idea:

Walk alongC following- -

T

E ↑T
& the positive orientation

.

F(44)/ind F Fab
At each point (a,b) of C

,

~

-
i

°

(a
,b) compute EE(a,b)·ab)F F is negative

↑ F.F is pos
S

unit tangent
at (> d) -

at (< d)
rector given by

vector of F(t)o

the vector field at (a, b)

&F :Fds is the limit of) adding up
the components of F

in the direction of C at each point (a
,b) of C

.

This number doesn't depend on the choice of parametrication
(t)/ how fast we are walking along C.



How to compute the eline integral of F over (Symboli<E . Fds) :

Consider avector field F(x
, y) = <f(x ,y), g(x , 3)]

Consider a curve(with a parametrization F(t) = (x(t) , y(t))

for a+1b
.

1, F .
F ds= F. 'C) at

subX(t) and Y() using formula from Ct)
↑ -]

= ( (f(-g()) . (x'(t) , y'()]dt

= ((f()x(f) + g()y(t)]dt

↓te : Other notations for line integral of a rector field

Let

1 F ·
Fds = (

,

+ +x + gdy(dx = xix)dt ,
dy = y'()d)

= CE . di Clet di = (dx , dy))
where -C means

Thm : /E .
Fds = - /E . F ds the same curve

~ opposite orientation
C - C

Application work needed to put
G ②

a satellite into or bit

(integrate gravitational force
along path of satellite).



Applications
Def (work done in a force field)
-

Let thevector field F be a force field (ex : a gravitational field),

Can oriented curveo/ parametrication [Ct) for
alt <b .

Then the work done in moving an object along C is

w = /F ·
Fds = 1 F.C) It

mum

notation How to compute

Ref (Circulation) ·O
If C is a closed oriented curve

(like >

then the circulation of a vector field F on C is also /F.Fds
.

-
Idea :

As you travel along C ,
how much of the vector field #

points in the direction of C. If E is wind pattern (that doesn't

change with time) ,
the circulation of F along & is the net amount of

headwind (negative contribution) and tailwind (positive contribution).

Dig E(wind) Swirds- ⑪
->

Ex6(a) & GF(x , y) = (x, y) Here /
,
F . Fds should be O

# => -

"radial" & Y # is always perpendicular to
#

Vector field " unit tangent
rector ofF

(b) F(x
, y) = (- 3 , x) Here /F .F ds should be

# positive because

"rotation ↑

Vector ↓ -
# is always pointing in

field
I

the same direction of F.



Q1 : What is the circulation of the rector field F= (y,x

on C
,
the unit circle with counterclockwise orientation ?

Q2 : Given the force field F= y < x)
,

what is the work required to move an object from 10,6)

back to itself following C ?

Answer : Q1 & Q2 have the same answer : /CF . F d

To compute /F . Fds
,

choose a parametrization of
C :

↑ (t) = <cost , sint] for Ot [2.

2π

1 F .

Fds = / F.Ct) de

2T

=( sint , cost) · (sint ,
cost) It

-

F = (- y , x)

= 12
*

(sint) + (cost) 2 de

-Ide
= 2π



Part III. Flux

Idea : Vector field # is the wind pattern .

I walk along a path C(doesn't
have to be closed

,
but

it shouldn't intersect itself)

* i finBad fine

The flux of F across C is the net amount of
-

crosswind from my left (positive contribution)

and crosswind from my right (negative
contribution).

↑,
At each point (a, b) on C, there are two directions (on xy-plane)

that are perpendicular to the line tangent to C

at (a , b) ,
that is

, pointing away from my right shoulder

and pointing away from my left
shoulder.

Let in be the unit rector pointing to the right of point (a , b)

(when viewed from above).



↓te :

If F and i are both pointing "outward" ,

Fi is positive

Fab
This is why crosswind from my leftI- gives positive

contribution.

If one of them is pointing
outward

F and the other points inward,

F . is negative.↓> This is way
crosswind from my

right gives negative contribution

Def (Flux)

Let F = < fig) be a vector field of I?

Let C be an oriented curve .

Choose a parametrization

of C : F (t) = (x(t) , y(t)) , for a St [b .

The flux of F across C is Fonds

Note is a closed curve with counterclockwise

orientation
,
i is the unit normal vector pointing

outward
,

so we say (Finds gives the outward
-

flux across C.



How to compute in ?
A = Ex &

i
X

= = (x() , y() , 0)
,

F= 07
/

/

(t) (t)

↑
= Fx =( = TiT = (+2T0)

(y'(t) ,
- x'(t) , 0)

=

It'(t))

How to compute the flux integral ?

b F .
nds= <fig) .

(3) ,
x(+) init

It'(t))

= (f . g) · <y'(+) .
-x(t)dt

= / f(t)y(() - g(t)x'()dt



Ex & (b)

Going back to Ex 6 (b) f g

↓ d
F(x

, y) = (- 3 , x)
1

#
C is counterclock unit circle

"rotation ↓ r
Vector ↓
field

I

* Earlier
,

we computed line integral of F overa (Circulationon(

(F .
Fds = 2π

The wind is always tailwind
on my

back
,

so

the circulation is exactly
the length of C

S
* Now

,
I expect In Finds (thou to be O because

there is no wind from my
left or my right

Call wind is targent to
<).

-utation :

Do the actual comp
X Y
--

= = (cost , sint) ,

0 t [2

=Ext
(F .
nds = 1 + 31 - gx1dt=int(ost]- (cost) Esint) It

I I
-yx = 120 de = 0

,
as I expected



For

Ex6(a)
&. &F(x , y) = (x, y] I expect the outward

# flex (
,

Finds to be

"radial" & Y

Vector field " positive because

# is always pointing in the

same direction as in

Wind is always coming from

my left (pos contribution)
.
&


