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5 Triple integrals in

#
cylindrical and spherical coordinates

coordinates
polarxy-plane

↓ ↓ usual

r
.
t

,
z

I cylindrical coordinates

rho

polar coordinates in IR2 : 0
. A

# spherical coordinates (#,E , 4

↑a(the xy-plane) Ccounterclock) angle
X-axis Cuteryfrom positive from

same
as before z-axispositive

-
r

.
t

,
z

cylindrical coordinates

z = vertical position of the point
possible values : Z

When 4 is projected onto the xy-plane,1
0 Ir <

~ = distance from the origin
· P(r ,

0 ,
z)

002T
-a(z( A = angle Counterclock) from the positiveye X-axis

-...
> y

x F

Transformation formulas (same as Sec 16
. 3)

Rectangular (X, Y, z) -> Cylindrical (r. 0
, z)

r2 = x2+ yz

r
sinF =* or cost = Y or tant=

z = z

Cylindrical (r. 0
, z) -> Rectangular (X, Y, z)

X = r cost , Y = r sint
,

z = z

Ex of solids
:

cylinder

x = 3 (r , b
,
7) : 0 =53

!
D = 3(r ,

0
, z) : 35253/indrical

a

:
-

pe vertical half-plane EI4 = E(z):-x =



at

thislina
,

a
Y

/ Y30D = ((r, 0 , z) : z = 2r]

At zo ,
the level curve is V = 0 (the origin) · Ex

->
y

At z = 1
,

the level curve is 1 = 2r E) v = Ifcone

At z = 2,
- z = 2rE) v=

The y2-trace is when X = 0 :

Zy -
z = 2 Y

D = [ (r , 0 ,
z) : z = 2- 25

,
0 brz1]

The same come as above but flipped and shifted up by 2

↑
I

shifted up by 2
->

/flipped-
[

cut off
when

V = 1 () z = 2-2(1) = 0 :

+

Thm (Cylindrical)
described in polar
-

If R = 3 (r,t) : g(b) Er[h(8),
daBl in the xy-plane

and

D is the region
in R bounded by surfaces z = G(x,y) and z = H(x, x),

()) + (x, 2.z)dv = 1)F +(xyz) en]d
D

1.
e . If D = [ (r.

F > z) : g(f) -> r[h(t) ,
b (01B,

G(x,y) z[H(x,y)3
,

B n(t) doH(rcosA , r sing)
drf(r cost ,

~sint , z)dzII
D

multiply a(1) +(x , Y. z)dV

=Croco, sinos!



Ex 2(book) Convert the triple

Evaluate I:y de da dx

integral to an

f(x,y, z) equivalent triple
integral in cylindrical

Sol : This is (1) f(x,y,
z) dV where

Coordinates

D

D = ((x ,y , z) : 1 1) z12
,

(inner)

-ToxIyJ2 ,
(middle)

01x =253 Couter)

the projection of D onto the Xy-plane is R = GWM) : -J14:12,

01x =253

y
is bounded above by y = /Ex2 (upperhat

i

y2= p-x*
252

- R
x+ y" = 8 (circle w/ radius jo)

% 25

In polar
R = &( . 8) : 0 [r[25,LF]

z = 2

& right half of a disk

D = 5 (r,
f , z) : 0 [r(25 ,
- "-,z]In Cylindrical,

9 half of a
solid cylinder

z = - 1

f(x , y, z) =J : A

u = 1+ 8

-
MiddleStr -dr = 3) < Edu =-

↑
u = 1 + 0

extra

u = 1 + r2
= gz - 1

extra du = er dr

=
33 - 1

du = ~dr
= 26

-

IinnerSo dz = StrrYde = 3/1 + r

water /26 do = 26 it- I

-

I= 26 π



(Additional example)
Ex 3 : Find the mass of the solid D bounded by the paraboloid

z = 4- r2 and the plane z = 0. The density of the solid

is f(r ,
0 , z) = 5-z (heavy near the base and light near the top).

The projection R of D onto

Sol : Sketch D :

the xy-plane
14

+.D
↑ in polar

is RE & (r8) : 0 [r12 , 0-012]
X the paraboloid intersects

the xy-plane when so D = [ (r0 , z):, 0-z54-ri]
8 = 4 -

r2 ↑

r2= 4 in Cylindrical

~ = e (circle wy radius 2)(

The mass of D is
extra

2π2
↓

(1)+dvd d5↑ density 5+ri)function
= 12 - r2 - Eri

middle2r-3-Er dr er* do=
The mass

= Iz-
= 6(2)" --
= 24 - 4 - 4 = 4



It Spherical coordinates (P . 4p0)
who philtheta as in cylindrical

J

I

7

7
o po

Here Po is the projection of P onto the Xy-plane

~ is the distance between O and Po

p : distance between the origin and the point P
, 0 in [0, 6)

4 : angle between the positive
z-axis and the line OP

f ↑
origin point

- : same as in polar a cylindrical coordinates :

(Counterclock) rotation from positive X-axis to the line OP"

on the xy-plane

Trans formations

Spherical (P, 4 , 5) -> Rectangular (x, y,
z)

cos c = ad: so z = p case
r

-
X = psinc

cost

and X =
so

sinfsince= [ySo3 Y = queene
r

r = P Sin



Examples :

· Sphere centered at the origin
with radius 5 :

[(p,
0

, 0) : p = 53 ,
X

· Cone ((p0 , 0 :=1)angle between
z-axis and

o e

#

X

ended here week 9 Wed

Ex5(a)

Convert to rectangular coordinatesa identify the set :

D) = 3(p, n
,
5) : 0 = 2 cosa =

02427
,
0012π}

Sol : (To avoid workingwy square
roots

,

multiply both sides by P)

02 = 2

.
se

~

x+ y+ zu

x + y + z= 2z

x+ y
=

+ z - 2z = 0

Complete the square : (z"-2z + 1 = (z - 1))

x + yz + (z-1) = 1

Sphere centered at 10, 0, 1) m/ radius 1.



extra

I - J

Idea :

We replace
dx dy de with p" sing dpdd do because

volume of# is (*x) (8y) (02) vs

volume of *T is (GP)
= (since) (op) (OG) (OF)

↳-dy
-

Ex6 : Let D be the region in the first octant between

two spheres of radius 1 and 2 centered at the origin.

Evaluate (()(x2 + yn + z2)
-EdV

D

Sol:

z

to outer sphere (P:2)

Doraries
from inner spheree

so 11P12



e varies from
a= 0 to 0:

g
So oa?

& varies from =0 to #=
So D = & (0 , 4, 8) : 1 - 12 ,

024[
,
010 [*]

f(x , y , z) = (x+ y2 + zz)z = (p)-2 = p
-

extra

-3-l fav= p Since dp do do

"Ilde since do do

iner Pode = In10/ = en()-en() = en(2)

=

middle t Ink) since da =
In (2) (cosa) Into

== In(z) [cosE - coso]
= (n(2)

E
outer ! In (2) do =

1n() = ())( + y + =2)EdV
-


