
16 .
4 Triple integrals

Let D be a region in IR

D = ((x, y, z) : a[X(b , g(x) - y zh(x) ,
G(x, y) - z - H(x

,y)]

Z
~

_
upper surface : z = H(x

, Y)
Y

M h(x)

R⑪ ~ lower surface : z = G(X, Y)

I > X
a- ?

Let f(x ,Y, z) be a function which is continuous over the region D.

The triple integral of over D(/) f(x, y , z) d

D

can be computed as the iterated integral () /Hf(x , n,z)dz)dA
H(x,Y)

orfit da

D = S(x , y, z) : a[X(b , g(x) -y zh(x))(x (4) z - H(x
,y))

- inner integral
- middle integral

outer integral



Ex1 (Mass of a box) A solid box D is bounded by the planes

x = 0 ,
x = 3

,
y = 0 , y = 2

,
z = 0 ,

z = 1.

The density of the box is given by f(xsiz) = 2-z
. *,

X

(The density decreases in the positive z direction.)

Then the mass of the box is M =(/) f(x , Y, z) dV.

C Because the limits of integration for all three variables X
, Y ,

z

are constant , the iterated integral may be written in any order)

inner
- !(2-z)dzm =! (2 - z)defdy du

= 27
- z]= 22-E] dydx

= 2- = z
-2 - z = z

= middle dy=y = 3

3

=Y ex

enter ? 3dx = 3x13 = 9

= ex
Note : Any other order

of integration produces
= 3x) = 9 the same result

.

f(x,y0) = 2-0= 2(botton)
Confidence Check : At the top of the box

, density is f(x, x1) = 2-1 = 1.

If the box has constant density of 1
,

its mass would be (Vol) (density)
= 6

.
1 = 6.

(2) - -

- -

= 6 . 2 = 12

Actual mass is12
: =9

,
as you might expect



Ex 2 : Find the volume of the prism D in the positive octant

bounded by the planes y = 4-2x and z = 6.

Sol : Volume is V= /S I d

Sketch D :

The other bounds are the coordinate planes X = 0
, y = 0

,
z = 0

.

this back wall is X = 0

YSketch the Xy-trace of Y = 4-2X :

1Y azd
z=4 b z = 6

Y = 4 - 2X *I y=0
y= 4-24I 47

Y
&

<
X x

positive
XRedranorthants 2-

floor Xd
t

is z = 0

R Z

orwe can think of the rectangle

as the base of the prism.

Base of Prism : 1= 0 (the xz-plane) This means inner integral2 will be dy
Then the upper surface is y = 4-2X

.

Projection of prism onto the xz plane is

R = ((x , z) : 0 < X -2 , 027163
6

= ( ?(2x)dx da

inner

-~
: ((4-2x) da d = 41



we can also do dy dzdx :

2

1

↑ (4-2x)dedx=(-2x)zx
↑ 2

Confidence check

= /24 - 12xdx

T ⑧

that the

result
is

= 24x - 1x
also 24

= 24(2) - 6(9) = 24

(MML#6)
Ex 3 :

Find the volume of the solid D bounded by

paraboloids y = X 2 + 3 z + 1 and y= 5-3x2- z

y = x"+ 3z2 + 1
y = 5 - 3x2-

z
d

Y
upper

a

~ Crotircles

↑
Z ↑ (0, 5 , 0) I 8

lower
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1 20
↳
x Left boundary right boundary

Find the intersection of y = xz + 3z+ 1ay= 5- 3x2- z2 then

project it onto the Xz-plane :

Set x2 + 3z2 + 1 = 5- 3x2 - z2

4x2 + 4z2
= 4

xz + z = 1 (unit circle on the Xz-plane)



2 zu (right boundary)
I dy dAv = /1/2 da = ()

+1 Cleft boundary
ID

where R is the disk x2+z211

inner

Y(
right bound

- 5-3x- z2 - (x2+ 3z2 + 1)
-

left bound

v = /14(1 - xi- z4)dA
R

Because R is a disk
,

it's easier to evaluate this double

integral in polar coordinates (previous see 16 .
3).

But now "Z" plays the role of "y"

R
<x() +(x ,

z)dA
=Y f(rc20 ,

using) war

R= ((r. 0) : R

ur21,

0[[2T] f(x ,
z) = 4(1 - xi- z)

= 4 (1 -
2050 -

r'sint)I
2π I
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normally ,
x* + y

" R

coso + Sin 0 = 1
=a(l - ri) because

Alternatively ,
f(x , z) = a(1-(x*+ z2) = 4 (l-r2) because XR2

% 4(1-m)w do do

2π

-drop-dS



1

Det tevalue of f(x , z)
over a region

D (in 1R3) is

volume
of p() +(x , y, z) du

·go


