
16 . 3 Double integrals in polar coordinates

Z

Ex 1 : Find the volume of the solid bounded

the paraboloid z = 9 -x"- y2 bu
and the xy-plane (z =0) I

The intersection of the paraboloid and Xy-plane is

How found by setting the two surfaces egul
a

0 = q - x2- yz

x+ y 2 = 9 (circle wy center at origin , wy radius 3)

So m = < (x,7) : x+ y
--9}

Volume is V = /Sf(x ,y)dA where f(xy = 9-x-y

(It's easier to compute V using polar coordinates !)

Recall dictionary for going
between

xy (Cartesian) coordinates &

polar coordinates :

If I know X , Y
,

to findE
,
I use : v

=
= x* + y2

and sin(E) = E or cos(t = * or tant=

Ex :

(x 17) =

10 r2 = (e)+( = * + Y = 1 ,
sor = a

(t, )
sing = E = (E) soori
since my point is in the 2nd Quadrant,

I know f= (not)

r = 1 (x,y) = (E) in Cartesian is the same as

* (r
, f) = (1

,) in polar
-even

= (1 , 25 + 2π) = (1
,2 + 14π)

= (1
, 2 + π)= (1, 2 +1) odd



anIf I know rif ,
to find XY, I use : X = WCOSE & Y = ~ sinG

EX :
So the point (10 , -)V = 10 5=> 3 in polar is5↓ 0 = -

T

, or 7
O (IE-5) in Cartesian

Z

Center
Ex :

Given r = 4 cost in polar, convert to Cartesian :

↳/r2= 4r cost

x+y = 4x = x
- 4x + y

= 0 =
x 4x + 4 + y 2 = 4

(complete (x- 2)+ yz = 4
the square

A polar rectangle
is

LetAsianrectangley R = Eco : abBa

Ex :
R = 3(x,7) : 2[x * 4,-]

Ex : R = 3(0,0) : 2 [14,1*]
(MML #5) F=

·
Another ex of a polar rectangle

is

v = 3
,

0 = 0

O

R = G( , 8) : 0 = - 3
,

0022πy
5 = 3

,
0 = 2T

= closed disk centered at the origin

with radius 3

= the region
we need to integrate over for our

Ex1 .

Thm (Double Integrals over polar rectangles

If R = 3 (r , 0):
[r = b

,d
B - a

is not bigger
than

21

non negative extra

then (2 + (x ,> da
=9 f(rcost ,

using)



Sol of Ex 1 :

The paraboloid z = 9-x--y2
can be described in polar by

z = q - r2

3 Circle
and xy-plane is still z=0

↓ 3

Their intersection is when 0 = 9 -
r2>V =3

So the region
R is the disk (also a polar rectangle)

R = ( (r, 0) : 01-23 ,

0212π}

Volume of solid is V= / (upper) -Lower aa
paraboloid Xy-plane

extra

(29-r-0) Edo
O
-

er-us at do

-
2π

= 199 d

*-)=



Next :

Like in Sec 16
.

2 (double integrals over non-rectangular region

in Cartesian) ,
we can have double integrals over regionsM

in polar
where R is not a polar rectangle.

Ihm (Double integral over general polar regions)

Let R = [ (rit) : 0 - g(0) 1 r(h(t) ,

a - -3)
a

lower apper
Difference is

o oa

between O and 25.

Bh(f)

Then (Sf(x ,y)dA =

C ,

frcost ,

usin rd

EX4 :

Describe in polar coordinates
the region

R in the xy-plane

Outside the circle v = 2 -- center (2, 0)

inside the circle v =Posto previous
example

and shows this was

7 x 2 + y2 = 4X

v = 2 lower bound for r is V = z

upper
bound for r is r = 4 Cos E

Bounds for F are the values for t when the two

circles intersect :

- Set 2 = 4 LOSE

= = cost = 0 = F ,
- 7

R = [ (r, e) : 2 = r = Pcostc -- -53

So(Sf(RO) dA=PSrit) o dr do



Def Isame def (different

as before) computation

↓ ↓ B n(t)

Area of R is A = //IdA = (( ~ dr d

R Cg(f)

#I ↑ cost

In above example ,
area is 13 I ~ dr df

- 2

Def

The average value of a function over

a region R expressed in polar

is (the same as in Sec 16 . 1)

areairs (S fix,y) d


