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7 Maximum/minimum problems
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z(peak) local maximum and

onabsolute maximum

A region D
2

[subset of IR)·---

x
local

minimum
local minimum and

(Valley)

absolute minimum

on a region D (subset of M2)

Def:· If f(x,7) &fla c b) for all (x
, y) in some open

disk

-

centered at(a,b), then f(a , b) is a local maximum

value of f.
-

· If f(x,y)), f(a , b) for all (x . Y) in some open
disk

centered at 19 ,b) , then flaib) is a
local minimum

value of f
.

These are also called cal extreme values .

(Think : If you're standing at a local maximum, you
cannot walk uphill .

downhill
.(- 11-- -

minimum,--

ImHwas localmaxorwinvalueatsab,
then fx (ab) = fy(a, b) = 0.

Note The other direction is not true



Def Let (a
,
b) be an interior point in the domain of f.

Then (a ,
b) is a critical point if either

1) fx( ,b) = fy(a , b) = 0
,

on

2) fx doesn't exist at (a,
b) ,

or

3) fy doesn't exist at Casb)
.

Ex 1
: Find the critical points of f(x,y) = xy (x- 2) (y+ z)

Cli
=2

Both partial
derivatives exist for all (a, b) in M?

(eg1) (eg2)

Set both fx (x,7) = 0 and fy(x, y) = 0.

(eg1)
fx(x, y) = o () (i)y = 0

, (ii)y = - 3
,
(ii)x = 1

- (eq2)

(i) Sub y = 0 into x(x- 2)(2y + 3)= 0 = X(x - 2)3 = 0

I
legz)

=> x = 0
,

x = 2

S (0 , 0), (2 ,
0) are critical points

·

S(ii) Sub y = -3 into x (x- 2) (2y + 3) = 0 = x(x- 2)(2(3) + 2) = 0

= X = 0
,

X = 2

So (0 ,
-3)

, (2 ,-3) are critical points .

(eg2)
(iii) Subx = 1 into x (x-2) (2y + 3)= 0 => ( (1 - 2)(2y + 3) = 0

=> 2y = - 3 = y = -
So (1 : -E) is a critical point.

There are fire critical points total .



Def : Suppose fx (a , b) = fy (a,
b).

Thenf has a
saddle point at (a, b) if ,

in every

open
disk centered at (a,

b),

there are points (x, y) for which f(x ,y)] flaib)

and points
(x ,y) for which f(x , x) (f(a,

b).

Think : If you're standing at a saddle point,

it's possible to walk uphill in some directions

and downhill in other directions.

Ex : z = X--ys has a saddle point at the origin.

esdon
a

along
y-axis

(Recall : fxy = fex whenever fx, fy

are continuous in an

Lef &
open

set (Sec 15
. 3)

D(x,y) : =
fxx fxy

= fxx f yy - (fxy) is called

2x2
-> fyx fix

the discriminant of f.
determinant called Hessian matrix

Recall and Derivative Test from Calc I :

2nd # fCal-o & f "(a) (0
,
then fhs a

local max i-
tive -Deriva f(a) +

Test :

If fial-o a f"(a) > 0
,

then f has a
local min

If f"(a) = 0
,

the test is inconclusive



Calc #I Second Derivative Test

* Suppose fxx fy are continuous throughout an

open disk centered at the point (a,b).

* Suppose
fx (a, b) = fy (a

, b) = 0.
=

discriminant
1) If Dla,b) 70 and Exx(a,b) Lo

,
then has a

local maximum

value at Carb).

minimum

2) If D(ab)70 and fxx (b) 0,-
-

3W

3) If D(ab) < O
,

then f has a saddle point at (a ,
b).

4) If D (a, b) = 0
,
then the test is inconclusive

(i . e .
(a , b) may correspond to case 1 or 2 or 3 or not)

Note: D (a , b) To means
the surface has the same general

behavior in all directions near (a, b)

--
-- -
- -

-

=>>-

=>



(Additional Example)
Ex 3 Same f (x ,y) = xY(x- 2) (y + 3) as Ex 1

.

We found five critical points (0, 07 ,
(2,

0,
(1) - *) ,

(0
.
-3)

,
(2 ,

-3).

Fact : Absolute max & min on a closed bounded set R

· cour as local max/min at interior points
OR

they occur on the boundary of R



(MML #8)Ex 5 :

A company makes rectangular
boxes

It the

sum of the length ,

width
,

a height of the
box

-
is equal to 96 inches. Find the

dimensions of
-

the box that has the largest
volume.

be the length ,
width

,
height of

the box.

Sol : Let X
, Y , z
-I at ive

nonnegmust be

The volume of the
box is

V= XYz.

7 This restriction X + Y+ z
= 96 can be used to climinate

one of the 3 variables : z = 96-X-Y

so the volume function becomes a
two-variable function

V(x ,y) = x y(96 -
x - y)

Since length ,

width
,
height are nonnegative,

we have constraints

x70 , 770. Exo+y

/

To the domain of of V(X ,Y) is Ri = < (x, y) :

02X196,

02Y196/
x + y 1964

Y
1

R
The boundary of R is :

96 024196,
the

whereX = 0

segment
- 01X196

,

~ hereline- y = 0-- 12I- -

> X where o [X196
-

x + y= 96[1

On the boundary of R
, V(X,Y) = 0

.
So a maximum of V(x

, y),Check:

must occur at an interior point.if any



To determine
the behavior of Vat interior points

of R
, find critical points (when Vx = O = Vy ,

or

UX or Vy doesn't exist) :

V = 16xy - x3y - y2x
both

Vx = 96y - 2 xy - y = y(96 - 2x - y)

3 alway s exist

Vy = 96x
- x2 - 2yx = x(96 - X - 2y)

Set Vx = 0 : y(96 - 2x - y) = 0

y = 0 or 96 - 2x - y = 0

y
= 96 - 2X

·

-
Suby = 0

into Vy = 0 : x (96 - x) = 0

X = 0 or X= 96

d

10 , 02 (96
,0)

Sub 1 : 96-2x into Vy = 0
: x 196 - X-2(96-2x) =

x(96 - x - 2(96) + 4x) = 0

x(- 96 + 3x) = 0

X= 0
or

- 96 + 3x = 0

b 3x = 96

X = 32

(0 , 96-2(01) ↓

20,
96) (32

,
96 - 2(323)

(32
,
32)

· There are 4 critical points :

* 10,0) ,
196,

0 ,
(0,
96) give volume 0

.

V (32 , 32) = (32)(32)(96 - 32 - 32) = (323
* At 192 132) ,

volume is

· So box dimensions WI max volume are 32 1 52
,

32 .

cabe EIpa
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