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EXAMPLE 2 Analyzing critical points Use the Second Derivative Test to classify the
critical points of f(x,y) = x> + 2y> — 4x + 4y + 6.

SOLUTION We begin with the following derivative calculations:

z=2+2%—4x+4y+6 2 f.=2x — 4, f. = 4y + 4,
f.u = 2‘ fn = f\'.r = 0‘ and f\'\' =4

Setting both f, and f, equal to zero yields the single critical point (2, —1). The value of
the discriminant at the critical pointis D(2, =1) = f_ f,. — (f,,)> = 8 > 0. Further-
more, f_(2,—1) = 2 > 0. By the Second Derivative Test, f has a local minimum at
(2, —1); the value of the function at that point is f(2, —1) = 0 (Figure 15.69).

Related Exercise 24 <

Local minimum at (2, —1)
wheref =f =0
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EXAMPLE 3 Analyzing critical points Use the Second Derivative Test to classify the
critical points of f(x,y) = xy(x — 2)(y + 3).

SOLUTION In Example 1, we determined that the critical points of f are (0, 0), (2, 0),

( I — %), (0, =3), and (2, —3). The derivatives needed to evaluate the discriminant are
Hi=2(x—-1)(+3), f,=x(x—2)(2 +3),
foo =2y(y + 3), fo =22y +3)(x—1), and f = 2x(x— 2).

The values of the discriminant at the critical points and the conclusions of the Second
Derivative Test are shown in Table 15.4.

Table 15.4

(x,5) D(x,y) fo Conclusion
(0,0) -36 0 Saddle point
(2,0) =36 0 Saddle point

( 1, - %) 9 - Local maximum
(0, -3) -36 0 Saddle point

(2; =3) =36 0 Saddle point

Absolute Maximum and Minimum Values

As in the one-variable case, we are often interested in knowing where a function of two or
more variables attains its extreme values over its domain (or a subset of its domain).

DEFINITION Absolute Maximum /Minimum Values

Let f be defined on a set R in R? containing the point (a, b). If f(a, b) = f(x.y)
for every (x, y) in R, then f(a, b) is an absolute maximum value of f on R. If
f(a,b) = f(x,y) for every (x,y) in R, then f (a, b) is an absolute minimum
value of f on R.

Fact: Abcolute max & min on a cloted bounded set R

occur oe local wax /min at interier peints
OoR
they occur on ‘e boundary of R
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Additional Example)

EXAMPLE 4 Inconclusive tests Apply the Second Derivative Test to the following
functions and interpret the results.

a f(ry)=2'+y" b flxy)=2-x7
% SOLUTION

Local minimum at (0, 0), ) s ” " s
but the Second Derivative a. The critical points of f satisfy the conditions

Test is inconclusive.

2 fe=8=0 and f,=4’=0,
Figure 15.71 '

so the sole critical point is (0, 0). The second partial derivatives evaluated at (0, 0) are
f.(0,0) = £,(0,0) = £,(0,0) = 0.

We see that D(0, 0) = 0, and the Second Derivative Test is inconclusive. While the
bowl-shaped surface (Figure 15.71) described by f has a local minimum at (0, 0), the
surface also has a broad flat bottom, which makes the local minimum “invisible” to
the Second Derivative Test.

» The same “flat” behavior occurs with
functions of one variable, such as
f(x) = x* Although f has a local
minimum at x = 0, the Second
Derivative Test is inconclusive.

» Itis not surprising that the Second

Desidative Teat s inccnchisive in b. The critical points of this function satisfy

Example ‘.‘h' The function has a line f)f fx(xv y) = _yZ = (0 and f‘,(«\', y) = -2y =0.

local maxima at (a, 0) fora > 0, a line :

of local minima at (a, 0) fora < 0, and The solutions of these equations have the form (a, 0), where a is a real number. It is
a saddle point at (0, 0). easy to check that the second partial derivatives evaluated at (a, 0) are

fu(a,0) = f (a,0) =0 and f (a,0) = —2a.

Therefore, the discriminant is D(a, 0) = 0, and the Second Derivative Test is incon-
Kﬂw 15.72 shows that f has a flat ridge above the x-axis that the Second
Derivative Test is unable to classify.

( Second derivative |
test fails to detect
| saddle point at (0, 0). |



