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6 Tangent planes & linear approximations--

Part I I
.

#

In Calc 1 :
on
(x, f(x) ,

the curve
looks like the tangent line

at (a , f(a)

X
matter how

much we zoom in·the
curve will not look like a line

~
no

No tangent line at (b , g(b)
O

S-armexp licit
or f(x, y) - z = 0

Now Consider a surface = = f(x,Y)

thenEquivalently , if F(x , y.
z)f(x , y) - z

3

F(x, Y , z) = 0 describes the same surface .

&implicit zrm

is an explicit form.EX = z = x y + X - Y
--

f(x)
An implicit form is

Idea
As we zoom in more and more

on the point (a ,
b

, c).

the surface looks more

ko
and more like a plane.⑫Cate
(x2 = 0

.



What is a tangent plane ?

· Consider a curve C :Ct) = (x()
, y(t) , zC)) that

C-
-lies on

the surface
F(x, Y, z) = 0.

z
· Because all points on C lie on

the surface
F(x, Y, z) = 0,

we have F (x(t), y(t), z(t) = 0
.

#
· Differentiate o respect

to +:
G

/12
X y zF(x , Y(,

z) =
ttt

++

)-m

the gradient O F(x, y , z)

This means : At any point on
the curve C ,

the tangent
I

vector(t) is orthogonal to JF (x, Y, z)

Let Po (a , b
,c) be a point on

the surface where

the gradient JF(a ,
b,c) + (0,

0, 07 .

For all curves C on the surface passing through
Pola,

b, c,

any rector targent to C is orthogonal to JF(a
,

b
,

c).

All these tangent rectors lie in the

-

↑JF(PO)
C

same plane , theurgent plane al
Po.

-
This plane

has a normal rector JF(a
,bic)6

40X and this plane contains a point Po(a, b
, c).

C



Def The tangent plane of the surface Enz)= 0

Cimplicit

at Po(a ,
b

, c) is the planee. form

(1) containing the point Po

(2) orthogonal to the gradient -F (a,
b

, c)

So an equation of the tangent plane of the

surface F(x
, Y, z) = 0 at point Po is given by

-F(P0) · POP = 0 - See Sec 13
.

5 (lines a planes in space)

that is
.

<Ex (40)
· Fy(Po , Fz(Po)) : <X-a , y-b , z-c) = 0

,
or ,

equivalently, Fx(Po) (x-a) + Fy(p) (y - b) + Fz(po)(z - c) = 0

EX1 : Consider the ellipsoid z = 1 (Sesec 13
. 6)

9) Find the targent plane to
the surfaceat5) .

our Po(a ,
b

,c)
Sol : Rewrite + +

z- 1 = 0

~

Let F(xYizli=+
-F(x, y, 7) =[Fx , Fy , Fz) = <X , Y ,

2z7
- F (0 , 4 , 5) = (0, (4) , 2 (E) = (0, , 5) is a

normal recor to the

tangent plane
at Po

Eg of the tangent plane is

0(x-o) +=( - 4) + f(z - 5) =

0

can't %



(con't) b) At what points (a,
b

,c) on the surface is the

tangent plane horizontal ?

Sol : A horizontal plane is of the form z = c

(vertical) normal vector of the form (0 ,
0 , 70070 + 0so it has

This normal rector is parallel to JF(a ,
b

, c).

In part (a), we computed -F (x, %. 7) = <EX, Y ,
2)

So X = 0
, Y = 0

,
2z = c

So X = 0
, y

= 0

↑ (a0 , c) = 0 =>+ + c - 1 = 0 = c = 1 or - 1
.

10, 0, 1)
O

=Answer : At points (0
. 0

, 1) and (0 .
0

,
-1),G->the tangent planes are horizontal.

#
Fact The tangent plane of the surfacea-

at 40 (a ,
b

, Fab) is the plane...A-z(f(x , y) - z)(1) containing the point Po

>(2) Orthogonal to < fx (a
,
b)

, fyla , b) ,
- I

So an equation of the tangent plane of the

surface z = f(x,Y) at point
Po is given by

+x(i)(x-a) + fy(p)(y - b) - 1(z- 2f(a1 b)

Equir,
z = fx (Po) (x-a) + fy (Po) (y - b) + f(a, b)



PartI
. Linear approximation .

Calc 1 : y = f(x)

A
line (()

X2
a
~ In this interval

,

h(x) and f(x) are close
.

~

The line (k) tangent to
the curve y = f(x) at point (a , +(a)

isLi orx = fax-a

Yo

This tangent line L gives a Clinear) approximation to f at x= a.

At points near X = a
,

we have f(x)i

Now for E = f(x, 7).

The plane ((xy) tangent to the surface z = f(x,) at point (a, b, flab)

is ((x, y) = fx(a, b) (x-a) + fy(a,b)(y -b) + f(a , b)

↑
above. We replace z with its approximation

((x ,2)(See

This L gives a Clinear) approximation to f at (x, y)= (a, b).

At points near (,y) = (a, b) ,
we have f(x ,)

L(x,y)



Ex 3 : Let f(x ,7)=yz
= 5(x+yz)

abfab
9) Find the linear approximation for f at (1 , 2 , 1)

.

Soli

fx = 5(- 1) (x+yz)
-

ex= - 10xy22fx(z) =
-10

fy = -101yay fy (1 , 2)
=

-10(2)I:

baby
a

5

= Ex + = - Ey + 2 + 1

= Ex - Ey + 3

6) usethenear approximation
to estimate the value of f (1 .

05 ,
2

. 1)
.

(part (a)

Sol :

((1 . 05 , 2 . 1) = E (1 . 05) - * (2 . 1) + 3= = 0.
%

0 . 907
,

&aboutNote : Actual value is

the relativeerror is7 ,
less than 0 . 0 %

MML # 2

Let ("Approximate change formula")
The change in E = f(x,7) as (x

, y) Changes to (x+ dx
, y+ dy)

is denoted by Dz.

This change is approximated by the differential dz.

+ z = dz = fx(x,y)dx + fy(x,y)dy

Reading HW : Read Sec 15
. 7 (max/min problems) Examples 1 & 2

about critical points


