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No school this Monday



14
.
5 Curvaturea normal rectors

7 Imagine driving a car

- along a winding

mountain road C

7

Part I

curvature is the rate at which the car changes
direction.

Recall FC)= is the unit targent rector

(from Sec 14
.2)

Length of T is always I
,

so
the only way

I can

crange is through a change in direction .

small small
=cnumber ↑ (s + 4)

number

↑ (s)
-- -S= 0

th
O leng30 ~

leng arc

< F +(s+ h) - T(s)
to the ↑ (3 F(s + h) - T(s)↓ pointing -

Fat "inside" curve -> pointing to the

=(s+ h) "inside" curve

If moving forward by a
bit

If moving forward by a bit

along the curve corresponds along the curve corresponds

to a large change in to a
small change in the

the direction of F : Say direction of
F
, say

the curve has a large curvature the curve has & small curvature



(t)

4ef The -urvature of a smooth curve

-
I

meaning [H)
is never the zero rector

is K(3)= where s is are length
*

Kappa

Note :

D curvature depends only on the shape of the

curve ,
not the orientation.

the same

↓ andM
have

curvature
.

2) K(s) is a nonnegative scalar-valued function

(meaning its output is always a nonnegative number)

I
is

large k
=

0 -
->

-5

metsmall
1

all

targent restor

doesn't change=
g

direction here

Recall :

If we have

Im k()= F()
arc-length param ,

181 : I always

why ? = &F · As Chain Read

Divide
by

# .



EX 1 (MML #8)

Recall the line passing through point Po(Xo
, Yo, zo)

and parallel to the vector <a,
b

,
c)

can be described by

r(t) = (xo + at , yo + bt
,

zo +c) for - o <t(0
.

(See Sec 14
.

1 Example 1)

Then KCt) intuitively should be O because the unit

tangent vector should always be parallel to (as b
,2)

<a,
b ,2]

Toyota
Let's verify that our intuition is correct:

which is a constant

↑ H)= rector /every component

is a number)
derivative divided

by its length

SoF =O the zero rector for ala

so ((): 101 = 0 for all +

Punch line : the curvature of a straight line is zero always



There is another formula for computing curvature,

using cross product :

· Let be the acceleration of the object /

position [Ct) .
Then a=

M(+) =

(v(t) Xa(t))

(t(t)/3

EX3 Find the curvature of the parabola
(t) = (t , +2) ,

- o <+ <a.

Sol:(t)= '(t) = < 1
, 2t]

1513 = (12 + (2+)2] = (1 + 4 +2]

a(t) = v'(t) = (0 , 2)
1

-(t)x(t) = ↓↑
i

1 =0i = 05 + (2- 0)4 = 10 ,
0

, 2)
It O

o 2 O

(F(t)xact)) = Jzz = 2

10K(t)=]
parabola (t) = (t,+2)

,
+ + (0,8)

Remark : Curvature is biggest when small ② y= x2

curvature -

the denominator is small (t = 0). away from ↓
the

As- > as and -> -e

,
origin

·

t=o

curvature approach 0.



Part #I Principal unit normal rector

Let r(t) be a smooth curve.

ea : · Curvature() tells us how fast the

a number

curve turns .

· The principal unit normal rector I is the

direction & in which the curve
turns,

divided by its magnitude.

F
-

"In
Properties of # :

DIF) = IN) = 1 always because both F and i are unit rectors.

& F. = 0 always because they are perpendicular :

-

* T is tangent to the curve (in direction of curve)
* I is normal (perpendicular) to the curve

and points to the "inside" of the curve.



Lef The principal unit normal rector at point P

on the curve (at which K(t)#O) is the rector

curvature

=
evaluated at the value of t corresponding to P.

Ex 5 (Helix)

Let(t) = < 3 cost ,
3 sint

, 4t) , for - <t < 0.

& (t) = 5 '(t) = ( -Ssint
,

scost
, 4)

F (v(t)) =Jsinit +3205t + 42 = 59+ 16 = 525 = 5B* 6 F(t)=int
cost , 4)

-Flost ,

-E sint
, 0

I = / (20 + (2 sint) + o
=J=

So (t) = (E = cost-sint , o) Remark : If we changed 3 anda

to other numbers
,
I is the

i
same

, always parallel to

to the xy-planea points
inward toward the z-axis.


