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4 Length of curves

Def(Sec 14
. 3) If F(t) is position ,

the Velocity is the restor for ECt)= ' (t)

is scalar fun ((t)/ "Keyler's first law" how a planet revolves

speedeal-valued about the sun A)B) o

-
=(t) = (A cost ,

Bsint) ,
0 It 12 it

Ex1 : Let I be they curve

i
elliptical

-

r

Consider the segment C

& from t =o to: +
= 0

>

· Taken points on
this segment ,

a sum up
the

distances between adjacent points.

· The limit of this sum as - > a
is the

(1)ength of C

· Distance
between two points Plite ***

is Joy (by PythagoreanThe(

· Sum is IJOX +Ye ,

take limit as n -

·

Def Arc length of the 2D curve
(t) = ( f(t) , g(t)

-

traversed once for a St1b is

↳

L =(J+ + g((+)2dt

↑ (t) = < f(t) , g(t) , h(t))
Arc length of the 3D curve

on
the interval [a ,

b] is

b-

L = (Jf'(i + g(t) + hyd
+ = (((())dt
-
magnitude of

the derivative =1/E (t) de



Back to Ex 1 : Length of the elliptical orbit is

= 12J+ yA)2dt

Fasint)+ (b cost) 2 at

-

= J a sint + b cost
de

-

If a = b
,

then 2=zita

has no elementary antiderivative ,

If a +b ,
the integrand

but we can approximate the value using
numerical methods .

C
#of (the natural parameterization

: "Arc-length parameterization"

A curve(t)
= (f(t) , g(t), h(t)) is said to be parameterized-

by arc length if the parameter + corresponds to arc length.

-

EX : (cost , sint) , for oft -
325 and (coset , sinzt), for OCtIT

both describe the unit circle centered at 10
, 0) ,

however .

t=
t= &

O

·
t= 0 &

·

t = 2π t = TG G
t = 0

Length from t=o to is (= -0=

This is the most natural length from to to

parameterization .

is 1 : If - 0

Intuitively,
t increases at the same

parameter+ DOES NOT correspond
speed that length of curve

increases .
to length



In general
l ...

Let F(t) = (f(t) , g(t) ,
hCtl]

,
a It 16 be a smooth curve.

The Carc) length from (a) to (t) is

t t

x() == )(f'(up + giuz + nsu)mn = 1 = (us/du = /((us) du

↑
because 1 = ↓ (def earlier)

↓et (t) is calledtheearclength function of(H)
.

Fundamental Thm

of Calculus
-

·Then =
/(u)l by FTC part I((x=

· If (C) 1 = 1 always ,
then SCt)= Ivculduedut-a

and so the parameter + corresponds to length S(t) .

#IfIhaforallti,
or "the curve uses arc length as a parameter "



(mmL + 6 - 8)
Ex 3

Consider the curve (helix) [Ct) = (2 cost ,
2 sint

, 4)

for o It I 999

t b C
a = 0

counterclock)
< 2 cost

,
2 sint) ,

circle

projection on
the xy-plane is

~ radius 2
,

E component increases as increases

i
9) compute

the arc length function -(t) of FC) :

i(t) = '(t) = 7 2 sint
,

2 cost
, 4)

lictl:t +
post +==

-H ((u)1da = f255du = 255 = 25F(t -0)

j = 255t
-

our a is8

b)Does this curve use arc length as a parameter ?

Ans : No because (Ct)) = 2 J F 1.

Find the description that uses arc length as a parameter:

Sol: use the original t but replace + with Tr : 55

[2 cos (i) ,
2 sir (5) . 4(5)) for

0 1999 or 0 < - -999(255)
" "

"t



Extra Ex : (MML #11)

Find length of H) =(E)
,

ot

Col:/(t) = <E
,- because derivative

of inside (2)

= (t ,

(2+ +1) )
IF'(+)) =J- + 2t+ 1

= JH)
= + + 1

L(54))dt=++ + = E + + ) = 1 + 10

= 10(2 + 1

= 18 [10]

= 180


