2.0 C-Serttng wevrd

Def of C-sortig wovd

Given a Coxeter elemest ce SV\'('\ , 'Fi‘x a veduced povd = 4 dg--

- An .
L—b‘b Cco = c cc oo wheve qg € [SI,.“;g»\E
= Q& Qg-An XAz - An A(Q2 - Ann
vae,n o & g,\.(.\ , the Ca1,a1,...,an) —Sa\(h’ng wovrd ‘F”‘f T s He cubword o o

which s lexfwara?him\\% fiest (as o seqpence of positions n =)
and IS A veduced wovd Lor T,

. EV'@W‘&/ YQ(MM+DA+FOW l/an exaC¥( one C,—Sb‘r‘('-lf\Q uoo‘(A'
The cosorting word depends on fhe choice of reduced vord d4ay .. Gn.

Exmwd__"i’?x C= $,Sa Sy . Noter thic Coxeter elt ¢ hac Two olifferent vreduced words.
frere | use S 83¢
= S, 82 8, $,82 85 88,8 S58,8, - ¢ w 152 85,

G) T= 14322 S5, = Sy_gzsy_ has fwo reduced words.

(o raparieg S' Si(S2)%a &1 S %2 S8 8y
> S;@ S'é;;@g' S8 S8, 8 0

“the veduced wovrd 54,5253 is [ex?caa(‘ar\,.('cql[% {-7(51— (os o sopence of positions T c=)

co the C-sor{ivg woxd 'F” %39 s S,2,%, .

C’O WEAT22.= 5:5,5.5 25,855 =9:5%5%;, s Hwee reduced wovds
(omparicg. S, @@ S.@s}_@&, Sy S8, 8, o
S, s;@ S.S; S §8,8, -0 2 and
S, Sgs)_ <, @s,_ S8, 8, ot

“the reduced word 35,55, is the C-Sov‘{—’r% wocd .FN- w.

"{\’b" "F"""h"g ‘he ml,“z,--;%) -SO‘(‘h'n%/ word  of @ 'Term\:i'vrﬁan T,
we already  Enow The length of T, “and 7 # (& Keft Gt tifhices < beyoet "

We write down g veduced ord T= Up Up ..Uy as «Fa”aoJS‘) where Ure S

e -Firsh ‘h’g each leffer A, 4s,..., 4. ((—n “fhig orJer> wrfil e -Frn.,[ one 4; <.t vé(arﬂj([(ﬁ
Take a; o be fhe ~FT(§/— (effer -F»r T, set U= a4 god wrke T/ = Uy T

» []L‘ Trlz {4) 'Hven née’q and V1 s "Hﬂe_ 0(6&7(@4 [ﬂ(,ﬂzl...)qn)_&‘,r-{.;n\,l ,,J,,‘(ﬂll

Ofp\gr,,J?Sc) +r|9 eacn 0'F ‘I“;"L h (5‘f‘f'crs %) 'f‘he, 0(‘4&" a,".(-;, aif—z).-)dn) 41)_.- un‘f(ll e {:Fneﬂ
one Qs st cQ(a;, "lT’) < \ﬁ['fT’), Tate Air +» be 1he Recond leffer 74( T,
Set Uy = Air , and defme Tr= u, /.
¢ lf TT”°H> then d=g. and Uty s Fre deciced [”1342,,-*)071)—Q0T+71‘q_ wovrd

ﬁzfrwf'ge; Continui n  this _manncr‘) e e»/«fzm‘—m//:L Frnd 4 reduced  word .@;w T
S s “Hne_ (qr,az,,-l)ﬂw_)’Sof-(-(ra "Q"""cl -G(_ T



Example 2
E)(am“(?iﬁ_ of Com‘[‘»q—/-'m% a C’SOY‘*TVWQ word (lef © Thesis by Qulermm)

4 aq Ay Ay
For c= $(82S; S4

() Lot o5 Sq 335y = (D(8) 21548, and a5 ume v Frow
EF( example Lj Comprting. v () With Q'@"; oot \ﬁerb+h (my =4
S)S2 Sy Sy S Sp S S4Si S, S Sy
o Uy =8, because ¢ =1d | St T= U o= St S¢S3Sy = Sy Q38 of lemgth 3

© Next, vy each of £2,82,54,3; , the vext n (ebers in C° after “,
<+
—
S SQ_ S'S Sq < S» Sg Szf. Sy S,_ Sg S‘[

wnti( e Fred S st L(stTH L LT

ES Ti’g €, S, = gzgqrgg gq, has .,egw+ﬁ, 4 [_(; See Thrs, We can Check he
DoesHt work — kear -f'razj number of irversions  of TF’)

#Try S50 ¢ T'= $5548; 54
= QL,,S; S‘f’ 94, LJ FHe 10»'3 Lraid rowe
= g[{, SS Cince S‘f Qtf = (J

hac [b@'f’h 2, Sruller —Fhan 3=~4(7/"9

So we set (U, = S35y, ard set T = u, T’
1 = gg Sdf-gs S‘f‘
- SszS

S( Sp__ S; Sl.( Sl SL Sg Stf S( SL S; S‘[
e Nexdt, ‘F(j each o 54,50, S0, 53 Hhe next n lefters Ta €% afber U,
A
T
S() 8283 Sy <y Sp S3 S48 S, S5 Sy
wntl e Pind st Qi wiy £ 2.
Then Uy :Scf because S¢ = S484 %3 = SPY has [c@% 1. Set ™= Sz

Al

S[ Sp_ S;’ S;.()gl S)_ Sg SA‘, S| SZ. S; Sz,

(N[PRACTICE] | ot w= 5281 = (e(1D=(132) = 31245 _
Vc(('{:g, Fa[(ouo':vg ‘he A[Oor'w/b-wn) we_ aLt S28¢  as e (S')SZ;S")S‘D —S“—h% wecd o(: o
+tis e)%mr(c

S /68y S4(C))S2 Ss S¢St S, Sy Sy

(_TIDPMCTIQE let 2= S 555,_=Sgsls,_=(/1‘f3)=:.‘fl35‘.
Verify this Fal/o»ﬁ"? Fhe. algorithm, e get S S35, as He (S:,Sz,sz,sq) ~Serting acd of 2.

examrlc
S 182 (S2) Sy €1 (528 S4/S1 Sy Sp Sy



2.1] c-soctable yordg

Def of c-sovtable werd | ot o be a Goxeter demedt, and 010205 -Qp be a veduced word of <.
For a Set K-—— [ ['1 < fi L... <L I.,f} C_ [n]} let

Ck denote d;‘\ a;?_ - Ag,

£x  c= (a,%2,43,8¢

3(_;{ I, 2,4 ?
CK = d,Q; Q4

The c,-So\r-Hwa_ word %r a "re_rmu'l‘ad?en T e Svg cm be MT%udéL wertten  as

T= C’k1 CK;_ ... CK"’ WL\&‘(Q ‘F s an?ma\'
2

i K Dk, > --- D Ry e S ot
T i cosertable and CpyCp,.. Cikp 18 a c- cortable vord

. No'{’ e_\/e_‘rna Te_vmur\o\'k\or\ 1w c-Sertable .

_@q P‘H'[""“‘ﬂl" Fhe "!"-'F of C-sortable Feqoufns a choice of a veduced word of g,
tre <et of c-sordable elements doec not JcrenJ on the choice of reduced word -Far c.

Fom above CExample 1)
‘F"” C=9838, = 53518,

[f) T= (432 = $,5 S, = e.e s,@s)_ S 8y 8 §8,8, o

EREIT -

s the a-sov-(—ing wovd -Far , So TT is C—'Sovr-f-af:(e/

(1) w=4i32=5.885, =g, sg S N
[} # 151

75 ‘f’ﬂle, Q—So\f-[—}-fa u—JorJ —(?°< \,J.) Co (/J (s Vlof C_-Sof-{—q‘e‘e\

From above e)(mw]r(e ?_, -er c= 55,8, S‘f_
{j> T =5%%S S() So Syl Sy)S 52 S; S¢St S, S Sy 7s

154,83,% ) D{sl2g ---

c-Sordqble i
G =55, S (82 8y Syl€ )52 S5 S¢S S, S5 Sy

(3 2 1)
not c-sortable
G{(\) 5 o588, (S0S(8YS/S[5)S S¢S S S5 Sy

%S\, 3373 (Z iSL}



Thm 2.1 Let ¢ be any Coxeter elt-
“The ’fcien-kﬂy Texm\:('odion is ¢-Sovtablg CS'lnce Wt ois the empty uOO‘Fa\>,

' The lon&g\- eld Wo IS C-sovtable.

Example 2 -@r Them 20l
AWI.(] he a|JorT~('hm 1.0 -(;T AB) Wo= 43221, We knowd Lo has [8":]_”'7 szé'

fr c= S, 82 (Tamrf Coxeter e,(evv\ef\'t>

Note: Mutiplying Si=(iy7e) on He [eft correcpords 4o compping values 7 ing

swsnps
211
Prret, “FF'? 8 S W, = Si° 432=312 .
Cet =<y and Wo'i= S = 43212

(s)$2 S5 8 8, 8281 €, 8y

cwaps
Try fhe next [etfer e, which s Sy - S, Lo = S,° 4212 %’-_-3'1(.213
This —pufs 2,2 in orolc\", which o(ac,rgqgeg —fhe Tinversion  number,
Co LQ(Sz,ln)o,) < d (wo’).

Cet Up=S5, and W= S, = 4212
&Mr5

¢
(DS s S5 S8 8, 8y
43

—T—r? The next leffer Ta ) ohich is Sz S W' = S,e 4212 = 2 204
AO"‘;"’ dCSSO wou) <—?_(W°")'

gct Uz = 93 N ﬂr\ol Wam r= S} LJOI‘ = ‘lll‘['

S| Sy Sz 8 S, SZ

The next |effer in C’—") Sy, also works becaute enfries 2,] in W0m=3?d‘{- are ou'{"”{‘\ ovder,

St Ug = S, arel Wo(q‘):= S wet = 2 24

The next (effer in % Sy, alse woevks because entries 2,2 in wo(“)=§1/9_<f ave m‘('vf'srelen

Cet Us=S, | aned Wei= g, ™ = 21024,

@@sg 8 8, €,

The et (effer i c® 52, does not weo¥k because S, w,,(c)cssouﬁ-:zm\}
2,4

34

D The wnext |etfer tn ™ a-F'{'er Sz s &4 - dder st
) 2
| orke ecante S g, = g0 2034 T 122y
_ Note:
S&t MG =% W;j; S2 53 52 S(S2 5 C:TSZ:VS,
o

@@s;@g <

- The CS.,Sz,Sz)*so“-Vlr‘Q ovd ’Fp\’ We=439 ]
CQince {_Sh 57.,331 ){S,}g&) {S"2> e Shewdt  We = 4321 is C-sertable |

< €, %, S S8, Sy



EXW’"‘E{Q 6( Thm 2.1

A‘ﬂ"ﬂ Fhe “(\jorT‘(""M 2-10 fr A‘t) Wo= 54221, We knod W, has [cyn-H«; (f>= 1o.
for c= 5S35, %, $q, Ca“bTFarﬁr’fa” Coxefer deywent)

Note : M“(Hflﬂ"‘? Sp= (i, 7)) on e left c,rregfovds o smnﬂ#rﬂ values 1T, T+
P

Firet, 479 S30 Sy W, =S\ eEHR2l =534 0.
Set U==%z , and Wo':= Sq 0 =53421

Swa
- - ‘ h2 w
Try fhe wnext [edfer n =, which 78§ S wo = 8 83921 =534()
This ufs 1,2 in of'olar) which o(ec,reqse'i —fhe Tnversion  number,
Lo &(s, w) <Ll (w)

ge_t Uy = 51 N and Wo S' LJO/ = 5342 .

SwaPps
23
TChe nexct (etter n e S22, worke: S5 W' =S8, 52412 = 5241(3
Set U= Sp, and W= s, W= Fog 2,
NQ.)‘+) S?—t Uq= SC(7 and wc,(q"):s Sq. "\)o"I:' gqo £2.4 (% = 42_573

and W (D= Ly WM =50 4os)z = 32514

us= 24
Up = 81y and W @i= g M= 22514

Ver = 31524
el
Com{;g‘fo"h'”n Uy = So b and Wa(?);z Sy Wo(e);gp_" 2(s524 = 21534
for Up =S4y and W@ =gy aPeSye 2524 = 21435
Ug, - Uto Uy = Sz, and wo(Mi= Lo w°(9)=sg=9_1q&s= 21345

Uo =15 and W= < W@ = S40 D1245= 12248

\
@@ Sp S¢Sy 4 S, S¢S; )8, Sg o The (Smtgosercing cedd
: -Q»r S429( ig GIDs 348 88, S8, and

-fRACT(CE o 54320 T 55,0, 0y - sorbable.
Use AlaoviHam 2:10 Mote  examples for *tyre Agq  Coxeler group
0 ’

+o verify o lp c= $183S5 Sy S¢ Wo= (31 3 S5 Sa S¢ 81 83 S5 Sy S48 83 S5 Sy s the cesoviig word of w,

these w0 Which thows Wp §s c-sortable,

eramples S < s S Se()S, Sy Sy &
fUE C= 55,8848, Wa: 1Sy S3 89S ¢ s ( 3 8 (8% &2 5

Wb s c~Sertable,

Is the ¢~ gocking Lovd of e, ohich thoeo s

REY Exercise 11 ¢ wo
Efevcises ¥ & 7 give us the c-sovting wovrd for T SISy. 8 and c=
Now, Consider the Coxeter elewedt c:=5T2l | .S;8, S, Hzleq, .. y Snsy S, S
s, s 7 - ~— .
{Sr esanple i= = . e e first half of fodices +he second half of Tndices
= 52 31 >4 "

C = 835;8 8455 Hq[{:waﬂl /J(.,/—\

C=54%:28:8, SsSg Sz

G’TV@ ‘H/l@ C- Sor-(—Tn% wovrd o'\: wo "eo"(‘ '\Cor m"b'l‘f'fnftq n,



Kaowa  For Tmﬂ‘(‘?) )1 e ’}2_ _(,( Nz oy s —F( C=S1%..- Sn

%l “L-‘—‘}L 'g:f V‘>/Lt> ‘Pf C= $rS3 Ss-- Sa S¢-on

onrecture 1 il
ﬂ"/ Bor "hatbuns’ ) Nca=, fe nzn

Thw 2.1 ()
At 2 12

A ’re‘f'w\utmt?on T e the minimum el+ "f ite 7C~F7be'r Tﬁ:

T s c-Sortable.

73 o



