



































































































































Last updated Lectured on

2.8 Coxeter groups Fri June 19,2020 TIE ee

We will now think of the symmetric group Snti as a Coxeter groupW oftype An
A type Ancoxetergreoupwis generated by S si sa Sn CW

where Sk 2 1 A for all k E LD
identify ett Sk Sk

SkSkt Sk Skt Sk Skie braid relation or longbraidrelation for all k E En D
R12
k XX
k
sie Siete sie steel sie Siete

SkSj SjSk if 1kgo z commutation relation or short braid relation

j.tl
aRtl
k Sk Sj Sj Sk

The Sr Sz Sn are called simplereflections

Every element TEW can be written nonuniquely as a word in the alphabet of S
that is as a product of the simple reflections

T1 Si Sir Sie Sik E S Si S2 Sn
If L is minimal among all words for IT then l is called thelength ofCT
and the word Si Sir Sie is called a reducedwordy for IT

or reduceddecomposition or reducedexpression

Exampley IT SzS SzSpSz SzS3 E W
S Sz S 5 Sz SzS3 by thebraid relation
S Sz Sisi S3S2S3
S SzSzSzS3
S SzSzSzS3 by the braid relation
Si S3 S2 Both S Sz Sz and Sz S Sz are reduced wordsfor it
Sss Sz ICT 3

Facts
F s LCT 11 or LCT 1 for any s c S

IGT ICT 11 or ICT 1 for any s e s

If xe S
L Tix L Lt iff IT has a reduced word which ends with

I XT ICT iff IT has a reduced word which starts with






































































































































Example For IT Si Sz Sz S3 si Sz

I Tsz ICT but I Fsk ICT for k 2

Facts
The map E ska 1 for all Sk E S extends to a group homomorphism

E W 1 I
so T1 C1 LH Coxeter

thegroup
Half the elements of W are oddpermutations half are even permutations

d Ttt ICT

Example the inverse of Si Siz Sie is Sie Sissi
IC wt E dCw ICT

Defy The rightweakorder on W can be defined by X Ey iff
appears as a prefix of a word of Y that is

there are Si sis Sig E S s.tl XsicSiz Sij with Lex g L y
X EY when s Y for some S E S with l.cat lCyiscoveredby

The common convention is to set Si 1,2 Sz 2B Sn ninth

Facts
Theorem ICT inv T number of inversions

Multiplying by Koka on the right corresponds to swapping Tia and Trey

Example Here n 3 S4 Coxetergroup of type A3
Tl S Sz Sz S3 siS2 2413

5,5352 535,52 2413 inv 3

152
S5 2143 invez

2134 51 53 1243 ink 1

Us 53
1234 inv O






































































































































The longest element nitin 3Iii often denoted Wo has length El Ctb
Wo TI is the complement of T1 Sage w complementC

I 23 4 3 2 I

i II I
Two is the reverse of Tl
Gianna i i

i
sage o reverses

2.9 Coxeter element upper lower vertices

Det
Given IT CSati a reducedword for IT is a way to write IT as a shortest
product of si Sz Sn

Note each reduced word is a shortest path in the weakorder of Snt
from the identity permutation minimum ett of the weakorder to T

Eg The permutation 1432 535253 525352 has two reduced words

Def A Coxeter is a permutation C e Ent which can be written as

a product of Si S2 S3 Sn each used exactly once

Eg o c S SzSz Sn C S SzSz I2 23 34 1234 2341 E S4
C Si5253545556 12363 3445766 6776234567 2345671 ESz

C Ssss s Sy C SiS3Sz S3si Sz 1243 2473 E S4
w iz 34 23 34 12763oddindices evenindices

45355 5254
c sszSsSzs4s6 qz G6 23 45767 7246753 2476375C57
555351525456

Spzy Sy sr 7y SnC SzS
C S3525,545556

Sz52545,5556






































































































































A Coxeter elt c e SigSiz Sin written in cycle notation is of the form
1 d dz de ntl UkUk 4 ntlTE.ua 1 di.de

where di 2 e are the lower barred vertices of 2 in and
ULuz Luk are the upperbarred vertices of 2 in

A polygon Qc corresponding to c can be constructed as follows

Place the numbers 1 d dz de ntl UkUky Up from this cycle
around a circle

I 7 g Itwon'tmake a differenceEg C SassyS4S SzSzSgSg o o o
q whether i and ntl are

89 704574276336456367 g ztg g g.ge upper or lowered bar
upperbarred 2 I Here I set 1 and 5

123569874
lowerbarred

E g C SSzSz545556Say It won'tmakea difference whether 1and ntl are
upper or lowered bar Here I set 1 and I

12345678 the Tamari case

Fiser him F
E g C Sg5654525 535557 y.ro Wz897677145763742764 56GeGeo 0a

unppermbarred

5 7 9701,245,7198,641,2
lower barred

a as a
E 5355Sy S SLE 5355 S SzSzScS6so S3S SigSzSzScS6so S SzSigSzSzScS6so
34 56 78792763 45767709

yes
5 7 9 This polygon istheQaathat we

uppmeribarred beenusingforthebipartiteCambrian1.24689753 o T.io lattice if itsmorenaturalto setd
lowerbarred L.z q g.gg andsetthebarringofnee tomatchn

975312468
wecandothattoo

To gofrompolygonQ to the Coxeter element c
Read the vertices of Q excluding 0 n12 in counterclockwise order

Eg y 5
4 6 8

o C 3579,10 8 6 42 1Q lg s t.to
IFactI EveryCoxeter elt c e Sn1 has a reduced word of theform

C Sursur SuS SdSd Sde where

Uk un i u diddleColdwhichcorrespond tothe correspondto the
E upper vertices lower vertices

Coxeterelement
For Srzy SySrzy Sn Construct the polygon Q






































































































































2 10 C sorting word

Def of C sortingword
Given a Coxeter element CE Sinti fix a reduced word c a Az an

Let cos C CC where are Si Sn

A Az an A Az an AAz An

Given IT C Sinti the Car az An sorting word for IT s d
which is lexicographically first as a sequence of positions in c

and is a reduced word for it
Every permutation has exactly one c sorting word
The c sorting word depends on the choice of reduced word diaz an

E Fix C S S Sz Note this Coxeter e It c has two different reduced words
S Sz Sz S Sz Sz S SzSz S SzSz

Here 1 Use S SzSz

i 11 1432 535253 525352 has two reduced words

Comparing Si S S2 S SzSz S SzSz and
S Sz S S SzSz S SzSz

the reduced word 535253 is lexicographically first as a sequenceofpositions in c
so the Csortingword for 1432 is 535253

Ci w 4132 5352535 5253525 53525,53 hasthreereducedwords
Comparing S S SzSz S SzSz

S Sz S SzSz S SzSz and

S SzSz S Sz S SzSz
the reducedword 53525,5 is the c sortingword for w

for finding the 19,92 san sorting word of a permutation IT
assuming we already know thelength of IT and IT f Id RefCamblatticeseBeyond

mmWewrite down a reduced word F UpUz Ue as follows where Uic S

First try each letter 91,92 anCinthisorder until we find one ai s t Ica LECH
Take a to be the first letter for IT set Ui ai and write IT Ui Ti
If IT Id then L T and Ug is the desired Car92 an sorting word

Otherwise tryeach of the n letters in theorder Aiti ditz sanAe until we find
one Ail s.tl ai 111 L l TD Take air to be the second letter for T
set Us Air and define IT U IT

If TT Id then les and UlUz is the desired car 92 an sortingword
Otherwise continuing in this manner we eventually find a reduced word for itThis is the Ca az an sortingword for IT






































































































































Example 2
Example of computing a C sorting word Ref Thesis by Suleiman

9,92as94For c S SzSzS4
C Let 11 5 545354 12 35 21543 and assume we know

Cfr example by computinginvCT with Sage that lengthCt 4

S 5253545 SzSzSqSi SzS3Sq
Up S because S S Id Set IT UyTT Sis 545354 545354 of length 3
Next try each of525354,52 the next n letters in C after Ut

6
S SzSz545 SzSzSqSi SzS3Sg

until we find Si s.tl site LCT

Try Sz Sz111 52545354 has length 4 To see this we can check the
Doesn't work keep trying number of inversions of a i

Try Sz SzT1 s S3sqS3S4
54535454 by thelong braidmove
5453 since 5454 Cd

has length 2 smaller than 3 1 CID
So we set Uz Sz and set IT Uz TI

Sz 545354
5453

S SzSz545 SzSzSqSi SzS3Sq

Next try each of 54,51 S2S3 the next n letters in C after Uz
S SzSz545 SzSzSqSi SzS3Sq

until we find Si s.tl siT LCT
Then 43 54 because 54 545453 Ss has length y Set IT Sz

s 5253545 SzSzSqSi SzS3Sg

Next 44 5 since IT e S3 The SlSz53,54 sortingword of IT is SlS35453
E Let w Sasi 237927 432 31245

s s as the Cssz szsq sortingwordof wVerify Following the algorithm we getthisexample s 5253545 SzS3sqsiSzS3sq

Lii Let z s Sss Ssss 12433 24135
Verifythis Following the algorithm we get 9552 as the siSzS3sq sortingwordof Z
example

s 5253545 SzS3sqsi SzS3sq






































































































































2 11 C sortable words

7efofc sortableword h.EE c be a Coxeterelement and a Azaz anbe a reducedword of c
For a set H L i s iz s L i C n let EI 0 9,939 94

Cia denote ainaia air IIEaiaaq
The c sorting word for a permutation IT C Sint can be uniquely written as

F CkCk Ckp where p is minimal
If K Kz 3 Hp we say that

Tl is c sortable and CkCk Ckp is a c sortable word
Not every permutation is c sortable

Faft Although the def of c sortable requires a choiceof a reducedwordof c
the set of c sortable elements does not depend on the choice ofreducedword for C

rom above Example1
c has two reduced words here 1choose S SzSz

for c S S3Sz 535752 Butwhether or not a permutation is c sortable
does not depend on my choice of reduced words

i 11 1432 535253 S S Sz S SzSz S SzSz
S3 S2 3153370

is the c sorting word for IT So IT is c sortable

Ii w 4132 53525,53 5 Sz Sz S Sz S SzSz

53,5237 SB
is the c sorting word for w so W is not c sortable

rom above example 2 for c S SzSzSq
i 17 5,53545 S1S2S354Si S2S3S4S S2S3S4 is c sortable

si 53,543 SB 20

di S SzSzS4S SzS3S4Sl SzS3Sqw 529
gsd SB

i z

not c sortable

5,5332 152






































































































































Then2.11 Let c be any Coxeter ett
The identity permutation is c sortable since it is the empty word

The longest ett Wo is c sortable

Example 3 forThem 2.11

Apply the algorithm 2.10 for A3 Wo 4321 We know Wo has length 6

For C 515253 Tamari Coxeterelement

Note Multiplying Si Ci its on the left corresponds to swapping values i i 12
swaps
2,1First applySy S Wo Go4321 4312

Set Up Sy and Wo S Wo 4312

SzSzS SzS3S SzS3
swaps

Try the next letter in C which is S2 SzWo Szo 4312 4213
This puts 2,3 in order which decreases the inversion number
so Ifszwo L d Wo
Set Uz Sz and Wo Sz w 4273

b
SzS SzS3si SzS3

swaps

Try the next letter in C's which is 53 SzWo Sso 4213 3214
Again I Sso Wo LeCwo
Set us Sz and Wo Sz Wo 3214

S SzS3si SzSz

The next letter in co S also works because entries 2,1 in Wo 3214 are outof order
set U4 Si and Woc i s Wo 3124

The next letter in Cf Sz also works because entries 3,2 in Wd 2124 are outoforder
Set Us Sz and woes SzWo 2134

S3si SzS3

The next letter in co Sz does not work because 53Woc 5302124 214J3,4 3a
The next letter in c after Sz is Sy oinder Frater

swaps
Si works because 2,1go Wo S o 2134 1234 NoteSet 46 51 is notthewos.szszsssisacs.se

sorwtoiras

Ss sass
The si Sz Sz sorting word for Wo4321 is S SzS3 Sl SzSe
Since Si Sz Sz D Si 5237 SB this shows Wo 4327 is c sortable






































































































































Example for Them 2 it

Apply the algorithm 2 10 for A4 Wo 54321 We know Wo has length E 10
For c Sss SzSq a bipartite Coxeterelement

Note Multiplying Si Ci its on the left corresponds to swapping values i i12

First try Sz SzWo 53054321 53421
Set Up S3 and Wo S3Wo 53421

SpSzSqS3SlSzSqS3S SzS4
swap1,2 A

Try the next letter in C which is 51 SyWo S o53421 53412
This puts 1,2 in order which decreases the inversion number
so I sq wi L I Cwo
Set Uz Sy and Wo S Wo 53412

SzSqS3SlSzSqS3S SzS4
swaps
2,3The next letter in cos Sz works SzWo Szo 53412 52413

Set us Sz and Wo Sz Wo 52413

Next set 44 54 and wok SqWo Sqo 52413 42513

µ E Us S3 and Wo S3Wo 530 42513 32514
UG Sy and woke S woo S o 32514 31524

Verify up Sz and woot c Szwoke Szo31524 21534
qCormputati up S4 and Wold s4 Woc77 54021534 21435
Uq Ugo Ug S3 and wool S3 WID 53021435 21345

4,0 51 and Woc'd Sp wood Spo21345 12345

so the Css.si52,54 sortingwordSzSqS3S1SzS4S3S1S2S4 for5432 is szsqszsiszsgs.si and
RACTICE so54321 is SssSase sortable

SeAlgorithm2.10
More examples for type 14 Coxetergroup

0 verify If c 5153555254 Wo 5153555254515355525451535552 is the c sortingwordofWo
hesetwo whichshows Wo is csortable
examples w yg ys g g g g s g g g s

is the c sortingword of Wo whichshowsWo is csortable

ReyExerciset ofWoX bipartiteTamari
Exercises8 9 give us the c sortingword for c sisz sn and c oddmd evenind

Now Consider the Coxeter element c STz7 5352514271 Snz Sni Sn

fr example C Ses's the first halfofindices the second half of indicesc Sss s sa n
C sass sass Halfway
c ssszs.scSs56 4
c s4szszs Sss657

ive the c sortingword of Wo for for arbitrary n



Knowe For Tamari X 4 72 for n 34 for C S Sz Sn

Xi 2 72 for my4 for C 5,53Ss 5254

Conjecture For halfway C X 3 72 for n 74

Thin 2.11lb

A permutation IT is the minimum ett of its Z fiber Tff
T1 is c sortable


