



































































































































References

Serge Elnitsky Rhombic tilings of polygons and
classes of reduced words in Coxeter groups 1994

Robert Bedard On commutation classes of reduced words
in Weyl groups 1999

g o g lo

for graphs like or iai.ir and 9
5 6Ii
in

Ordered Rhombic tilings of Elnitsky polygons

linear extensions of heaps






































































































































Elnitskypolygon Elnitskypolygon Elnitskypolygon Elnitskypolygon
E Id E 421356 E 465231 E 654321

I 6I y l
Z z 4 z 4 2

5633 3 2 3 s 4
i 4 34 4 3 4 25 zs s s 3

6 I6 6 6 1

A fewRhombic tilings of E 465231
y
4 a 4 a 46 663s 3 s 3 5

4 2 y a r z
s s s s s s

i 6 i 6 i

A fewtilings of E 654321
I 6 y 6 I 6

2 5 2 5 2

534 3 4 3

443 4 3 4

35z s z 5 2

our usual 6 I 6 1

Tamari bipartite with Bipartite butwith
C 5152535455 C CoddSi evenSi sszssq.se c evenSi CoddSi 525495355

Thin Elnitsky 94 suppose T E Sn bijection
The rhombic tilings of the Elnitsky polygon ECT c

The commutation classes of IT
The number of tiles in a tiling of ECT depends on IT and is equal to inuit lengthCTD

Det Let TE Sn
Given a tiling of the Elnitsky polygon ECT a path joining M to its antipode M
and consisting of precisely n tile edges is called a border i

a 4h
5Fact Anyborder except the rightmost has at least one tile

Which touches it with two sides 5 3located to the rightof it a
iam4h

s

4 a
s
g






































































































































Deflfact
Given a tiling of the Elnitsky polygon ECT we can order the tiles by labelingthem
with numbers 1,2 L where D Length T as follows
Takethe leftmostborder assign 1 to some tile whichtouchestheborder 42 sides
Replace i o i oin the border y with Xj i j i
Assign 2 to some tile whichtouches the border w z sides and so on

Example E4321

i Y 4 i om4 i om4 i am 4 i am 4 i om4 i am 4
2 3 2 3 22 2 3 22 24 3 22 4 3 22 4 a 3 22 4343 3 3 363a 3 I 3 2 34 s a 3 i j a 3 a 3 1 53 a 3 i 5 a
4 i 4 i 4 o i 4 o i 43 i 4 i 4 i
m M m m m m m
id 1243 2143 2413 4213 4231 4321

Sz S1 Sz S Sz Sz
Tim
Given a tiling T of the Elnitsky polygon ECT

bijectionreduced words in the commutation class corresponding to T y
the orderings ofthe tiles in the tiling T

Given a reduced word quz.a.ae of Tl start w the leftmost border of polygon ECT
then add the tile corresponding to Un label it I
Add the tile corresponding to Ur label the tile 2 and so on

Exampleof various ordered tilings reduced words of 465231
E 465231

y
2 3 54 a 4 4 2 446 6634 8 s 3 3 5 g s 3 3 5 8 s
2 7 12 2 7 12 2 7 12
4 6 10 a 4 6 10 a 4 6 9 2

s 9 il s s 9 i s s go 3
i 6 i 6 i

sss s sss seSss Sss Sss Sss Sssszsyssszss.scSss Sss SssSss sss sasssass
u u u uaus.uau u u youuuu uiuausuaus uouauouguioui.ua u u usuaus.uau u u youuuu

Prop Two tilings of ECT are connected by a sequence of hexagon flips
E 465231

y i
a 4 a a 4

i 4 6 4 6 6
3 2 s 3 a a 2 3si
4 a y 5 a 4 is 5 z

s s
s s s l s ss s s s s

i o 6 i

sss s sss seSss Sss Sss Sss Sssszsyssszss.scSss Sss SssSss sss sasssass
u u u uaus.uau u u youuuu uiuausuaus uouauouguioui.ua u u usuaus.uau u u youuuu



Wo SSzSzSu

for c S525354
Tamari Coxeter element

2 I 3 4 5 23 I 4 5 23 4 1 5 23 4 5 I

ii 3

ii i is i is

s 3 2 4 51 Sz 3 4 25 I Sz 3 4 52 I

i i
i

4 3 5 21 4 5 32 y called theorderideal of
a

a the order ideal
generated by 9

S 5 4 3 2 I

i
i



Det Let CP E be a poset w l elements

A linear extension f of P is a total ordering of the elements of P

which respects the partial order C
That is f is a bijection f p I so that

Ep y fCx E fly
usual integer
ordering

Example j
i

Hassediagram ofposet n g
I'dt r

e e
rb

a

Thisposet has twelve linear extensions for example
see all twelve on the next page

1 5
10 10 10 2 o 4
g g 9 o

8 7 g y 7 8 3 o 3
o o

f Y f e5 X 4 4 2
5 3 4 3 5 3 5 i

r i ri e I

You can associate a tiling with the Hasse diagram of a poset
forexample

I 5 If
2 f Ain l 5 q to

µ g
tr tr 2 1 5 94 IT to

b get
d

23 a sq.gg
4 81 ab 4 4 8 2 Tk 74

d a 1 25 I 5 1

Tamari our usual bipartite
c oddino evenin



SSzSzSsq C s sz sz s4

i
or iiid see a

s I Taoism
mm

a

i
iii ii iii

SiSzSSzsqSzS3SSzS

iii in
HEY

sis25354SSzSSzSzS

iii
i

i4424UnUsUsUsUsUg
8

Equivalently

iii n



Thetiling of theElnitsky polygon for Wo 54321
corresponding to the commutation class containing the csortingword of Wo
for c 9535254 CourusualbipartiteCoxeterelement

2 I 345 21 4 35 24 1 35 24 1 53
d Si S3 S2 S4

I 5 I 5 I 5 I 5
2 1 25 9 4 2 12 5 9 4 2 1 25 9 4 2 1 25 9 4

I 4 4

31 3 7 3h43 7 s 7 7
2 6 10 2 6 10 2 6 10 z 56 10

4 8 2 4 I 8 2 4 134 8 2 4 4 38 2

I I St l I i 5 I

g no 9 to 9 o g ros H o 7 e y eTT stay 51 is5,9 yay ji 5,93 4 f

42 I 5 3 42 5 I 3 4 52 I 3 4 5 23 7Si S3 Sz 5544
I 5 I 5 I 5 I 5

2 1 5 49 4 2 I 5 9 4 z p 54 954 2 1 54 942
7 s 3

3 3 2 3 3 7 3
2 56 10 2 6 10 2 64 go

3
2 6 10

4 43 8 2 4 43 8 2 4 43 8 2 4 4 8132
5 I 5 I 5 i 5 I

i i i io
called the orderideal

5 423 I 5 4 32 1 oftheposetS W g ro
I 5 I 5 9Az p 5441 2 I

574J 9 24
3 72 3 3 3 7 z generatedby 7and8
2 6 10 2 6 10

4 4 83 2 4 4 84
5 I 5 I

i i i



5,535254
The reducedwords in the
commutation class of 53545 5253545 SzSzS
the c sortingword for Wo I 5

5,535254515352545Sz 2 3 7 10 4 3 7
4 2

4 8 i i
There are seventy 3 3 7 5reducedwords y b g l I i

8 6in the commutation class of I I
4 2 6 2 10 9this c sorting word Ionlydrewseveralofthem 5 1Not in OEIS

n count UsingSage heap csortingwordofWo

2 1 oz Gses 53545 SzSzS 54SzSzSy
I 5

3 4 4155 sisszss sz 2 3 10 4 3 7
a 6 I la 4 2

4 8 s s
to

sis's

iii i

5 7896 Is Sissi's3 fg lo s.sssss.sc
6,4759
r 2 3 5355452535S4SzSzSy

1 519go31 sissssseas6 6648040 1314419,518 s.szssszs.is 2 2 10 4 4
ios iz sissssseas 6i is sissss 4 37,19 4 8 i i
4,5 6 3 3 6 5I 2 3 y b g I

8743 7 2 if g
5 l

S SzSz S 545352545 S3 S SzSzSqsi S3SqSzS S3 S SzSzSqSss 52545 53
I 5 I 5 I 5

2 I 9 4 I 2 2 I 9 4 i 2 2 I 9 4 I 2b i i n 5 in 6 in3 5 3 4 3 4i i i e s3 7 4 6 3 8 5 6 3 7 6 5
3 3 7 8 3 3 8 7 3 3 7 8
2 6 10 g no 2 6 10 g no 2 5 10 g no

4 4 8 2 4 4 7 2 4 4 825I 5 I 5 l

S SzSzSqsi SzSzSys Sz
I 5 9 10

2 I 9 4 Use
5 a 2 7 8 this

3 7
go

s K or
sj convention

2 g no 3 4
4 8 a lil4 I 2
5 1 Heap



There are severity reducedwords in the commutation class of
the c sorting word of Wo for C 5,535254 Here u 4 Not in OEIS

Thymfstemmabrbiedge reduced words in a commutation class of Wo
linear extensions of the heap correspon ing to 5

Data for other n ordered
n count Using Sage heap c sorting word of Wo tiling

932 1 oz 5,525 I 3

I 32 2

26 3 I
4 45 y 44 s 5,5352515352
In 2 I 4 3I 2

3632 5241
4 70 9 10 5,535254 I 5

171 8 2 I g 9 4
515352545 f s s 3 7

3 4 3 3
I I 2 6 10
I 2

4 4 8251

I 6
5 7896 If 9 3555 44 2

6 5

9 10 5153555254 14
6 7 8 3 4 9 41
It Y 2 7 12
I 2 3 4 5 10 is 3

5 3 8 13 2

6 I

6 6648040 94679,734g 55355525456
13 141 15 515355525456

10 if iz 515355525456

a sis II 3



Thetiling of theElnitsky polygon for wo 654321

corresponding to the commutation class containing the csortingword of Wo
for c 953555254 CourusualbipartiteCoxeterelement

Sl 213456 S3 55 Sz S4 241635
d i 6 i 6 i 6 i 6 I 6

it 5 2 it 5 2 11 it 5 2 11 I s 2 1 2 11 56 6 6 6 46
Y 4 g 44 314 g 44 314 g 44 3 4 g 44 3 4 g 44
2 7 12 2 7 12 2 7 12 2 7 12 2 67 12
4 5 10 3 4 5 10 3 4 5 10 3 4 5 10 3 4 5 3 10 is 3
5 3 8 13 2 5 3 8 13 2 13 2 5318 13 2 5 3584 13 2
t i Tr i b i b i b i
1,4the 11 21543 11 21543 11 21543 11 2154312,13 g yo gyo gyo gyo6 718 6 t's 6 t's 6 t's 6 t's4 5 Y 5 Y 5 Y 5 y 5
r 2 3 i'I 3 i'I 3 i'I 3 r 2 3

Sl Sz 55 Sz Sc
i 6 i 6 i 6 i 6 I 6

2 g 11 5 21 6 11 5 21 6 11 5 21 g it 5 2 6 11 5
3 4 q 44 3 4 g 44 3 4 Iq 44 3 4 q 44 3 4 q 4
2 12 2 77 12 2 7J 12 2 7 12 2 7 12
4 51 10 is 3 4 51 10 is 3 4 5 40 3 4 5 40 3 4 5 1 53
5 38L 13 2 5 38L 13 2 53 8 13 2 5 3 8 13 2 5 3 8 13 2

b i b i b i b i b i

1,4the 11 21543 11 21543 11 21543 11 2154312,13 g yo gyo gyo g lo6 7198 6 t's 6 t's 6 t's 6 t's4 5 Y 5 Y 5 Y 5 y 5
r 2 3 i'I 3 i'I 3 r 2 3 r 2 3

S S3 55 Sz Sc 654321
I 6 I 6 I 6 1 by i b

Z g 1115 2 g 1115 2 g 1115 2 g 115L 2 g Il 5
3 4 91 4 3 4 q 44 3 4 q µ 3 4 g 444 3 4 g 44
2 7 12 2 7 12 2 7 12 2 7 12 2 7 12
4 5 101,53 4 5 10 53 4 5 10 3 4 5 10 4 5 10 is 3
5 3 8 13 2 5 3 8 13 2 5 3 8 13 2 s z 8 13 2 5 3 8 13 2

b i b i b i b i b i
1,4the 11 1543 11 21543 11 21543 11 2154312,13 g yo gyo gyo g lo6 7198 6 t's 6 t's 6 t's 6 t's4 5 Y 5 Y 5 Y 5 y 5
r 2 3 i'I 3 i'I 3 i'I 3 r 2 3


