



































































































































Overview only
givenNotes for PROBLEM II part 2 Thurs June11,2020

Cambrian Lattices Lectures
Fri June12,2020

Ref papers by Nathan Reading Mon June15,2020

Last update Tue June16

2.4 Type A Cambrian lattices

We generalize the map Mtamari Partition the set n117 11,2 in11 into two
sets upper barred set Tnt and lowerbarred set Cnt

Eg 61 14,675,56 1,2 5

Let Q be a polygon w vertices 0 n 12 drawn from left to right
Draw 0 and n 12 on the same horizontal line
Put upper barred vertices above this horizontal line
Put lower barred vertices below this horizontal line
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Figure 1. The polygon P (Q) and quiver Q with [6] = {4, 6} and [6] = {1, 2, 3, 5}.

First, use Q to partition the set [n+ 1] into two sets, the upper-barred integers [n+ 1] and the
lower-barred integers [n+ 1], as follows. Let [n+ 1] be the set of all vertices i such that i! (i+1)
is in Q and let [n+ 1] be the set of all vertices i such that i (i+ 1) is in Q.

Next, associate to Q an (n+3)-gon P (Q) with vertex labels 0, 1, 2, . . . , n+2. Draw the vertices
0, 1, . . . , n+2 in order from left to right so that: (1) the vertices 0 and n+2 are placed on the same
horizontal line L; (2) the upper-barred vertices are placed above L; (3) the lower-barred vertices
are placed below L. See Figure 1.

Given a permutation ⇡ 2 Sn+1, we write ⇡ in one-line notation as ⇡1⇡2 . . .⇡n+1, where ⇡i = ⇡(i)
for i 2 [n + 1]. For each i 2 {0, . . . , n + 1}, define �i(⇡) to be a path from the left-most vertex 0
to the right-most vertex n + 2 as follows. Let �0(⇡) be the path from the vertex 0 to the vertex
n + 2 passing through all lower-barred vertices i 2 [n+ 1] in numerical order. Thus �0(⇡) is the
path along the lower boundary edges of P (Q). Define �1(⇡) as the piecewise linear path from 0 to
n+ 2 passing through the vertices

(
[n+ 1] [ {⇡1}, if ⇡1 2 [n+ 1];

[n+ 1] \ {⇡1}, if ⇡1 2 [n+ 1],

maintaining the numerical order of the vertices visited. Repeating this process recursively, the final
path �n+1(⇡) passes from 0 to n+ 2 through all upper-barred vertices i 2 [n+ 1]. Thus �n+1(⇡)
is the path along the upper boundary edges of P (Q).

Definition 2.1. [Rea06] Define a map ⌘Q : Sn+1 ! {triangulations of P (Q)}, ⇡ 7! ⌘Q(⇡), where
⌘Q(⇡) is the triangulation (including the boundary edges) of P (Q) that arises as the union of the
paths �0(⇡), . . . ,�n+1(⇡).

Remark 2.2. It is shown in [Rea06] that ⌘Q is surjective and that its fibers correspond to the
congruence classes of a certain lattice congruence on the weak order on the symmetric group.
The induced poset structure is a lattice called a Cambrian lattice of type A. More precisely, two
triangulations are ordered T  T 0 if there exist permutations ⇡  ⇡

0 in the weak order such that
⌘Q(⇡) = T and ⌘Q(⇡0) = T 0.

Example 2.3. Let Q be the quiver in Figure 1, where n = 5. Then [6] = {1, 2, 3, 5} and [6] = {4, 6}.
Let ⇡ = 45 3 1 2 6 2 S6, written in one-line notation.

Then the paths �i(⇡) described above are as follows.
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Figure 2. The paths �i(453126) and triangulation for ⌘Q(453126) from Example 2.3

�0(⇡) = 0, 4, 6, 7

�1(⇡) = 0, 6, 7 delete ⇡(1) = 4 from �0(⇡)

�2(⇡) = 0, 5, 6, 7 add ⇡(2) = 5 to �1(⇡)

�3(⇡) = 0, 3, 5, 6, 7 add ⇡(3) = 3 to �2(⇡)

�4(⇡) = 0, 1, 3, 5, 6, 7 add ⇡(4) = 1 to �3(⇡)

�5(⇡) = 0, 1, 2, 3, 5, 6, 7 add ⇡(5) = 2 to �4(⇡)

�6(⇡) = 0, 1, 2, 3, 5, 7 delete ⇡(6) = 6 from �5(⇡)

The triangulation T = ⌘Q(⇡) is given in Figure 2. Note that the fiber of T is

⌘
�1
Q (T ) = {453126, 453162, 453612, 456312} .

3. Representations of quivers of type A

Let k be an algebraically closed field, for example, k = C. Given a quiver Q, we denote by Q0

the set of its vertices and by Q1 its set of arrows. For ↵ 2 Q1, let s(↵) be the source of ↵ and
t(↵) be its target. A path from i to j in Q is a sequence of arrows ↵1↵2 . . .↵` such that s(↵1) = i,
t(↵`) = j, and t(↵h) = s(↵h+1), for all 1  h  ` � 1. The integer ` is called the length of the
path. Paths of length zero are called constant paths and are denoted by ei, i 2 Q0.

A representation M = (Mi,'↵) of Q consists of a k-vector space Mi, for each vertex i 2 Q0,
and a k-linear map '↵ : Ms(↵) ! Mt(↵), for each arrow ↵ 2 Q1. If each vector space Mi is finite
dimensional, we say that M is finite dimensional, and the dimension vector dimM of M is the
vector (dimMi)i2Q0 of the dimensions of the vector spaces. For example, the representation in
Figure 3 is a representation with dimension vector (0, 1, 1, 1, 1, 0, 0) of the type A7 quiver in Figure 1.
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(a) (b)

Figure 4. a: A non-Tamari permutations-to-triangulations map
applied to every permutation in S4. b: A non-Tamari Cambrian
lattice

family of maps in the context of signed permutations. These families of maps arise
quite naturally in the context of (equivariant) iterated fiber polytopes, as explained
in [6] and [45, Section 4.3] and as summarized in [36, Sections 4, 6].

To generalize η, we alter the construction of the polygon Q by removing the
requirement that the vertices 1 through n+ 1 be located below the horizontal line
containing 0 and n+2. We keep the requirement that, for all i from 0 to n+1, the
vertex i is strictly further left than the vertex i + 1. Again we start with a path
along the bottom edges of Q, and read the one-line notation of a permutation from
left to right. When we read an entry whose corresponding vertex is on the bottom
of Q, we remove that vertex from the path, as before. When we read an entry
whose corresponding vertex is on the top of Q, we insert that vertex into the path.
Figure 4.a shows this new permutations-to-triangulations map applied to all of the
permutations in S4, in the case where the vertices 1, 2, and 4 are on the bottom of
Q and 3 is on the top. To avoid a profusion of notation, we use the symbol η to
refer to any of the permutations-to-triangulations maps, tacitly assuming a choice
of Q. We use the phrase “the Tamari case” to distinguish the original definition of
Q and of η.

As another example, consider the case where all of the vertices 1 through n are
above the line containing 0 and n+2. In this case, the symmetries of the problem
imply that η has the same pattern-avoidance properties as described above, except
that “312” is replaced by “231” throughout the description, and “132” is replaced
by “213” throughout.

When some vertices are on top of Q and others are on bottom, as in the example
of Figure 4.a, the behavior of the map is a mixture of the “231-behavior” and the
“312-behavior,” as we now explain. The locations, top or bottom, of the vertices
are recorded by upper- or lower-barring the symbols from 1 to n + 1. Thus, for
example, we write 3 to indicate that the vertex 3 is on top of the polygon Q or
we write 3 to indicate that 3 is on the bottom of Q. In [36, Proposition 5.7], it is
shown that a permutation is a minimal element in its η-fiber if and only if it avoids
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1234

2134 1324 1243

2314 3124 2143 1342 1423

3214 2341 2413 3142 4123 1432

3241 2431 4213 3412 4132

3421 4231 4312

4321

(a) (b)

Figure 1. a: The Tamari lattice. b: The weak order on permutations.
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Figure 2. The triangulation η(3246175)

To define the weak order, we first write permutations in one-line notation,
meaning that we represent a permutation x of {1, . . . , n+ 1} by the sequence
x1x2 · · ·xn+1, where xi means x(i). There is a cover relation x ! y in the weak
order whenever the one-line notations of x and y differ only by swapping a pair of
adjacent entries. The permutation x is the one in which the two entries appear in
numerical order, and y is the permutation in which the two entries appear out of
order. For example, the weak order on S4 is shown in Figure 1.b.

We now define a map η from Sn+1 to the set of triangulations of Q. Start with a
path along the bottom edges of Q, as shown in the first frame of Figure 2. Given a
permutation x ∈ Sn+1, read from left to right in the one-line notation for x. For each
entry, create a new path by deleting the corresponding vertex from the old path.
The triangulation η(x) is defined by the union of the sequence of paths, as illustrated
in Figure 2 for the permutation with one-line notation 3246175. Figure 3.a shows
the result of applying η to every permutation in S4. The shaded edges indicate
covering pairs in the weak order which map to the same triangulation.

This map and similar maps have appeared in many papers, including [6, 7, 29, 30,
36, 50]. The map can be seen in a broader context in the chapter by Rambau and
Reiner [31] in this volume, specifically by giving some thought to [31, Theorem 9]
and the accompanying figure.
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Thm N Reading Let y MQ

A permutation IT is the minimum ett in its 7 fiber if IT is 312g avoiding
and 231 avoiding

A permutation it is the maximum elf in its 7 fiber Tff IT is 23 avoiding
and 213 avoiding

2 5 Bipartite Cambrian Lattices

Def_ Bipartite Q Cambrian lattice
Consider the following Q All odd numbers in Intl are upper barred

all even numbers in Intl are lower barred
1 3 5

TOo n12

f
2 4

Note where we put 1 and n 11 wouldn't make a difference in the pattern avoidance
because 1 and ntl are never the middle 2 in a pattern

Then the Q Cambrian lattice can be defined on the set
fyi here we use

p TIE sn IT avoidsthe pattern 312 with an even middle 2 the minimum
IT avoidsthe pattern 231 with an odd middle 2

elements of
the 70fibers

where Ey if
X W y for some W Si SigSig e Sie where in C 1,2 n

inv x l Truly
In other words there is a path from X to y in the right weak order
which goes up at each step

REU Exercise 9 the bipartite analog of REU Exercise 8
Warmup Consider a longest chain in the weak order

Id o o o Wo 4321
The E 1 7 permutations in this chain are

S S Sss 5352 4 3 2 1952S SzSzSiS3 4 2 3 19535,53525 4 2 13 JsS S3Sz 24 I 3gSzSpSz 2 1 43gssS 2 1 34JsId 1 2 34






































































































































C Verify that each of the seven permutations in this chain is
312g avoiding and 331 avoiding
r r

middle 2 is even middle 2 is odd

For example S SzSz 2413 has the subsequence 4 1,3 which fits the 312 pattern
but the middle 2 is an odd number

ii Verify that each of the seven permutations in this chain is

13 avoiding and 213 avoiding
r e

middle 2 is even middle 2 is odd
Alonger warmup2
Verify that all 2 1 11 permutations in thechainfrom Id Timn 12345 toWoThrax54321

Id Eg s3 53.24g I 53 24g Wo 54321
i are 312gavoiding and 331 avoidingr rmiddle 2 is even middle2 is odd

ii are 23 avoiding and 213 avoidingP t 5middle 2 is even middle 2 is odd E 622 15For 56 i have length E Have Si Sz Sz Sy55 56
Sz Sig Sz S4Id 4 a o

9
Ey SJ.EE g wo 659327

heREUExercise_9 i For Snu Prove that all 2 1 1 permutations in the chain

Id 9 the bars are for clarification only

Es 9 a Es
o

S S3
of length nCz

312 avoiding and 231 avoidingare f p
middle 2 is even middle 2 is odd

i Prove that these E 1 permutations
are 132gavoiding and I 13 avoiding

r e
middle 2 is even middle 2 is odd

Note May be more natural to use the chain
Id

3436






































































































































X the Greene Kleiman invariant for the bipartite QCo mputing

CambrianlatticesageA CoxeterGroup Al n
sage c i for i in rangeG n11,25ft i for i in range 2 n 11,2

for example c a 3,5 2,4 if n 5 for 56
sage c tuple c
sage T A Cambrian lattice c tuple type
sage T greene shape
sage Tarn A Cambrian lattice 1,2 n Tamari lattice for Sn11

posets Tamarilatticed11

Data andconjectures
Denote the bipartite Q Cambrian lattice we describe aboveby

Cambalt or Cambb or Cait or

For n 4,567,8 SsSsSz Sp Sq Sage computes 72 71 2

Conjecture this formula holds for all n 4

For n 6,7 8 SpSo Sq Sagecomputes X 72 2 and 73 72
Conjecture this formula holds for all n 6

For n 8 S9 74 73 72
Conjecture Xp Xa 14 23 72 for large enough n

REU PROBLEM II part 2 I think this is more promising than part 1

i Prove disprove the conjecture for 7 2 2 for a n 4

PossitrategI ImitatetheTamari lattice argument in Early's paper
Construct a union of two chains of size Il 14

I i E ti 2 non D
typo fixed

To show thatthisunionsize ismaximum 0 This unionsize ismaximumbecausetheCambrian
construct an antichaincoverof Cambay consistingof C latticehastheminimum ett uniqueminimumett
antichains such that two of the antichains are singletons andthe maximum est

For the realization use either the triangulations of polygon Qalt
or 312gavoiding and 231 avoiding permutations
which are the same as c sortable elements see laterpartof doc

ii Provefdisprove the conjecture for 73 72 for all n 6
Possible strategy Imitate the Tamari lattice argument in Early's paper






































































































































2 6 c singletons
Defy eta
Let Me MaC

A permutation TE Smt s.t MICMC D it is called a c sing
Note Qe o n 12

If Mc is the Tamari type izz
a permutation is a c Singleton iff it is il 312 avoiding

and ii 132 avoiding
Q

In general
0 In 12

a permutation is a c Singleton iff it isC312g avoiding and 331 avoiding
and Cf 13 avoiding and 213 avoiding

emma that you will need to use below

If you follow a maximum length chain from
the minimum elf 123 n11 of the weak order to

the maximum ett Wo _htt n 3,2 1

Such that every elf in the chain is a C Singleton

Si Siz Siggi

then we can get a new maximum length chain of c singletons

by performing the following commutation or short braid move

Replace Si Sig SkSj Signy with

Si Siz Sj Sk sign1
where j KI 32

AnotherleTma

Every maximum length chain of c singletons can be achieved
by applying a sequence of short braid moves

from one maximum length chain of c singletons






































































































































207 Maximum length chains of c singletons bipartite c

The largestunionof 2 chainsfor bipartite Cambrian auttice Qo.joqK6cS SsSzS4 S3SiSzS4
greene Shapel i 3

4 5,514,313,11
Sy
o

5 Si 53

T i IF

k
3 54,14

X

a
y 2.5 S3 TY 1 2.5 Is

Sy 462153 k 02465,3151

FT K n 554
462135

24
6

Toys i A 54
o 6 of 65dB a
24135 14 say4 Ya i 2.554 54 i 2.5

6 245.3 6121

I I
6 o

a p's
a

21345 g q 2 04

1 03 05 IS
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The largestunionof 2 chainsfor bipartite Cambrianlattice Q
o 6

n 4 T I
greene shaped 54321 o

11,925,514,313,11

IsCe5535254 171Sss 5254

on a

Kkk
II a

Y
II

sf 4
151

Eye
silks
X sis

II a

Iss Lif
D a

µ 53

12345 de






































































































































The largestunionof 2 chainsfor bipartite Cambrianlattice Q j.IT h6n4 T I
greene shaped 54321
11,925,514,313,1D

E.EEs.s4 Bo

Scratch B

Work IS

118for yes se Sy
previous X

YDSpage f Sg

B

D8
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The chain from REUExercise9 inv
03 5 652 15 is

for Eso 7151321
4 E 03 05 154

7 K
greene shape q 154231

6114,1319 9,8 8 o

5 452
7615231 3

Ess's.siIss ss4 y 5lssTToTTeI5fs
o

5

Tq 7142513 l

Iso 7 to

q 46,2513
i 3 5 iiS4

153 9
7 7 4621725 iSz

o 7
q

8

q IZ 53
i 7 05 55

7
35

7
LET 4261

n 3 5 iSsof 6
71216,357Ti 3 5 Isof 5

z q 17311635
i 3 5 isqoof 4
7 q.cot241365io5 iSzof j7 3

q
31136,5

1 7 5 Is Y 03 5

of of 2

q 311356 z q 171243651 7 05 153 03 05 153oh j't of I

q
213456 z q

712346,5
n 3 05 Is 5501 j't O

q 123456






































































































































A on unique largest unionof 2 chains fr bipartiteAsCambrianLattice S6 ofsize 16114 T

Ce 5,53555254 5553Sy5254
553529555453524555453525554 5,53555254953555254953555254 654327

S4 i S2
j e

5153525,55545352515554535255 s.szssszsysassssszsasassss s.lt
y S55 a S4

5153525,555453525155545352103 I sisasssasysassssseasassss 1131

sie 154
s 53525,5554535251555453 120_sszszszsysasssss.scsass a 112J

153 153

5153525,55545352515554 siszszsasasiszssszsc.is I 1117
y 1

54 9 Is i 2

5153525,555453525155 Is szszszsysaszssss.sc 55 I'D
S5 S Isc i S2 55

r
51535295554535251 Is535552545,535552 I 19J

s 55 Sz 9 55a
154

SiSzSzSiS5S4Sz 0C IIs.s 55525495355 18T

iii t I ik
5153525,555453 siszssszsqs.az I

sissszs.sssq O s.s.gs
s43Xss s3

a 161
I

154 S 153 i S2
5153525,55 35515254 FI

S5
S 154 ii Sz 55

5535251 Is SzSsSz II Tt
Si s i S2 154

95352 ISIS355 137
side 153 54
5,53 I 1215553

Is S3
S5 11 5557 I

means an alternative 1
element in brownchain s 153

II means an alternative 1
element in bluechain 123456



A nonunique largest unionof 3 chains fr bipartiteAsCambrian Lattice S6 ofsize 16114 13
5,53555254

553529555453524555453525554 5,53555254953555254953555254 654327
i S2S4

5153525,55545352515554535255 s.szssszsysassssszsasassss s.lt
y S55 a S4

5153525,555453525155545352130 siszssszsysassssszsasassss

133113ISI.uss3LsgSiSzSzS5554535251555453 120_s.szssszsysasssss.scsass 123pm 112J

153 153

5153525,55545352515554 siszszszsasiszssszsc.is 1777 S5 113mm1

54 9 Is ii S2
55S53525,555453525155 s.szszszsysaszssS.sc410J 180

S5 S Isc i S2 55
r

51535295554535251 115,535552545535552 19J 9pm
s 55 e Sz S7 55

154
5153529555453 siszssszsc.is5355187 8ohm

si I kg
5,535251555453 siszssszsqs.az 73ft

Sy

M 153
S5953525,5554 06 5,53555254 TUG 161

154 spy
153 i Sz

5153525,55 qf5sSzSsSzS4 ME

55
s 154 ii S2

5,535251 05,5355 ED
S

Ss i S2 154 55

95352 ED55953 137
side 153 54
5,53 Ew 5S1 1215553

eiemeaeii ain.aietern.t.in I Is
S7 II s 3 S5

II means an alternative
element in the bluechain s 153 IssEG means an alternative I 1
element in theorangechain 123456



REU Exercise 20

The Greene Kleitman invariant fr Qalt Cambrian lattice
of type Ag Sf is 22 20,20 18,16 15

C starting from the length 21 chain

I Esses a Esses Esses
or s 4s6

Is s 4s6

Is

Sketch all maximum length chains of C singletons
by applying commutation short braid moves

Lii WoDthe largest union size 22 20 of 2 chains must be g
icontained in the sketch since the number 221 20 means

Dthat this union must be the union of two maximum length 1dB
chains of c singletons

Wo
The largest union size 22 20 20 of 3 chains must I

c c e
e i
r ealso be contained in the sketch since the number c
c l

I i22 20 20 means that this union must be the y
union of three maximum length chains of c singletons Id

Based on the sketch
conjecture two disjoint chains for general in
which union has ntl n elements

Conjecture three disjoint chains for general in
which union has htt n ntl z

Z


