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FIGUurE 1. The polygon P(Q) and quiver @ with [6] = {4,6} and [6] = {1,2,3,5}.

First, use @ to partition the set [n + 1] into two sets, the upper-barred integers [n + 1] and the
lower-barred integers [n + 1], as follows. Let [n + 1] be the set of all vertices ¢ such that i — (i +1)
is in @ and let [n + 1] be the set of all vertices ¢ such that i < (i + 1) is in Q.

Next, associate to Q an (n —+ 3)-gon P(Q) with vertex labels 0,1,2,...,n+2. Draw the vertices
0,1,...,n+2 in order from left to right so that: (1) the vertices 0 and n+2 are placed on the same
horizontal line L; (2) the upper-barred vertices are placed above L; (3) the lower-barred vertices
are placed below L. See Figure 1.

Given a permutation m € S, 41, we write 7 in one-line notation as ;s ... m, 11, where m; = (i)
for i € [n +1]. For each ¢ € {0,...,n + 1}, define A\;(7) to be a path from the left-most vertex 0
to the right-most vertex n 4+ 2 as follows. Let Ag(7) be the path from the vertex 0 to the vertex
n + 2 passing through all lower-barred vertices ¢ € [n + 1] in numerical order. Thus Ag(7) is the
path along the lower boundary edges of /P(Q)' Define A\;(7) as the piecewise linear path from 0 to
n + 2 passing through the vertices v QR

{ [n+1]U{m}, if m € [n+ 1];
[n+1]\{771}7 if’]Tl S [TL+1]7

maintaining the numerical order of the vertices visited. Repeating this process recursively, the final
path A,;1(7) passes from 0 to n + 2 through all upper-barred vertices i € [n + 1]. Thus A, 41(m)
is the path along the upper boundary edges OfPP|(Q).Q

o U on
Definition 2.1. [Rea06] Define a map n¢g: Sp+1 — {triangulations of P(Q)}, m + ng(m), where
ng(m) is the triangulation (including the boundary edges) of P(Q) that arises as the union of the
paths Ao(7), ..., Adpg (7).

Remark 2.2. Tt is shown in [Rea06] that 7¢g is surjective and that its fibers correspond to the
congruence classes of a certain lattice congruence on the weak order on the symmetric group.
The induced poset structure is a lattice called a Cambrian lattice of type A. More precisely, two
triangulations are ordered 7 < T if there exist permutations 7 < 7’ in the weak order such that
no(m) =T and no(v') = T".

Ezample 2.3. Let Q be the quiver in Figure 1, where n = 5. Then [6] = {1,2,3,5} and [6] = {4, 6}.
Let 1 =453126 € Sg, written in one-line notation.

Then the paths \;(7) described above are as follows.
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FIGURE 2. The paths A, (45%@26) and triangulation for 1¢(453126) from Example 2.3

)\O(ﬂ-) = 0a47 ﬁ) 7
A (m) =0,6,7 delete 7(1) = 4 from Ag(7)
Aa(m) =0,5,6,7 add 7(2) =5 to A1 (7)
)\3(7T) = O?gag7§ 7 add 7T(3) = g to )\2(71') _7-1(T) ‘f's' b 31 9—9_ C
o _ = = (3
A(r) = 0,1,3,5,6,7 add 7(4) = T to Ag(r) fen ety 52060
As(m) =0,1,2,3,5,6, add 7(5) = 2 to A\y() S = (4,5)
Xe(m) =0,1,2,3,5,7 delete 7(6) = 6 from \5(m) 4S 3049
The triangulation 7 = ng(n) is given in Figure 2. Note that the fiber of T is PR g = (S.¢)
crmutation (L D). 15" (T) = {453126, 453162, 453612, 456312} .
Thversions O - inv =8 = q T inve Il
3. REPRESENTATIONS OF QUIVERS OF TYPE A f { 7t o

Let k be an algebraically closed field, for example, k = C. Given a quiver ), we denote by Qg
the set of its vertices and by @ its set of arrows. For a € Q1, let s(a) be the source of o and
t(a) be its target. A path from i to j in @ is a sequence of arrows ajas ... ay such that s(ap) =14,
t(ap) = 4, and t(ap) = s(apy1), for all 1 < h < £ —1. The integer ¢ is called the length of the
path. Paths of length zero are called constant paths and are denoted by e;, i € Q.

A representation M = (M;, po) of @ consists of a k-vector space M;, for each vertex i € Qo,
and a k-linear map o : Myo) — My(q), for each arrow o € Q1. If each vector space M; is finite
dimensional, we say that M is finite dimensional, and the dimension vector dim M of M is the
vector (dim M;);eq, of the dimensions of the vector spaces. For example, the representation in
Figure 3 is a representation with dimension vector (0, 1,1, 1, 1,0, 0) of the type A7 quiver in Figure 1.
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FIGURE 4. a: A non-Tamari permutations-to-triangulations map
applied to every permutation in Ss. b: A non-Tamari Cambrian
lattice

family of maps in the context of signed permutations. These families of maps arise
quite naturally in the context of (equivariant) iterated fiber polytopes, as explained
in [6] and [45, Section 4.3] and as summarized in [36, Sections 4, 6].

To generalize n, we alter the construction of the polygon @ by removing the
requirement that the vertices 1 through n + 1 be located below the horizontal line
containing 0 and n + 2. We keep the requirement that, for all ¢ from 0 to n+ 1, the
vertex ¢ is strictly further left than the vertex i + 1. Again we start with a path

along the bottom edges of (), and read the one-line notation of a permutation from

T < To [’r( 7s coveded B/ T,:)

ard Ty Affer oy
a JTaGowa\ —F(iF

d1 —> 0!9_ wheve

s‘°’f€ (4(\) < Q\eye(dp)

left to right. When we read an entry whose corresponding vertex is on the bottom
of ), we remove that vertex from the path, as before. When we read an entry
whose corresponding vertex is on the top of ), we insert that vertex into the path.
Figure 4.a shows this new permutations-to-triangulations map applied to all of the
permutations in Sy, in the case where the vertices 1, 2, and 4 are on the bottom of
@ and 3 is on the top. To avoid a profusion of notation, we use the symbol 7 to
refer to any of the permutations-to-triangulations maps, tacitly assuming a choice
of ). We use the phrase “the Tamari case” to distinguish the original definition of
Q@ and of 7.

As another example, consider the case where all of the vertices 1 through n are
above the line containing 0 and n + 2. In this case, the symmetries of the problem
imply that n has the same pattern-avoidance properties as described above, except
that “312” is replaced by “231” throughout the description, and “132” is replaced
by “213” throughout.

When some vertices are on top of () and others are on bottom, as in the example
of Figure 4.a, the behavior of the map is a mixture of the “231-behavior” and the
“312-behavior,” as we now explain. The locations, top or bottom, of the vertices
are recorded by upper- or lower-barring the symbols from 1 to n + 1. Thus, for
example, we write 3 to indicate that the vertex 3 is on top of the polygon @ or
we write 3 to indicate that 3 is on the bottom of Q. In [36, Proposition 5.7], it is
shown that a permutation is a minimal element in its n-fiber if and only if it avoids

[—}E_l R&owur\%\ Carncborian leatficeS Coé)
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REU Exercise 1o
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