



































































































































Conjectures about when X W Wcw

Oury0fknuthmoves
Notation1stkTndKT2

nd kind Kat
b ca cab

r t
bae ac b

t

1st kind ki 2nd kind KI

b ca ca b

t f
b a C acb

Checked up to n 10

If SolitonDecomposition Ti Rowinsertion tableau P for it
then the readingword of P has consecutive terms be a c ba or

bi c a bz
where a L b L C and a t.bz Cc

say ba patern

The contrapositiveis faster to check by computer 314432back 344 beats

If the reading word of PCT has no bacb and no beats pattern
then SolitonDeco position T PCT

Possible steps to try to prove conjecture 5

Prove disprove If the reading word r of PCTD has no back Eno beats
pattern
then IT has no bacb and no beats pattern

Reading word cannot have bacb pattern






































































































































seeThem 1 below
Conjecture Checked up to n q see Thin h

convention 7
Let IT C Sn P RSK T fo backP Backward RSK F Co

Let r be the readingword of P
and br the backward reading word of backP

If there is a path of Knuthmoved from r to Tl

is such that every edge is a K move or kz move but not both

then SolitonDecomposition T P

If there is a path of Knuthmoved from br to it

is such that every edge is a K move or Kz move but not both

then SolitonDecomposition T P

ConjectureQuestion

Nottrue If every path from R to T and

every path from br to T
Sma is such that it contains an edge that is both a K and Kz movecounterexample
Tle 156234 then SolitonDecomposition T P
Everypathfrom r to IT and every path from br to IT containsexactly two edges

that are both Ki and K2 moves

7 Maybethe following statement is true If everypath from r to T and
every path from brto IT is such that

odd
it contains an elvennumber of ki.kz moves
then SolitonDecomposition T P

If there is a path from r to IT which consists of an odd number

of ki.kz moves then Soliton Dec T f P

PI Applying a Ki only
move or a K2 only more

doesn't change XBB
Applying a ki.kz move changes the height of

XBBSby lor e




























So applying kbk2 moves an odd of times
would result in XBBS T f sh P

Pinkpermutations are usual rowreadingwords 54321
Nonecircles are backward rowreadingwords

igray.fmcloudcircles are permutations
where

solitonDec RsinsertiontableauCTD X

ki is a Knuthmore yxz Y Gstkind 54312 0 None
EE is a Knuthmove y z yEndkind

KI
X means noKnuthrelation xx

t
53412054213 O 0 None
r

4 He In to xxxx
I nd t

innit 54123 toff 4351252413 OCT 53214003
41 I
E in x'mix ni It y r t t t t

inv6 45123 End 5312400 COLT 42513 O Ewf 43215

I t l
if't X xxxxx'd.fi xx i i MYth t X v

Ewf O 35124 EDIT 43125521340 OCT O 32514

i nd 1 xx µ
Erwin Kit x x xx xx x x at Ifmt X 1

3 512344 Off 0 EwT u
3412525134COLT 4213500 End

n l I f
fir Xx adjutX m Yy fsi kn y dy X v X f X

q f 4123500 EwTEuTCfC 24135cg 32145

r

ii x txt nd taxsa Iv
to Cf 31245C LD
l

s I
to0 21345 None

x x x

12345



means permutations
whose Xi 474T

E I

t I

t I SD 143 43
2



Recall

Remark1

Lef w e Sn Let 7 w be the shape of soliton dec of w

We know from Exercise5 Cor of PS3 that

Cw the of positive parts of Ncw is the ofdescents of W 11

Remark2
Let WE Sn let P PCW let r bethe row word of P Then P Pcr

et Xw r Sh P let 7h w be the shape of soliton dec of w
X4r be the shape of thesoliton dec of r

We know from Exercise 6 that Mcr XG fSh P
Note For some X w _X w shP but in general 74W C Nw

dominance
ordersee

PDFProblem1part1
sects



lemma l Let x y E Sn

If if Es Es k
y C k o k o ok G y

is a path of KTKT KI KI moves where
each move is either a K move that is not a Kzmove

or a Kz move that is zot a K move

then the of posparts of Icy is equal to

L
1he ofposparts of Xcx

Pf
ByRemark I for any we Sn

of pos parts of Wcw is equal to descCW 12
So we only need to show desc x desc y

K
Suppose ac Ca is a K move but not a Kz move
Case 1 case 2

tf ae Ii n

b
adf.ieitsince.ec

Ski Ski
T bacd where c d T baca Where 91 9

So kill has the same numberof descents as IT

Ks
Suppose ac Ca is a Kz move but not a K move

Case 1 case 2

HI dcab HI aicab
K2 fK2

T dacb where c d T anacb where a a

So KICT has the same numberof descents as IT

Tga



Prop I
Lef r be the row reading word of the tableau P

Then we cannot apply Kat that is the Knuth move of the
second kind

where we replace a acb with cab

If A perm re acts Cannot be the readingword of a tableau

Tme Fa

Let r bethereading wordof thetableau P
hen wecannotapply KF that is theKnuthmoveof the 1st ki

be

where we replace bca with bac
Counterexamples 2413 32514 r 89247,10 1356

Prop 2

Let br be the backward reading word of a backward tableau BP

Then we cannot apply kit the Knuth move of the first kind
where we replace bac with bca

pea mn Hac cannot be the b

rdjiinten.ttgn

g'q anveqtijozgLtf2Pr
1 3
2
br 789456132

Prop3 Prop4

Let xy E Sn be such that Let xy E Sn be such that
kit KIK y Ki KIK y
Then desc g desc x I Then desc g desc x 11

If y b Yaba If X b Yaba
Kit KI I ki i ka

ba ac bz y ba ac bz
A Cbi bz L C a Cbi bz C C



lemma210
Let we Sn let P Pcw let r bethe row word of p Then P Par

et Xw r Sh P
et X w be the shape of soliton dec of w
X4r be the shape of thesoliton dec of r

oneKnuthmove
suppose r iz w written k Cr KsCr w

Then ki Cr Kz Cr w

the ofposparts of Icw is equal to

the ofposparts of Xcw 1 I

Pf Prop1 we cannot apply KI to a row reading word
Bstppose

r b cabs where AAE EE A F
Then KTCr KI r w b a c bz

So desc w desc r t 1 for see Prop 4 r 89247 no 1356

ByRemark1 of pos parts of XL w is equal to descw 12

and of pos parts of Mcr is equal to desccr 11

By Remark 2 X4r X r shP tend

Lemma 2 Let WE Sn let bP backward RSinsertion tableau of w
Let her be the backward row reading word of BP

Let 7 w X br Sh BP
Let X4w bethe shape of the backward soliton decomposition of w

which is known to be the same as the shapeof theforwardsoliton dec of w

Let 74bar be the shapeof the backward soliton decomposition of br
which is known to be the same as theshapeoftheforward soliton dec of br

oneKnuthmove
Suppose br Tak W written k Cbr _Ks Cbr w

Then kTCbr KECbr w

the ofposparts ofNcw is equal to

the ofposparts of Xcw 1 L
PI By Prop2 we cannot apply kit to a backward row reading word

convention 2 convention 2Same proofas in lemma E
qq9 if br 289,19145736

36 z o a ro



Standard Def
Let Tl C Sn

Let i Ti Max KEEN Ti L 417k for some i L Lik
denote the size of a longest increasing subsequence of IT

Let u Up Uz be a finite sequence of numbers
Let i u _Max K I Ui L Luik for some ii C Lik
denotethe size of a longest increasing subsequence of IT

Chooseournotation
Let Io 0

Let Ik Max CUD t icud t tick
IT U I421 14k

where the maximum is taken over ways of writing it as a

concatenation 41421 14k of consecutive subsequences of IT
LPs uses the term non interlacing

BBS
Let IDK Ik Ik y for K 1 Standard

or7k Let ik it be the length of Tl's
Let X XBBS Xi 72,73 longest k increasing subsequenceor XL

Sagan Sec 3.5

I tableau

12 5 witnessedby1512364 1523614 etc iz 6
iz 6

Is 6
ARS Ti a

ooo

D 4 I l

Notes Ik E Fk go XBBs yrs
Dominance

usualcomparisonof numbers ordering on
integer partitions



Standard
Let IT C Sn Wesay that it n I is a descent of IT if Tio Titi

The descent of it is Des Ti ie n l Ti Tix
or Desc Ti ifyouprefer

The number of descents of IT is denoted des Ti or desc t

Let u Up Uz be a sequence of numbers
We say that i is a descent of a if Ui Uite

The descent of is Des U i CZz Up U it
or Desc u ifyouprefer

If u is finite thenumber of descents of u is denoted descu
or desc U

Chooseourconient
Let des U if u is the emptysequence

des is likein Lewis blog

or u It descu otherwise
likeNAinELPS
or ndescu

Let Do O

Dk Max des CUD t t des Uk for K 1
IT UUUzU VUK

where the maximum is taken over disjoint subsequences u of IT
BBS

Let MEMk Dk Dk y for K 31
orMLK Standard DefBBSLet M M Xi 72,73 Let dk it be the length of Tl's longestor ML kdecreasing subsequence Sagan sea 3.5I 2 3 4 5 6Eg 11 1 5 2 36 4 MRS shape ofstab1eauJtransTseisidesixenHk.sHtr.s

DEdes 12604 tdesC3 2 2 4 d3 5
dy 6

Dz 5 g
14 6 M 3111111 Mrs t 2,2 i i

BBS Rs
Note So M Z MDk Z dk Dominance

usualcomparisonof numbers ordering on
integer partitions



This 1

TI W E Sn

If T and W differ by one Knuth move that is not

both a Knuth move of the 1st 2nd kind

then Dk Ti Dk w t k



Proofof That case2Cicase 1Cii
Case 1 i y Kitt dcab Ckd

t bad d
3 t4

y kIc acab CalaIT baCd x IT aacb

Supposethat 4,42 Yk are disjoint subsequences of y
s.t Dk des un t t des Uk

wewill now show Dk y f Dk by producing
disjoint subsequences ui uz's uh of where de Cui E desCui
See Fig 1 for 15 different cases

First suppose Cand a are in distinct subsequences inthefigure allbut fit intothis case
Then set Ui Ui for all ie KT
Since des CuiD des Ui for all i e KJ we have DK y 2 DkCx

Next suppose b c and a are in the same subsequenceagoof y Inthefig see and40

Define Ugo to be the subsequence of which is obtainedby swapping Cia with a.cn
Define Ui Ui for a T C k j Then

des Uj Des C b a I Desk qc 3 fdescujD so DkCy C Dick
mayor maynot be a descent

Finally suppose c and a are in the same subsequence say vlog Ug of y
and b is in a different subsequence say Uz of y Infig see30,20

Write Up as a concatenation
u I U I

U C c wCa
of two subsequences UnI endingin c and u starting in a of y

Write Uz as a concatenation UZI Uz
Uz b Ll

may or maynot be a descent

of two subsequences 421 ending in b and Ust of y
Note that if U2 ends in b then UZI is empty

UZI YI
Define un C L1 a 7

Uziunits u CUj C
if b contributesto des uzand Uil Ui for all i C Ck 1 2 then c contributestodesced

Then des ul 1des uz Edes Ui desUI



u C b a d
Given g U U Vuk
construct uiw wyd a b D bcadu

I descu descuid C bacd
ai

u C g cd

uit UE
u_C cUcad
UzC bUC 4 c d
UE FI UEC.sb.ca

a b a b if b contributes to descud a b a b
d c d c thenc contributes todescui d c d c

y bEgad
y bead y bead y bEad

x bacdxx bacdbacd x bacd
U C b

yo u TI l9 Ui Ui ui u
uic.sb.ae

us C c Llc descudsdescuz
uit UE

UF UF
u_C bd C bwed
uz C ca C c Uca

UE KI
a b a b a b
d c d c d c

y bead y bead
y bead

bacd bacd bacd
Ui Ui C c Uil Ui

ui 4Cd
UE TE

us C b Uca
uit uit

u c id uit TE
gCca C cwca
use b c bwc

a b a Cab a TF TF b
d c d c d c d c d c d c

y cad y c d
y bead y bead y Ead y bc d

x Obacd x acd
bacd x bacd x bacod x b cd

Ui Ui Ui uu ui Ui Ui ui uiui u
u C buca

u uit
us C cLic

d c u u uit ust

y bead

x bacd

C



CaselCi const

T Kitt bead K d

x IT bacd
Supposethat 9,5 Yk are disjoint subsequences of X
s.t Dk des CVD t t desErk

wewill now show Dk I DKCD by producing
disjoint subsequences Vi ve of y where de Vi E IIdesCri
See Fig 2 for 15 different cases

First suppose Cand a are in distinct subsequences inFig2 allbut fit intothis case
Then set Vi Vi for all ie KT
Since des CriD des Vi for all i e KJ we have Dick 2 Dk y

Next suppose b acid are in the same subsequenceUgoof x Inthefig 2 see

DefineVg to be the subsequence of whichis obtainedby swapping b a c d with bCsadDefine Vi Vi for a T C k j
Then des v Des C Eiggd Desk b g d des Vi so Daca c Dkly

Suppose a c d are in the same subsequence say 7h of
and b is in a different subsequence say vz of x seeFig2,30

write Vy sa c d as a concatenation

Y C a U cUcd
TE

of three subsequences VII ending with a
the one element sequence c
and TI startingwith d of x

Write Vz C b as a concatenation
V C bWC
TIE FI

of two subsequences I ending with b andVE of X
Note that if Nz ends in b then TI is empty

Define Vg C aUcd
TE

Vz C bWcc Llc
FE FE

Note that c doesn't contribute to des and b doesn't contribute to des
f b contributes to desCVD then c contributes to des VI So
des Era 1 des CVD dester des Gi
Hence DkCx E Dk y



Finally suppose c and a are in the same subsequence say vlog Vi of X
and d is in a different subsequence say Vz of x infig 2 see

Write V as a concatenation
V I YI

V C a wCc

of two subsequences VII startingin a and V ending in c of X

Write Tz as a concatenation VII VII
Vz g LICd

may or maynot be a descent

of two subsequences VII and VF startingwithd of x
Note that if Vz starts y d then TI is empty

VII VII
Define Vi C u G

V VII
VI UCd

and Vi Vi for all i c Ck 1,23
Then des Vi 1des E des tr tdes

since if the element to the left of d in Nz contributes to desCVD
this element contributes to des Eri



Given V U Urk vi C bc ad
construct y Viv UVa a b 5 bead desai desU

yMtg2 d c x bacd
U

Y C ba cd I
xx

vi C 14cgl
vi C a Ucd YI KI
TE TI Vz'sC baucd2 nera f 4144 KI YI

ZI
b a b

if b contributes to descry
a b a b

d c d c then c contributestodestri d c d c

5 bead y bead y bead y Ecgd
x bacd bacd bacd x Egad

Vi v IE TEVi Y Y C a cUcd Y c wed
FI desfr.idesfrddesfr.Ddec.GLv I vz c aHcc

vz C bWC vi H TE TETE TI YI ZI
ri C a ucd
KI v E

a b a b a b
d c d c d c

y bead y bead y bead
bacd bacd bacd
ri v ri viV L b Ucd

YI TE
Vz C a Ucc
TE TE C a uld 7Y

KI YI
vj C Ducev I zit

a b a Cab a b
d c d c d c d c d c d c

y cad y bc d y Obcad y c d y cad y bead

x acd b cd Obacd x acd Obacd x bacd
vii v ri Vi vii y Vi Vi Vi V

V _C Ucd
YI TE

d c ri i ifthelastett of YI
y bead contributes to descend

thenthis same ett
x bacd contributesto des

end of case Tci of Thin 7 since ccd


