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for the five permutations
in Ss

which has bad pattern but whose
soliton shape RS shape

Use soliton decomposition instead of solitoncontent

Ref Sagan Ch 3

Fukuda Box ball systems and
Robinson Schensted Knuth

Correspondence 2001 2004
a Wikipidea Permutation pattern

Mose checked my computer
Upto ne8 for any permutation t.sn
you can f d a sequence of

decompositions of IT so that if you write
the decomposition containsthe down an
i Ddecomposition fr a k

algorithm
a p D µyite qsg
T TITH Th DE subsequencesi L
Tl IT Ti1,41Tn

y where g ti Try to find an algorithm

4 7 9Fit Tn Def
to prove this

where k i j

if Pi
f 1

each block is decreasing



Some notes on Sagan Ch 3

Sec 3.1 p 94 Sagan as P Q
i

iii Eff 4357J IffSage RSK
Crowinsertion Crow recording

Sec 3.4 tableau tableauSagan

Def say it GE Sn are P equivalent

if PCT PCO
ki

Eg IT 2143 244,3 24 I 3
pct Qt

K2
1

4 13

It

This makes sense because RSmap is a bijection
between Sn and pairs RQ of standard tableaux

If P 3,7 you can only pair P with Q fT or

Det say a o if you can exchange

HII
y Izargest y

largest DEI 8 IT if there is

f f a sequence of
smallest smallest Knuth moves to go
k

Say K 8 if you can exchange from F to T

Xzy c ex y THI IT g Iff
e emiddle middle Pct



Def Given a tableau P Ri Rz Re
the row word Ew reading word rIading word of P

is the permutation Tlp ReRe l Ry

If p 12357ft then the row word of P is

Tp 4 26 1 3 57

If P 1434 then the row word of P is

Tlp 24 I 3

mma_ Applying RS map to the row word Tip for tableau P
row

would result in the insertion tableau which is P
Eg

4 26 1 3 574 G w

26
4

16
2
4

1357J instaerbffanu for 426135726
4

Practice Prove lemma 3 4.5 of Sagan Sec 3.4
ur



1 9 Fukuda BBS convention and RSK conjectures

The Fukuda convention of BBS opp to the first convention from notes
Problem I part 1

Defy starting from an initial configuration
a BBS move is to let each ball jump to the

next available spot to the right
starting with h Z 3 Ki

Con g soliton
43 w34

decomposition Ka
t O 2 1 43 Soliton
Ttt 137
2 2 4 13 4 not a standard

2 tableau

241341,3J 14437 It is a standard
4 1 tableau
te 2 24 I 3

Solidecomposition
Increasing

Def The content is the list of blocks where each block moves

at the same speed the length for each t after t large enoug
oftheblock number

soliton
decomposition

to 42 3605 I 7 1 35 7
Ttl 4 62 1357 LP offer
f 2 4 62 7 3 57

42 365 I 7
soliton
decomposition

to 4261357 123657 forf 1 4 26 I 357
a 42 61 357
is the same as

the Crow insertion

Def A descent in a permutation pESnis
tableau for it

it n where IT IT
Sage Permutation C 3

descentsC



Do not use this
notation

Notation tentative Thinkaboutgoodnotations
Use the notation inLet t the length of a longest increasing subsequence notes

ICT Problem1 part3b
in pc 1ees s

Let Ria Tuffyµ
U t Uk

decreasing w

Let Cy T1 Max NDCup NDC
increasing

F UwU2week

Sec
Corollary1.9 of localized Green's Thm lemma2 li s

from Notes Problem I part 7
solitonet decomposition TI be as described above

The Soliton shape is a partitionsoliton
decomposition soliton

The shapeof decomposition TI is given by SCshape Rr RzRl RzRz
The conjugate of ftp.sitiosnhape is given by CG Cs G G ca

REUExercief.eeProve the corollarty a Think of notation You like
REU Exercise 6 See REOReport overleaf

Let T be a standard tableau increasing along rows cols
hasdistinct entries 1,2 oh

Gd InReaReport week6 prteskentation Forward

If it is the frF
d
reading word of T prove that soliton Dec CTD T

taste m 2 IE art III ns.emes.egertahe.sditonatto
If the system decomposes into solitons at c o then IT is the row reading

word of the row insertion
Ptableau

If it is the backward rowreadingword of T Aubrey6b will
prove Backward SolDecca T

Work on

f it
i

i i i in
If convention 2 modify the backward RSK to fit convention z



Conjectures Problem I Part 3
soliton I checkedSolitonshapeCTD RSPartition T iff decomposition T1 RS row insertion tableau to n z

conj

0 step
row

et F E Sn P PCT or the reading word for P
Compute examples where K.fi when possible

KECTD

First step
row

et F E Sn P PCT or the reading word for P

If Kit r where K is one Knuth move that is not bothK'sK2

then applying one box ball move to IT gives a config P

SolitonDec T is a Standard Young Tableau Tff solitonDecca PCT

Purpffepousified

e

SolitonshapeCT RSpartition iff asDIfosition t is a standard Youngtableau a 8
checked

e 9 SEolitffent 42 365 7 is not a standardYoungtableau Pto

still a conjecture CD

yBBS t XRSCT

If Soliton Shape T RS partition TI

then Soliton Dec CT is a standard Young tableau



If T ESn avoids 2143 and avoids 3142 then I edn
decomposition

SolitoncontentCT is equal to the Crow RSK insertiontableau the P tableau

Note the other direction is false for n 5

If solitonshapeofTl isnotequalx theshapeoftheasktableau mutationstocheck
then containsaces as a pattern orit contains3142 as a patternnotetheotherdirection isfalse for n s

Notes on Cory

Lemme Each Ri Ai for all i E En

iff soliton shape F TCF

By REU Exercise 6

conjecture is true fr row reading word and also
all the permutations you get from applying BBS moves

backward starting from a tow reading word



Problem Give a criterion ns.Tnagtbpattern avoidance others for permutations TESN

Where Soliton Shape F RS partitionCTD

Fukuda

Ipsec1.9 One BBS move is the same as applying Fy n times

Corollaryof Applying Fy means
LPS
paper Make ball jump to the first available empty

cell

Change to

Then decrease the table of all the other balls by 1

E.g T 2 1 43
I 3 240

21 3

31 240
2 4 I 3



1.10 21 4 3 and 3 1 42 Pattern Avoidance

Ref Wikipedia PermutationPattern started by Knuth 1968
Defy Let TE Sn

We say that IT avoids the pattern 2143 or IT is 2143 avoidingbad c
if the 1fine notation of IT contains no subsequence b a d C

where a b Lc d

Say IT is 3142 avoiding if it contains no subsequence c q d bca db
where a b Lc d

Say Tcontainszi4zasapatter if IT has a subsequence b a d C
where a b Cc Ld

Say IT contains 3142 as a pattern if IT has a subsequence
with the same relative order as 3142

REU Exercise 7 Use Fukuda BBS convention

Let n 4 Show IT C Sn is 2143 avoiding and 3142 avoiding
if andonly if sage permutation

cnzz.iD.RS Partition

the soliton shape of Tl is equal to Xt the shape of the Rs partition
if andonly ifthe soliton content of Tl is equal to the Crow RSK insertion tableau

the P tableau
Sage RSKC 1,234 fo

Moreconjectures listed w the rest of PROBLEM I part 3 conjectures above

If T E Sn avoids 2143 and avoids 3142 then
solitonContentCT is equal to the Crow RSK insertion tableau the P tableau
Note the other direction is false for n 5

if solitonshapeof isnotequalxtheshapeoftheasktableauthen a contains aces as a pattern orit contains3142 as a patternnotetheotherdirectionisfalse for n s

There are five perms in Ss which have 2143 or 3142 as a pattern T
but the same soliton contents as the P tableaux
wez s l 43 decompositions

o 325 14 a y 352 1342ftµfw 25134E is its own inverse 0425 I 3 Note a areverse

2 Two are row words pcomplement

There are 76,774 of sometableaux not a row word
for a 6 n 7 GIF standard not a backward row word



235g are both backward row words for
Wz

backffrd
p Qwi 35142
z 5

42 54

142 354

15g 35g



TaskMake sure you Defy The of a permutation Th Tiz Tin is
believe this sage pi complement r n11 Ti Ntl Tz ntl Tn

CBReme If Xii PCI is of Cr i i l then the soliton shape
must be XLT

Question Give a criterion ns.Tngaytspattern avoidance others for permutations TIES

Where Soliton ShapeCT RS partitionCTD
Sage practice for checking if IT is a row word reading word

Sage RSK 41,35,27 o readingword permutation
Permutation 4,113,512

False
Sage RSK 5,443,4 fo readingword permutation

Permutation 5,443,4
True

Sage Practice for pattern avoidance

Sage wPermutation 6,2 1,3 7,5 4
sage W avoids 2,1 4,3 should be False because 2,117,5 is a subseq

2 1 43
False

sage for n in range 2,10

P Permutations n avoiding 2,114,33 3,14,2 2143 avoidingAND
3142 avoiding

I
Print n tenCPD

2 2
36422
5 90
6 395
7 1823
8 8741
9 43193

OEIS task
Go to oeis.org theOnline Encyclopedia of Integer Sequences
and enter 2,6 22,90 395 1823 8741243193 in the search bar
This particular sequence would match with an entry

Try to look up other sequences you see this summer

when running computation



1 11 Biword dual bword Ptableau as conservedquantity Ref Fukuda Sea 3

If Biword and dual bi word
Each BBS configuration with balls colored n can be described as a biwordy

i iz ik in where The L Twi
wiwi wi

wit aiodneI.nhesbEneatbanPositIn.for an
Symbol 0 denotes an empty cell

g boyby bozxbqxbofbgxbyoxbgoxbgoxbioxb.co xbiz
configuration 0400 0 o is represented by the

biword w I 993 f t

boyboybozxbofbofbjxbyxbgxbgxbioxbiixt.IE

Configuration o o o 00 is represented by the

1 23 4 5 67
biword W 423 651 7

i iz ik in
Given a biword W

wiwi wi w
its dualbiworde w is

y 2 c K a nof the form w bybz be a b

where bk is the position of the box which contains the ball

I 23 4 5 67Eg the dual biword of w 42365 y is w 4556477

Note If w is a permutation in 2 line notation then
w is the 2 line notation of W l the inverse of w as a function

Eg the dual biword of w 2456 9931 t is w t fi
In Fukuda the bottom row of the dual biword w of a configuration C
is called the sequence associated with the config_c



Eg Same example as above

configuration biword dual biword

t.ofbozbgxbqxboxbgxbyoxbgxbgoxbooxbgxbiz.ae y z 3 4 5 67 w
I 2 3 45 6 7

O O oooo o W 423 651 y 623 154 7

afterone FukudaBBSmove boxball sequenceb46 2,3 1,5 4,7

boyboy bgxbqxbofbjxbyoxbgxbgoxbojbgxbo.jp 7 2 34 5 6 7
O o 0040060200 w 245662993 I t W e 692,195 n

boxball sequence b 8 6,9 2,105,11

Given a BBS configuration c we associate to c a pair CRQ
of tableaux by applying the KSK algorithm to the biword w

see Sec 2.4 of Fukuda for RSK on a biword
RSK P Q1 23 4 5 67W 423 65 I 7 23 6 1 34

4 2

23 5 I 3 4
4 6 25

D W Q 1347ft2 6 25
4 6

insertion tableau recordingtableau
of w

w 25 6 89 10 Rsk I I
4 6 21 357 4 2

4 6 25

Sage Wtop 2,5 6 8,9 10 2 6 25

Sage Wbottom 4,6 2,1 3 5,7 4 6

Sage RSK Wtop Wbottom 1 6 25
2 6
4 8

p.LI 57Q g2g5ioJT



him 3 6.6 Sagan Sea 3.6 If TE Sn Pit D Q T and QC PCT

A more general version If w is a biword P w QCw and Q w P w

1 e the Ptableau of a bi word w is achieved by
RSK row insertion of the bottom line of w by def of RSK
The Q tableau of a biword w can be achieved by
RSK row insertion of the bottom line of the dual biword w

Thin 3 I Fukuda

Given a BBS a list of infinite configurations co Cr Ca

starting fromtime to then apply one BBS move foreach time increment
associate each configuration Ct with a pair of tableaux RQ
as explained above

I The P tableau is a conserved quantity under the time evolution
of the BBS
That is let Wo be the bi word which represents the configuration
at time 1 0 and let Po be the insertion tableau of Wo

Then for each time t the insertion tableau of the biword wt
which represents the configuration Ct at time t

is equal to Po

2 The Q tableau evolves independently of the P tableau

Proofs are given in Sec 4 Fukuda using concepts in Sec 3 Fukuda

Possible task

Study the proofs in Sec4 Fukuda and concepts from Sec3 Fukuda



I 12 Carrier algorithm Ref Fukuda Sec 3.3 carrier algorithmand See 3.4 Timeevolution w a carrier

The carrier algorithm is a way to transform a finite sequence w wiwz Wn
into another sequence W wiwd Wh Using
a weakly increasing sequence G Ca Cz cm called the carrier

The carrier moves along w from left to right
while the carrier passes a number wk
the carrier loads wk and unloads wid

Wi wz Wn
l lG p

I WnWi w

Ruleofloadingadingforter
Say the carrier is about to pass the number wk in the sequence W

So we are about to load wk onto the carrier

Let Cie i Cc Ca cm be the sequence of
c EEE CCm O O 00

numbers which have been loaded on the carrier

Compare wk with the numbers in the carrier 4k y
If there are numbers larger than wk in the carrier Gic l
then unload a smallest ofthose numbers
and load wk in its place into the carrier

Otherwise all the numbers in the carrier Gk are smaller equal to wk
Then unload a minimum entry in the carrier Gre l
and load wk onto the carrier

wk min Ci C G'e wk c if there are numbers in the
carrier City larger than wk

CI otherwise
dik is the sequence we get from the previous carrier

by unloading Wk and loading wk
Det Given sequences G CqCz cm and W wi Wz Wn

GECZE CCan
start with Co f and repeat the rule of unloading loading for each k 1 n

to get new sequences G ch and w

Call the transformation C w wi the carrier algorithm



1.12.41 Original Carrier algorithm using the configuration
CExample 4 Fukuda After oneFukuda
bfxbqxbgxbgxbqxbgxbgxbofbgxboqxbfx.ec BBSmove bfxbqxbgxbgxbqxbgxbqxbofbgxboqxbfx.ec

Example 6 Fukuda Original Carrier algorithm using the configuration
W Config

30,40 e e e e e e and the carrier G Ce e e e e
w wzWyWyWsW6wxWgWgHow

Here let e denote an empty cell and think of e htt

W wz w5 w4

Got ee eel l eeee eee X eeti e e
i l

Wi's w'z wi e Wy

Wg W6 Wy e wore

l e eel i 7 eel is ee l e eel
I l

wi wa wi we

Wg e wo e wife

losee eel i Ieee eel ee e ee ite ee ee
I

W
Wg w e u e

The carrier algorithm gives us w e Ce e e 2,3 e l 4,5 e e

Prop 3.2 Fukuda Original Carrier algorithm using the configuration
Fukuda

One BBS move can be described by the carrier algorithm
with G e e e as the initial state of the carrier

The final state of the carrier will again be e e e p



412 Lii Carrier algorithm using the box ball sequence
Recall the boxlabel sequence b Cbi bz bk b the bottom row of

the dual biword WK see Sec3.2 Fukuda

Prop 3.3 Fukuda Carrier algorithm using the box ball sequence

One Fukuda BBS move as a transformation of the box label sequence b b

f
consisting of the positions labels of all empty boxes in the interval

Dp q are chosen so that all the balls of the two
configurations are between box p and box g

Example 4 Fukuda
Aiff IIe bqqxbgxbogbqxbsoxbgxbofbf.bgbfxbqxbozkbgxbqxbgxbgxbofbgxboqxbqx.ec

Dual New
biword w 51236 Lifford 74589 D

Example 7 Fukuda Carrier algorithm using the box ball sequence

Dual
Take Big e n

biwordW g y z 3 6 s so the box ball sequence is b 5 1,2 3,6 the
bottom row of the dual biword w

The initial configuration is f 4 7 8,9 10,11
the labels of all the empty boxes in the interval 1,11

b 5 t b I insert bs2 I
fled14,078,910,111 7 04 5,8 9,104 3 90,5 8,9 lo 1,02P 9,1

unions tamps
bi 7 b'g4 bz 5

by 3 656
11 2,039,10 1,2 3,600,1 and so b 17 4,5 8,9

by8 b's go



I 13 Carrier algorithm bumping in RSK and Knuth transformation

Remark also stated in Csec 2 2 Fukuda pg 102 Sec3.4 Sagan

The bumping algorithm in the Rs correspondence can be described as
a move

c b
insertb Examples 7 g insert 5 5 911,20i K d.dz b c bd.dz i 120 1 7bump a bump 7

or c b
cit ca.azarab cca.az ar 237 Iffier 235

or n u
insert b c b

liiifqq.qcd.dz b c 992arbdid 23 79,1420 Insert 23 5 911,20
bump c bump 7

for a.az ar I b L c Ed Eda
Eg cdidzbi

cdcbdztcbd.dz
Situation i shows two words which differ by

a sequence of Knuthtransformations of the first kind SeeSaganSec34

Situation ii shows two words which differ by
a sequence of Knuthtransformations of the secondkind

The transformation Ciii is achieved by applying i then

Eg a c d b 17 a c b d a c b d t c a b d

lov Det A trivial transformation is when no letters are rearranged2
insert8insert2 e

x b bz e br z 1 7 x bbz br Z 9 4 5 78 8 8 4 5 78 8 8
bump x bump4

where X E b bz E C br E 2

Note we don't do Civ in the RS algorithm
But we do

insert2
X b bz e br z 1 7 x bib br z

no
bumping



Remark 4 Fukuda Seo 3.3

Each step of loadingfanloading is applying rule i sequenceof twoKnuthtransformations
inserting bumping see previouspage

or the trivial transformationCV

An example of Remark 4 Fukuda

From Example 7 Fukuda Carrieralgorithm using the box ball sequence

b 51,23,6
b 5 b in bs2 by3 656

fled14,078,910,111 71405,89 io O 58,9to I e 9,1 11,203,9 112,3 laid
by8 bsq

bi 7 b 4 bz5
inserts inserts

inserts inserti insert g 3 863g 3,946 794,61047 8 5 7458 4571 445 15872 5428 bumpgbump7 bumpy bumps bumps
42557 8 14425 and so b174,58,9

G'bGlobbzbzbybs 7biffbz.bzs4bs bibIfzbzb4bsTbibIbjfsbybs bibjbjbcifbs bibibjbcibs.GE_b'Gs

G'bGlobbsbbybs 14.7.8.9 IO 5 I 2 3 6
Cio b bzbzbyb

biGbz.bzs4bs 7 1 2 36
bi G bzb3bybs

bibifzbsb4bs 7 411,5 8,9 lo 11 2 36
bi bi Gz bisbyb

bbibsf'sbybs 7 4 511,2 84,9 lo 11 3 6b bi b bybs3

bib'zbjb4G4bs 7 4 5811,2 34,9 lo 11 6b bibsbei bs4

bbibsbibsG's 7 4 58 911,2 3g6,10 I b f's
b bibsbybs 5



Anotherexample of Remark 4 Fukuda
From Example6 Fukuda original carrieralgorithmusingthe configuration

WConfig 30,40e10,50e e e e e and the carrier G Ce e e e e
wiwzwswqwswbwtwo.wsHow Here let e denote an emptycell and thinkof e n11

w WE w5 we
i w wai

dof e e eel I ee ee eeel i t ee l eeel i 3 eeli

wi wie wi e wa Ws wi
wie woe w wa w e wore

ee I eeel 7 e e ef i 7 eel ee I eeel
I

WI O wok4 Ws wa w we

w e wiewg e o

loseeeel Ieee eel ee e ee ite e e e ei i we
way w e u e

w GowwawsWi I e e e e e 2 3 4 e i 5 e e e e e i
Go w waw wautwawawawamow

wifwawsw e I 2 e e e e13 4 e i 5 e e e e ewi G waw wautwawawawamow

wiwzdg.ws w e e 123 e e e14 e i 5 e e e e e CiwiWI G w wautwawawawaHowz

wiwiwjfz.iq w e e e 123 4 e ele i 5 e e e e e trivialwiWIw 43 wewewawawawaHow

wiwiwjwif.ws w e e e 2 13 4 e e e fi 5 e e e e e i
wiWIw Wei 44 Wswawawawaw wi

e e e 2 3 114 e e e f e e e e e fiwiw'sw WeiWsl 45 wawawawaHow

e e e 23 e I I 4 5 e ele e e e e b
wiw'sw Weiwetwig 46 waWowaHoWii

e e e 2 3 e I 14 5 e e ele e e e trivialCiv
wiWIw WeiWIwiwi Gy wawaHow

e e e 2 3 e 1 4 15 e e e ele e e trivialCiv
wiWIw Weiwjwfwf.ws 4g waHow

e e e z 3 I e e e e e e e trivialCiv
wiwiw w w E wy4wToi sq w w

e e e z 3 I 4 e I e e e e e e trivialCiv
wiwiw'swciwsewgwi.wsFawi ko w

e e 2 3 e I 4 b e e I e e e e e f wiWIw WyWjWbWjWowawiWnG W'dei
wiWI

Ew
Weiwjwfwf.wswawiWn Gi
The carrier algorithm gives us w e Ce e e 2,3 e l 4,5 e e


