



































































































































PROBLEM 1 Notes part 2
Ref a Textbook Enumerative combinatorics Vol 2 by Richard Stanley

Sec 7 13 Symmetry of the RSK Algorithm P 324
SageMath documentation Google SageMath 1 amathconcept
Blog post localized version of Greene's thm by Joel B Lewis

Last update Wed June 3 2020

Sage
Fte
To change the default permutation multiplication to be right to left

Sage Permutations options malt r 2L






































































































































1 6 Chains anti chains Hasse diagrams

Def Let E be a partially ordered set poset See See 1.5

A chain for totalorder is a subsetof P which contains no two incomparable elements
Anantichain is a subsetof P which contains no two comparable elements
A chain ismaximal if no elt can beadded to w o destroying the chain propertyoff
resp anti chain respantichain

Wesay is queeredbyy also y Lovers x
When x y and there is no point 2 E P for which X Z 9
The Hasseydiagram of P is a graph whose vertices represent
the elements of P If y in P draw y above x
If y covers x then there is an edge between x andysometimes weput a directededgefrom X to y

ItagEXampts lays ssagag.ee Ppposets
BooleanLattice

i Boolean algebra for subsets of n 1h23 1h33 kid sage PcoverrelationsTX Ftordered by inclusion Here n 3 gig gig gig sage Lena
Ray 10
0 sage Pwidthl size of a largest

sed to left 3 antichain

right
oppo Reaii The weak order on the symmetric groupSn Relevant for PROBLEM I

Defy If ITCSn and i Lj Tci Tcj thenthe pair ij is an inversion sage pi Permutation 43,2of IT sage pi inversionsc
sage Lena everypair ii j icjIn theweakorder on the set Sn 6

is multiplycovered by y iff x i i11 Y R 2h
andChe of inversions of X 11 the ofinversionsof y of Kelementsubsets ofCnHere n 3 In cycle notation K Cn Kin one line notation

eTheHassediagram
137 1127123742 2374223if 321 inv 3oftheweakorder i

lookslike the ns ay i
Cayley diagram 1237 427123 237427432 231 312 inv 1 2in a nof thegroupSn i 1
with generators i i
cnn.cm cni n i

cycreenotation 42 23 213 132 inv i

iid 123 inv _0
sage S3 posets SymmetricGroupWeakOrderPoset 3
sage view S3
sage S3 maximal chains
sage S3 maximal antichainSC
sage S3 greene shapeC explained at endof PDF

4,2






































































































































REUCiii Tamari LatticeCon 200 1 families of Catalan object Relevant for PROBLEMI

a The Tamari lattice on b The Tamari lattice CThe Tamari lattice ontriangulations of a polygon on Youngdiagrams permutations in Sn which
which fit into avoid the pattern 132

Say T is covered by Tz if conshighmiddle
the staircase meaning the one linenotation

Ta is theresultof removing a diagonal of Ti r r l r z 1 has no subsequenceof theform
and replacing it with another diagonal of larger slope partition a c b where a b c

equivalently a diagonal with higherendpoints
Here thepolygon is a pentagon 321

It i
truiaonaejiatrigmsthg.pe 231 312
5 II A

if5
405 II 213 13

3

0
5 1 23

2 4s

4 tIgqmataIg
sage P posetsTamarilattice
sage Len Pmaximal chains I
sage view P
sage Pgreene shape explainedatendofPDF
4,1
sage Pwidth size of a largestantichain
2

CV other poset examples
4 4a

2 3 2 3 2 3

o o
o l o l o 1

5 5

sage D DiGraph IOR 1937,43 sage D DiGraph EDGDChacad sage D DiGraph EDGDChacad
6,226,426.4 ago236,426,43

Sage Pl Poset D sage P2PosetCD sage P3PosetCD
sage viewpp sage view P2 sage view p

sage P1 greene shapely sage P2greeneshapel sage P3greeneshapely
Gaz 14,27 4,2
sagePy maximal chains sage P2maximal antichainst sage P3maximalantchains

Sage pi is lattice sage P2 is lattice sage P3 is lattice
False True False



I 7 Inversion Poset Ref Textbook Enumerative combinatoricsVol 2
Sec 7.13 symmetryof the RSKAlgorithm P324

DIE Let IT Izzy E Sn written in two line notation

Define the inversion poset or permutationposet ICT as follows
oftenusedtomean
differentthingsinothersituationsThe vertices elements of Iit are the columns IT or tuple T Ti forallic.cn

Define i E NI if i E j and Ti E Tj
Example Let it L I y gg f Then the vertices f and Y are not comparable

E and E are notcomparable etc
The vertex 3 is only comparable to and E
The vertex f is a maximal element since n 7

The vertex 4 is smaller than Iii for all i 4

7
Hasse diagram

5 sage w Permutation Ga ai 4,2

E 61 5.9 ftp.IEr.PEiontatjon poset
of ICT 11If

Compute X and M for it L I Y E EA0 0 Do 0
A size of a longest

increasing subsequence Dy size of a longest decreasing
3 e g 1,45 subsequence

4 witnessed uniquely by 7,6 42Az size of largest union severalof two increasing possible Dz site of largest union of
subsequences decompositions two decreasing subsequences
037614025,3760140250

g
5,037610425

fencioqupeosition

0376140250,376104205 5

Az 07061 425 376104205,0 4 5 1 6 Ds 4250,037601425 376 s

several possibledecompositions several possible decompositions
7

A 761 376 4 s M 4 2,14 s

7 i 425 3706i 4 s 7

I 3,2 I l
467 2356Remy lo n 2,5 is a longest chain 1 764,23 is the largest antichain

2 5,4 and 14,875 give a largest 2 EE45,623 and 3,43 give the largest
union of 2 chains union of 2 antichains

3 13,72 and 148,57 and 36 give 3 7736753and 3,93 and 54,623 givethe
a largest union of 3 chains largestunion of 3 antichains

4 3,5457and HE and 36 and I give
a largest union of 4 chains



An equivalent def of the inversion poset ICT

IConstruct an nxn permutation matrix with
in the 1T th square fro the ton of column 9

Eg
IT L I Y E E from the previous example

H
l

j
F 5 from bottom

IT 3 7 6 I 4 2 5

These are the n points of the poset ICT
Draw a line pointing north and a line pointing east from each point
These two lines determine a one quarter region of the plane
For now call this region theshadow of

Then define E Ij if Ig is inside the shadowof

A
H H H
KI KI KI

i est H H
H H Hx 4

IT 3 7 6 I 4 2 5 IT 3 7 6 I 4 2 5 TIE 3 7 6 I 4 2 5

Get the
same poset ICT
as on the
last page YI k Idk

k Y b

IT 3 7 6 I 4 2 5



1.8 Greene Kleiman invariant partition

Thin Greene Heitman The structure of Sperner K families 1976
Ak is the size of a largest union of
k chains in the inversion poset ICT

Dk is the size of a largest union of
K anti chains in the inversion poset ICT

pth fact we can replace poset ICTD with any poset
define Ak to be the size of a largest union of k chains in P
define Dk to be the size of a largest union of Kanti chains in P
and get two conjugate partitions
Here X is often called the Greene Kleitman invariant partition of P

Sage for n in range 2,14
Dom posets IntegerPartitionsDominanceOrder n
print n
Domgreene shaped

sage w Permutation 3,1 5 2,76 8,4 MuL 3142 D
sage pp w permutation posetC
sage pp cover relationsC
Sage PP greene shapeC
4,311
sage w RS partitionC
9,3I
sage W longest increasing subsequencesC
sage pp maximal chainsC

PROBLEM I part 2
Is there a localized version of the Greene Kleitman invariant
Can we find an interpretation of Ak and Dk in a poset
Start by observing patterns of Art Diefor the poset ICT

Note Df D but in general DE Dk and AtkFAK
Possibleinitialtasks

Choose a few permutations 1Twhose XLandMt wehavecomputed beforeTry to choose permutations with Nz 1
Draw the Hasse diagram of ICT using the nxn squareand shadow defStudy the set of ascents for Tl Describe it as a subsetof theposet ICT



Examplet
L I Y E E Compute the localized versions XL and Mt

At asci 11 H

IE'D ID 1 4
l DD r

Always unique bydef of ascit
µ a

D D D
ITI 3 7 6 I 4 2 5

At um
as a tastes

over all disjoint subsequencesof it

At runamu Casc CuDtascCuDtascCusD 6

disjoint subsequences of IT 2

We can do for example

i
Fone

subsequence f
Agley

inone subsequence
3 7 6 I 4 z s

Xt 4 1,1 t




