



































































































































PROBLEM 1 Notes part 1

Ref Links on

Stanley Enumerative Combinatorics roll 2nded egunawan.github.io

i
mt I c is

literature

Lewis Lyn Pylyavskyy Sen Scaling limit of soliton
lengths in a multicolor boxball system preprint 2019

Last updated 5pm Thurs June11.202

Sage Practice or Practice is a routine exercise you
should do on your own to help you become familiar with
the problem

REU Exercise is a more challenging problem which may

help you eventually solve the PROBLEM

You should save all your Red exercises because they are

likely to go into future presentations reports papers

During the Combinatorics group meeting
you will volunteer to present your answers or

progress to the REU exercises






































































































































1 7 The symmetric group
Defy Write In 1,2 n for h 1

A permutation is a bijection from n to itself
Two line notation IT I 2 h

e.g Tf I 2 3 45 67ITCH TG Tcn 4236 5 I 7

One line notation it ITCH TG Tin e.g T 4236 5 I 7

a cycle notation e.g T 146 2 3 5 7
146

Defy The symmetricgreup Sn consists of permutations of Cn

using compositions as group operation

This summer let's agree to multiply permutations from
right to left like function compositions

no
e g 148 14 76

sage
4 14g 4G

practice Do both computation in Sage Follow Judson's examples

Sage X Permutation lit 215,6
sage y Permutation 4,5 3,1 6,2
sage X y
True
Sage Z Permutation 4 5,3 1,6 2

Sage W Permutation 4 5,3 1,6
Sage z w
True
sage X W Use to do multiplication of permutations

You can go from one line notation to cycle notation

Sage pi Permutation 4,23,6 5 1,7
sage pi cycle string
sage pi to cyclesC

Sage
Practice Does Sage multiply permutations from right to left

or from left to right






































































































































102 Partitions

Deff A partition of h E Z o is a sequence X XpXz of

integers Xi where the Xi are weakly decreasing that is

Xi Z 12 7 73 7
and X Azt n

If 7k 0 and 7kt XK z O write 41,72 Xk
The nonzero terms Xp Xz Xk are called parts Say 7 has K parts
The number of parts is called the length of X denoted LCD

If X is a partition of n write Xtn or 171 n

DI The Ferrersdiagram of is an array of dots having K left justified
rows with row 9 containing Xi dots fr l I i E k
The Young diagram of X is the Ferrers diagram with dotsreplaced by
boxes
we also write the shapeof Sh X to describe the above

Note This is the English convention There are also French and Russian notations
E g

o o
a a a

Ferrers diagram and Young diagram of the partition D 66,55,3 2,1
Def The conjugate or transpose partition of X is the partition 2C

whose shape is obtained from Sh X by interchanging rows and columns
Equivalently the shape of Xc is the reflection of shCT about

the main diagonal
Rex Tfo of parts of X of size larger than or equal to f

X of parts of of size larger than or equal to T

Prof suppose D Xp Xz Xr andM Ali M2 are partitions of n
such that the number of parts of M that equal i is Ti Titi
Then XC M E g If D 4 3,1 1,1 then X C 5 2,2 1

a a a

a






































































































































SageExercise computeexamples with Sage

Sage lamb Partition 4,31,1 D
sage print lamb ferrers diagram l

sage lamb conjugateC
5 2,2 I

Sage lamb conjugateC Partition 5,212,13
True



1 3 Schensted's theorem

Definitions
For any K Zo let Ak be the maximum size of the

disjoint Union of K increasing subsequences of w

I 2 3 4 5E g Ti 34512 tho'traFion T Intestine notation

Ao_0 A 3 witnessed by 345 Az 5 witnessedby 345,12 Ak 5 V k z

For K Z 1 let Xie Ak Ak l
Let X Xn Xz
Sagetercise We can compute X in Sage Try it

Sage Permutation 314,511,2 RS partitionC

3,2
Sage print ferrers diagram

For any KYO let Dr be the maximum size of the

disjoint union of K decreasing subsequences

For Kyl let Mk Dk De i
Let M Mn MzMs

Eg for the same T 34512

DEO D 2 witnessed by 3D DE't witnessedby 31,42 DE5 V k 73

M 2,2 1 a

Note D 2 and M ER 1 are conjugate partitions



Practice Let T 795846321 Compute X and M by hand
Use Sage to verify your answers

Sage Permutation 7,95,84,6 3,2D RS partition
sage Permutation 79,5 4,613,21 RS partition conjugateC

TIM Schensted 1961 Longest Increasing and decreasing subsequences
Let IT be a permutation in Sn Then
the length of the longest increasing subsequence of IT is equal
to the size of the first row of the RS partition of Tl I havenotdefinedYet

and the length of the longest decreasing subsequence of IT
is equal to the size of the first column of the RSpartition of Tl

Thin Greene 1974 Anextension of Schensted's theorem
Let IT be a permutation in Sn Let X and M be as defined above

Then
i X is a partition of n i.e X is a weakly decreasing sequence of
nonnegative integers with sum n

Ii M is a partition of n

Cii X and M are conjugate partitions that is
Mi of parts of X of size largerthan or equal to I
Xi of parts of M of size largerthan or equal to i

Call X the Robinson Schensted RS partition

Why is this partition interesting Connection to representation theory of
the symmetric group and other mathematics



1.4 Localized version of the Robinson Schensted RS partition

Ref Lewis 2019 OPAC blog
1 4.1 Localized Version of union of increasing subsequences

Det An ascent in a sequence U Ul Uz is an index i St UiLUite
Let asccu denote the number of ascents of a
Let as u It asccu if u is nonempty

asc cu 0 if U is the empty sequence

e g If u 3,4 5,1 2 the ascents of u are the indices 1 2,4
So asc u 3

as a 4

Defy If T E Sn define

Ak Max Casc ai t 1 as Uk
Un Uk

where the maximum is taken over disjoint subsequences of 1T
L L L L L LX Tn Xz where Tk Ak Ate for k 1

Eg T 345 I 2 from before
L L L LA0 0 Ai asc f 4 Az as 345 1 as 2 3 12 5 Ak 5 H K Zz

A subsequence doesnotneed to beconsecutive
Here Xt 4,1



1 4.2 Localized version of union of decreasing subsequences
Det If U Un Uz is a sequence let

dCU the maximum size of a decreasing subsequence of U

Eg If u 3,4 5,1 2 then a longest decreasing subsequence is 1
So d u 2

Defy If it e Sn define
Dye Max d un t dCud t t dCUkD

IT U1421 14k
where the maximum is taken over ways of writing it as

a concatenation Unl421 lur of consecutive subsequences

Mt MfMf where Mkt DE DE for K 31
Eg IT 3 4 5 12

Dot0 Df d345127 2
Df d 3 d4512 otherpossible divisions are 34 512 and 3451 2

1 2
3

Df d 3 dC4 td 512 other possibledivisions are 3 451 2 34 51 2

I t l t 2

4

DY d 3 d t d DG
I t l t Z t l
5

Dk 5 for all k 34

So Mt 2,1 1,1

Note It 4,1 and Mt 2,1 I l are conjugatepartitions



1 4.3 Localized version of Greene's Thm

theorem Lemma 2.1 of Lewis Lya Pylyavskyy Sen CLU's
a

2019 Scaling limit of soliton lengths in a multicolor box ball system

Let IT be a permutation in Sn Let Xhand Mtbe as defined above
Then
i XL is a partition of n i.e X is a weakly decreasing sequence of
nonnegative integers with sum n

ii Mt is a partition of n

Cii XtandMtare conjugate partitions that is
Mi of parts of X of size largerthan or equal to i
Xi of parts of M of size largerthan or equal to i

Call Mt the box.ba temCBBs soitonpartition of IT

Optional task
Write a python function which computes
the Ants Dies XL Mt
The function should interact with Sage It should take thePermutation object as input and output the Partition object
put your functions in a py file if you'reusingtheTerminal

or in a cell if you use a worksheet I Calc
If you use the Terminal you can call the file fromSage bytyping
attach Ypath to file your file PYD
share the file witheveryone

Why is this theorem interesting The partition ML describes the longterm
behavior of a multicolor box ball system initialized with one ball in each
color 42 n arranged according to IT

The BBS is a dynamical system consisting of balls in an infinite strip

I



I

RBalls take turns jumping to the first available cell in decreasing order
starting with the largest numbered ball Use 0 s to denote the emptycells

Eg IT 3 4 5 12

t O 345 I 2 O O 0 17 initial configuration
34 0 I 2 5 00
30 4 1 25 O o
O 3 4 1 25 O O c

O 3 4 1 52 0
t 1 03 40 I 52 O configuration after one BBS move

0 3 4 O l O 25 0
O 3 O 4 I 0 25 o
O O 3 4 I 0 25 o e

O O 3 4 10 O 52 O e

t 2 O O 34 O l O 5 2 O 17 configuration after two BBS moves
0 O 34 0 I 0 O 25 O
O O 30 4 7 O 2 5 O
O O O 34 I 0 O 25 O a

0 O O 3 4 7 O O O 52 0

t 3 O O 03 4 O l O 0 52 0 D configuration after three BBS moves
i

Observe

t 0 345 I 2 O O
t 1 03 40 I 52 0
2 O O 3 4 O l O 5 2 O e

f 3 O O O 3 4 O l O 0 52 O
t 4 O o 3 4 o l o o O 5 2 U ca

t 5 o O 34 O l o 0 O O 5 2 0
t 6 o O 3 4 o l o 0 O O O 5 2 O
te 7 O O 3 4 0 I 0 o o o co O 5 2 O a

t 8 O O 3 4 o l o o o o o o o 52 o i

i

At every timestep starting at t I
the two balls 52 advances two jumps to the right
the ball 1 advances one jump to the right
the ball 4 advances one jump to the rightthe ball 3 advances one jump to the right g2

43

Optionaltask Figure out if this is implemented in Sage



Eg IT 6 34 I 7 2 85

t O 6 3 4 I 7 2 85 o o o

t I 0 0 3 o 6 I 7 4 8 52 o

t 2 O O o 3 o o 6 I 7 4 o 8 5 20
t 3 o o 3 o o o b l 7 4 o o 8 5 2 o

At Every time step starting at 2 1
the three balls 852 advances three jumps to theright
the two balls 74 n two jumps
the two balls 6 l il two jumps 852
the one ball 3 a one jump ti 74

6 I
3

Practice Check that µt 3,212,1 for 11 6 3 4 I 7 2 85

Tsing the definition of Dk

Compute It for T 6 3 4 I 7 2 85 using the def of Atc
Confirm that your answer is the conjugate of µ

Note M ML 3,42 D for T 6 3 4 I 7 2 85
but this is not true in general as you see with IT 3 4 5 12



Moreexamplest
1 2 34 5 Tl 4 3 21

1 0
9,2 34 5 Mt Chi 1,1 to 4 3 21 Mt 4

t l 2 3 45 5 E I 4 3 27y

IT 6574321
to 657432 I
E I 6 754321 Mk 6,1
2 6 75 4 32 I 754327

6
The 532186174

t o 53218674
t I 5362874 I
1 2 5 6 32 8 7 41 Mt 413,1
3 5 63 2 8 74 I 874

632
5

He 532787416
t I 5 3 24 876 I
1 2 354 2 8 76 I M 4,311
3 3 5 42 8 7 61

f 4 3 54 2 8 76 1 o o e 8761542

IT 521 384 6 7
3

t I 253 4 6 87 I
t 2 2 3 56 4 8 71 MK 3,2 I l D
E 3 2 35 6 4 87 I
E 4 2 35 6 4 87 I 874

53

Tl 3215 I 84176 a

t I 3 524 1 8 76
7 2 3 2 54 1 8 76 Mt 313 I c
E 3 3 2 54 1 8 76 o o p 76

o o o 541
IT 3 I 5284176 2

o 3
F I 3 I 524 876 o
1 2 3 1 25 4 8 76
f 3 1 32 54 876 ML 3 2,2 D
4 4 1 3 25 4 8 76 o 876o o 54

oo 32
o 7

IT 3254 I 876
to 32 541 876 ML 3,32
t I 3 2 54 1 8 76 ooo f74,6
1 2 32 54 1 8 76 I o 32



Eg Tt 5 4 2 3 I
f I 2 5 43 1
f 2 2 54 3 1

IT 5 24 3 I
t 1 2 54 3 I

3 2 54 I 7 6
t y 3 2 5 4 76 I
1 2 3 2 5 4 76 7

Tie 3 I 528 417 6
IT 7 6 8 4 5 2 31

t I 7 4 2 8 6 53 I
1 2 7 4 2 8 6 53 I

T 3 I 5 27 6 84
t 7 3 I 5 2 7 8 64
7 2 3 I 5 7 2 86 4

3 5 I 7 2 86 4
f 4 3 5 I 7 2 8 64
1 5 3 5 1 7 2 8 64

a 3 I 52 84 7 6 already did this example earlier
t I 3 7 52 4 8 76
t 2 3 1 25 4 8 76
1 3 1 3 25 4 8 76
4 4 I 3 2 5 4 8 7 6



E g
T I 7 2 3 5 9 46 8

Dye max dcu dad t dared

Ak max Casccu as cud
t uladtuk

un lk wherethe maximum istakenoverwaysofwritingit as
wherethemaximum istakenoverdisjointsubsequences of it a concatenation u Iuh lurof consecutive subsequences
N CHTE where TE AE AE for k a Mt MtME whereME DkDk for k 31

At Asc 1 7 23 5 9 46 8 t I DY If I 72 3 5 9 46 8 untie
longest

6 1 7 3 dec subsey

AE as I 72 3 5 9 46 8 t DY DC 1 7 23 5 9 46 8

as I 72 3 5 9 46 8 d If I 2 3 5 9 46 8
It 3

4 1 2 1 8

AT as I 72 3 5 9 46 8 DE d I172 3 5 94 6 8 t

If 1 7 23 5 9 46 I8
as I 7 2 3 5 9 46 8 t

As I 72 3 5 9 46 8
DC 1 7 23 5 9 4618
y t 3 t 7

4 1 2 1 t l 9
Some other ways to break IT into
three increasing subsequences include

I 72359468 I 7235946 or
Daft d 7 2 3 5 9 4 6 8

I 7 2 35 94 68 I 7 2 35 94 68

I 7 2 35 94 68 I 7 2 35 94 68 I t Z t l t l t z t l t l 9

1 72 3 5 946 8 1 72 3 5 946 8

1 72 3 5 946 8 1 72 3 5 946 8

1 72 3 5 946 8 1 72 3 5 946 8 Check my BBS moves
to 1 7 23 5 946 8 o o ot I o l o 23 7 o 56 g ggEt 2 o o l o 2 37 o 56 o o 9 84 o

ft o o o o o 3 I 23 7 o 56 o o o o g g g
a M 3 hi hi ID
o

o



E g
E g T 7 9 58 4 6 32 I

Dk EYE µ Cdcudt dcudt t dcud
Ak u u

Casecud t as cud wherethe maximum istakenoverwaysofwritingit as
wherethemaximum istakenoverdisjointsubsequences of it a concatenation u Iuh lurof consecutivesubsequencesH CatTE where TE AE AE for k a Mt miME where ME DkDk for k 31

At ascCT I 113,53 1 DL maximum size of
3 I 4 decreasing subsequence of IT

7 9 58 4 6 32 13 6AE as 7 9 58 4 6 32 1 t
as 7 9 58 4 6 32 1 DE d 7 9 5 8 4 6 32 1 t
3 1 0 1 5 d 7 9518 4 6 32 1

A as 7 9 58 4 6 32 1 t 2 5 7
as C 9584632 1 t

Dj da 7 95 8 4
6 32 1 tas 7 9 58 4 6 32 1 t

3 1 lotD CoD 6 719 5 8 4 6 32 1 t

Agh as 7 9 58 4 6 32 1 t d 7 95 8 4 6 32 1 t
as 7 9 58 4 6 32 1 1 2 t 5 8

as 7 9 58 4 6 32 1 t Def d 7 9 5 8 4 6 32 1 t
as 7 9 58 4 6 32 1 t 7 9518 4 6 32 1 t3 1 0 1 Cot1 Cott 7

AF as 7 9 58 4 6 32 1 t d 7 95 8 4 6 32 1 t

as 7 9 58 4 6 32 1 t d 7 9 5 8 416 3 21
as 7 9 58 4 6 32 1 1 2 2 4

9as 7 9 58 4 6 32 1 t
as 7 9 58 4 6 3 21 Mt 6 I I l
2 1 1 1 t I te t I 8

Atf as 7 9 58 4 6 32 1 t
as 7 9 58 4 6 32 1 t
as 7 9 58 4 6 32 1 t
as 7 9 58 4 6 32 1 t verify µL using Boxball system
as 7 9 58 4 6 32 1 t t O 7 9 58 46 32 It I 7 5 4 986 32 1as 7 9 58 4 6 32 l t 2 7 5 4 98 63 21
411 t CitDt Itt l t l t l 9

4 i i i i i



REU PROBLEM I

Prove that XL and Mt are partitions and prove that they are conjugate
Give a proof that stays in the realm of permutation combinatorics
i.e not using box ball system theory

REU Exercise 1 without using LPs Lemma 2 D
Look at thei Prove that 7,4 equals the number of positiveparts of Mt kadetdgheodf.fr

ii Prove that MY equals the number of positive parts of X
ofpartsofXYZMt isdoneusing pigeonhole principle see GroupMeetingThursMay28

REU Exercise 2 possibly p.r.o.b.IE Use Fukuda Convention

CGiven T E Sn at what time t do the balls get sorted into their
long term behavior

afa For example
sing t 0 for IT 5 4 32 1 11 1234 IT 3 2 54 I 876
yqp.gg

t p for g g f y g z g p z g s z p g z 4 y g
t 2 for it 5 2 1 3 84 6 7 Endof lectureon TuesMay26,2
t 3 for IT 3 I 5 2 8 47 6

Lif Whatpermutations guarantee t 0 Civ whichpermutationshavelargest t
do o what is an upper bound of t d Asymptotic question How long

does a typical permutationtake
XD Given a BBS system which contains T E Sn as one of the States

how many permutations are part of the system



NotesforCvi7berofiiii
3EEnitautriao.i.o
in this system4 0 75862413 is 3

Notes Liii me

up to n 9 T

314Tn is an upper bound 51Checked 6 3

n 3 is the minimum upper bound for 4 En E9
6

Tdonel REU Exercise 3
Tiven ITE Sn let reverse t be the permutation Tin Tine TakeIs M CT Xt reverseCFD And No e g n 4 243,31 42 334012

x 2,2a ex 142 XL
Practice Convince yourself that Mit X reverseCT classical version



105 Partial order poset

Det If P is a set then a partialordery on P is a relation s t

a Sa reflexive

a Eb and bsa implies a _b antisymmetry

a Eb and b Ec implies a Eb transitivity
Say that CP is a partially ordered set poset

Dff Dominance partial order on partitions of n

Suppose P Cpi Pz and f Cgi Gz are partitions of n

Then p Eq
Say q dominates p iff

for a K2,1 Pat pet 1 Pk E g get 19k
Intuitively if p Eg shcp is tall andskinny shop is short and fat
Eg 42,1 1 E 3,3

2 E3
212 E3 13
2 211 C31310
21211 1ES13 0 0

E.g 4 1,1 and 313 are not comparable
4 7,3
4 1431 3

E.g 1,1 1 E g for all partitions g of n

p E n for all partitions p of n
Sage practice

sage P Partition 42,11
sage q Partition 3,3

sage g dominatesCp
True
sage g dominated partitions yl Z ML byREUExercise ki theyegaruca

REU Exercise4 X Z Mh start with k z
Show that It dominates theconjugate of ML without LPSJLemma2

Dl.eshowthat the conjugate of Mt is smaller or equal to XL in the dominance order
Note If we show it C ML we would solve PROBLEM 1 wed May27,2020



To compute RSK algorithm
sage pi Permutation J

sage RSK pi the shape of RSK pi X pi
Sage pi RS partition


