



































































































































Notes on backward RSK and backward soliton decomposition

Updated Man July6,2020

In this document we call it the backward Rs row insertion

Def
In this document we say that a backward Young diagram
is the usual English notation Young diagram but shifted so that
all rows are right aligned 4 4,3 1

A backward tableau is a filling of a
backward Youngdiagram with 1,2 n so that
the rows are columns are increasing
Backward RS row insertion algorithm for convention l

Let we Sn Starting from win then Wne Wr
insert each letter x in w into
a partial backward tableau P using the following rule

Let R first row of P

WHILE is bigger than some element of R DO

y the largest element of R smaller than
Replace y by in the backward tableau P

x y
R next row of P

END WHILE LOOP

Now is smaller than every element of R
so place x at the beginning of row R

Note o To compute this the existing RSK code in Sage read below

To get convention 2 or 3
need to describe different algorithm






































































































































Example of map P Q
W 5 9 4 8 73 6 I 2 2 9

1 2 89

I 6 8 9
2

736 8 9
I 2 6

737 8 9
1 6 67
2 5

3 8 89
1 7 67
6 5
2 4

4 8 89
3 7 67

or maybe it's more natural 7 6 35
to write 2 4

2 49 8 9
or i

6 4
2 2

95 1 5 59 8 9

5 complement complement PD µY µtI 6
2

Backward P Backward Q
Here the backward row reading word is 5 9 48 3 7 16 2

read from north west corner Ri R2 a Rh
where Kk is the k th row






































































































































Reason why I care

Fukuda uses the carrier algorithm and Knuth transformations to prove
that the usual RSK insertion f tableau is a conserved quantity
of a Box ball system
As a corollary the backward Ptableau
is also a conserved quantity of a Box ball system

fact duetoDihedralsymmetry
Furthermore we have the following conjecture

If the BBS decomposes into solitons of shape RS Checked up
then the forward soliton decomposition is the RS Ptableau to n

AND
checked

the backward soliton decomposition is the backward P tableau up to
n 11 alsoPart is proved for BBS system which contains

a usual RS row reading word

or better notation
I 2

is IIEI non.li
P
Dsoliton

6
2

possibleconvention z
sameas forwardtableau

4 4 5 9 4 83 7 I 6 O O 2
1 3 59 4 8 37 I 6 O 2
t 2 5 9 4 8 37 I 6 2

f y 5 9 4 83 7 6 I 2
to we 5 9 4 8 73 6 I 2 a

t I 5 9 8 4 7 36 I 2
9 5 8 4 73 6 I 2

f 3 9 O 5 8 4 73 6 I 2
4 4 9 O O 5 8 4 7 36 I 2

Forward Forward g z
soliton Usual
decomposition P tableau 3 6

47
58
9

Note It is a coincidence that I have a backward row word at t 2
and a usual row word at t 2

The conjecture does not require a reading word to be
one of the configurations in the system






































































































































Example 2
11 34

C 1 7 34 O 2 O O O O O µ is the backward soliton
t O W 1 3 24 O O o decomposition
of4 O O O O O 30 1 24 111241 is the forward soliton

decomposition
backward p Q
RS

w I 32 4 4 4

2 4 34
Forward

3 4 34 usual RS
2 2

47 I2 2

Backward
Rs ptableau

Using SageMath RSK to get backward Rsk
W 5 9 4 8 73 6 I 2

wreversedcomplement wreverseGcomplement
www.p 516237498

vcomplement

a Wrc wreverseandcomp wrc wreverseandcom.plrskcw.me P as9 4 7 3 26 I 57 i 3568 89 4 7 3 26 I 5
stoat 124721

RskWrc RskWrc
replace pawith complementCp

GET on p Q p a
comp f T 8631 I 5 i 2 I 5 i 2

takeconjugateofcomp
and an 2 6 34 2 6 34

3 7 57 3 7 57
qq.TL 4 9 69 4 9 69

8 8 g 8

qq.usaeaynarr
sinarreesYIaroefasisgteP3 ReplacePiQwithcomplementCRQ Replace PQwithcomplementCRQ

959 63,754,4 9 5 98 9 5 98
convefftion complete8 4 comp 7 6

comp 8 4 complQ 7 673 5 3 73 5 3
61 4 I 6 I 4 I
z 2 z 2

Reverseeach row in compCDcompQ
so that the rows are increasing 12

5 9 89
minion mini

I 6 I 4
2 2 convention 2

ourpick






































































































































Lecture on Thurs Jun 25
week 5Problem I notes Evacuation

Ref Sagan Sea 3.9

Evacuation is an operation to turns a tableau into another tableau

of the same shape There are many equivalent algorithms to do evacuation
One algorithm is described in Sagan Sec 39 using slides pg 121 122

Here is another algorithm Deflofevacuationtableauofatableaut2
36P 4 7
58
q 9

8 5
74

Rotate P by1800 Prot 6 3
sage w Permutation C D2 I
Sage P RSK w o

Takethecomplement 1 Sage P evacuationC
p 25Subtractall values 36

from n 11 4 7
89

I
Perform Je deTarquin 254 36
JDT see sec3 mn 47

correct the 89
typosbefore
reading I 5

or wikipedia entry for 2
36

Jeu de Taguin 4 7
89

I 5
2 6
3
47
89
I 5
2 6
37 Observe
4
89 backwardRSK

The equation I 5 I 5
of P denoted ev Ps is JdT P complement

4 9 49
as a






































































































































Dihedral group of the 8 symmetries of a square
nxn permutation matrix or tgh.ec coorgdanagtaesfromProbIPart2notes

ef n Onthispage Iuse xp
Reflection Wrt vertical f 2 coordinates matrix
mirror Refl wrt SWNEIposslope

7 7 a 7
6 a 6 o 6
5 a 5 o 5
4 a 4 4

o 3 o 3 o
2 o 2 O 2
I o 1 co 1
ooo l I i e I I I ooo l I i e I I I ooo l l l l l l ll z 3 4 5 6 7 1 2 3 4 5 67 1 2 3 4 5 67

The 4 2 3 65 I 7 IT reverseC IT inversel

P insertiontableau 7 I 5 6 3 24 TT 6 2 3 I 5 4 7
of T

Q recordingtableau PCTreDfPtranspose ply1 QQ
of 1T SaganThon 3.23 Qf PCTbook

Qitrer ev atranspose
taskFindthistheorem
in Saganbook Sec3.9

This Dihedralgroup is generated by Ri andRz So the other five matrices are
compositions of R and Rz This also means that the only tableaux that can
appear are these eight tableaux

P Q evCP ev Q and their conjugates

PRACTICED Find the other five permutations whose xy word matrices
are results of applying reflections rotations to Mat t
Find their P and Q tableaux

7
6 o
5
g P TI reverseG complement er PCT

o
2
i
o f I i e i r i

z 3 4 5 67
Tl complementC Partial answers to PRACTICE
4 6 5237 I on the next two pages
qcomp

OQCTicompl






































































































































Dihedral group of the 8 symmetries of a square
function

Edges correspond to multiplication composition on the right
Read the product from right to left like function composition as usual

flofzofy fo f2 fi D A A D
C B B c

f of ofofz II fzofiofzof D fzofiofz fact
f f2ofofz D C D Freverse

reverse I complementFcomplement 188 Acomplementedreverse
Rotation

µµ
A D D C

feofzof D
B C A B fzofnofa D

ITcomplement

f th
450clockwiseRotation

B C D A
4 fofz D Kofi D
cofftowae A D C B

pot

fch fi

ti fa M4
B A f II C B

C D D A

es f 1d M9
Reflection A B

D C



fl of2 450Rot counterclock flofzoflofz
Reflwrtsw.NL posslope fzofeofzo.fi
thenWrt verticalmirror 1800 Rotation
7 O 7 me
6 6 ME
5 O 5 B
4 o 4 an

B
2 o 2 an
I o 1 ah
ooo l I i e l I i1 3 ooo l l l l l l lz 4 5 67 1 z 3 4 5 67

T inversel reverseC RpRjRpRzLT omplCTDReV comps Tire
Rio 4 7 4 5 1 3 26 7 7 3 2 5 64

Insertiontableau IQ transpose Insertiontableau er Pt
Recordingtableaue Pct transpose Recordingtableau evLQGT

7 o

6 a

5 a

4 a
o

2 o

1 o

ooo l l l l l l ll z 3 4 5 6712 3 4 5 67
Tle 4 2 3 65 I 7



ElercisetT UseFukudaBBS
complement RV 0M backwardRsg

Prove that complement P backwardRSK T1
Think about a natural convention for backward RSKCTfor the purpose of connecting it to back soliton Decomposition

maybe follow the rule for writing the
Recall from Prob2part3 notes forward soliton Decomposition

BopSec1.9One BFB damore is the same as applying Fy n times
corollaryof Applying Fy means
upspaper Make ball jump to the first available empty cell

Change to
Then decrease the valueof all theother balls by

1

E.g T 2 1 43
I 3240
21 3

31 2
2 4 I 3

Task to try
4 Write the backward Fukuda BBSmoveversion of Prop Sec 1.9
if Study the defof evacuation in Sagan Sec 3.9

defined as sort of the opp of Jd 1
Can you make a connection between this and the revised Prop Sec 1.9

end Lecture Thurs Jun 25



1800
Rotation of
convention 3

W 4 2 36 5 I 7 y
possibleconvention I possibleconvention possibleconvention 3

2Backward SolDecW 2 4 6 7 7 7 6 423or 5 or 3
5 3 5
I 2 4 6 7 I

f I z 4 6 7 3 5 I
t o w 4 2 36 5 I 7 Forward SolDec w
t I 4 6 2 I 3 5 7 I 3 572

6
4

Let Wrc bethe reverse complement permutation of w
convention 1

Wrc I 7 3 25 6 4 7 3 57
Backward SolDec Wrc g

Z

t I 1 3 57 6 2 4 4
to Wrc I 7 3 25 6 4 Forward SolDecWrc
E I 7 3 5 7 24 6 1 24 6

5
3
7

Compl Forward SolDecWrc 37g

b 2
Convention 3 of
Backward 601Dec w

Compland reverse Forward SolDecfor 246 7 convention 7 of
3 BackwardSolDec w
5
I

dotationof compl Forward SolDecWrc convention 2 of7
b BackwardSol DecW

Convention 3 of 3
Backward GolDec w 2 4 67

compl reverse ForwardSoto 1 3 57 convention 1 of
1 3 57 6 BackwardSolDec ur
z Z

44



Joel June 2020 Remark
Fukuda lefttoright
Forward convention balls jump starting my smallest balls

I 357
Thebackward step is equivalent to the following 2

6
4

Subtract all ball numbers from ntl poo
Reverse the direction of the line pot f 4
Do a forward step 6

2Subtract the numbers from ntl
Reverse the direction of the line again 753 1

E g 8
1 0 O O O 2 0 I 3 4 o o tempt

2
Reverse 0 O 4 3 I 0 2 o o o 4
complement O O I 2 4 O 3 O O O I 3 5 7
Forwardstep 0 O O O O I 4 2 30
Reverse 0 0 O O O O g
complement o 4 14 o o o o o 2

47
I 3 5

8
27

I 34
5

z 8
I 3 7
45

1 2 78
3
4
5


