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2 12 Commutation classes

Defl Fact Let ITC Snit For two reduced words wi wz of T
say W Yommwz if wz is obtained from W by a sequence
of commutation moves Then Emmis an equivalence relation
The equivalence classes are called commutation classes of it

alsocalled commutativity classes

Example If the Coxeter element is c s sass
The C sorting word for Wo 4321 is s sasses Szs

The commutation class containing Sisasss Szs
contains only one other reduced word 515251535251









































































































Example If the Coxeter ett is C S S3S2
C S Sz Sz S SzSz S SzSz S SzSz

The Sl Sz Sz sorting word for 4321 is S S3Sz si 5352

S S S S S

MY

re

E
There are many reduced words for Wo counted using tableaux of

but there are only four reduced words for Wo in the commutation
class containing the c sorting word

5153529 5352
S S3SzSzSlSz
Sgs Sz S SzSz
S3S SzSzS S2

l V Z T F
II

IT a
Il Il

l I D s






































































































































1 5
Example Q f 1.6 Example

h 4
4

The commutation class The commutation class

containing the C sorting word containing the C sorting word

of Wo for Ces 535254 of Wo for Ce535,5254

in
in 5432 no

5432 no

IsIs II a
a

13 87 or
87 or sayY t Y II a

II 7 say Y4
1 f y

1

as

say
I

on ys
04

say s Is
KI

Iss Sk Iss X
D o D or

X Ps X Ps
12345 oeo 12345 oeo






































































































































T

Commutation class 654321
containing the i S2
C Sorting word of Wo Y e

for siszssszsysaszssszsqsaszsss.lt
S

C 5,53555254 S5 a y S4
siszszszsysassssszsasassss

133113ISI.isszsLsgsiszs3szs4ssssss.scsass 123pm 112J

153 153

siszszsysasiszssszs.is 117 S5 ibn
154 Is Is i S2

55
siszszszsysaszsss.sc41J ifI

55 S Isc i S2 55
r

119535552545535552 19J 9pm
s 55 a Sz S7 55

154
siszssszsc.isSss48T gigs

si I.bg
siszssszsqs.az 73ft

I 153
S506 5,53555254 TUG 161

154 spy 43 i S2

qD5sSzSsSzS4 ME

55
s 154 i S2

0553552 ED D4
S

Ss i S2 154

qBSs9S3 137
side Is S4
SSz Eu 59 1215553

Is Ss
S5 3555Sg 11 55

I

spy 153
123456
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654327

Commutation class
containing the siszszszsysaszssszsasassss s.FI
C sorting word of Wo 55 a S7

for
S4

siszssszsysaszssszsasasz.se 13Th 1131
c 5553515254 size 4
is the same s.szszszsysaszsss.scsass 123pm I'D
cagmqmurtatffendass Is lls

s.szszszsasiszssszsc.si 7IlS5i13m51,53155152154 r
154 9 Is i 52

Sorting word Ss
of Wo siszsgszsysasssss.sc41J if

55 Is i S2 55
previouspage

119535552545535552 19J 9pm
s 55 e Sz c S7 55X 154

siszssszsc.is5355181 gig
si I

siszssszsqs.az 72ft
Sy

k 41153
06 5,53555254 TUG 161
154 say 43 i Sz

qf5sSzSsSzS4 ME

55
s 4 ii S2 55

0553552 Ef Tt
Si s S2 154

EDS59S3 137
Is Sg

SSz Eu 59 1215553

Is Iss
S5 3555Sg 11 55

I

say 153
123456






































































































































2.13 Commutatation class and saturated chains of c sortable words

Defy a a
toe to

Achain in a poset is saturated 14 14
if no element can beadded between µ µtwo of its elements without o
losing the property of being a chain a saturated chain a nonsaturated chain

Lemma 2.13 Fix a Coxeter element c diaz an

Suppose IT is a c sortable e It with c sorting word 4142 Ue
IdThen each prefix of MUZ Ue un
unuz
414243

Unuzus Ue l

is a c sortable word that is
414243ineIue

the c sorting word of a c sortable element
In other words Uiuc He gives a length I saturated chain in theweak order of
c sorting words of c sortable elements Id Un Uiuc u 4243 Ue

PI Follows from def of c sorting words and c sortable elements

Suppose thereare i j where li JI 32 and Uk Si Yet Sj for some K c El D

CRyecnae.tn that UI42 a Uk11Uk Ue is another reduced word of IT bythe commutation relation
Id

everyprefix of UgUz Uk11Uk iUl Ul
UlUz
UUz Ukr
Uok allaiUnti
UUz ur illicitUk

UUz UninkyUk He
is a reducedword of a c sortable permutation although ingeneral not the csortingofthecorrespperm
Sotheseprefixesgive a length L saturatedchain of c sortableelements

PI The first k prefixes of Muz akaUk Ue are precisely
the first k prefixes of 4142 UKUeti Ue
By the commutation relation UgUz Um Un Ugo UpU2 UkYet Ugo aspermutation

for each prefix of UlUz 4ktUKaUe of length K17 or longer
It remains to show that Uruz UreUnt is a c sortable permutation






































































































































Suppose Viv ve is another reduced word of Tl which can be obtained by
a nontrivial sequence of short braid moves sisj sg.si if li ji 2

commutation o

Then the word Vik re is not the c sortingword of Tl since not all Uk ie
IdBut all prefixes of TVE ve va
VaV2
ViVzV3 sr
VnVzV3 Ve l
Vivir Ve Me

are reducedwords of c sortable elements
ingeneral their c sorting words are not equal to these prefixes

The word Vik ire gives a different length l saturated chain of
c sortable elements Id Vi Vir TVE are
In general their c sorting words are not equal to these words mm

REU Exercise 12

Finish proving part 2 of LemmaProve part 3 of lemma

Example 1 of Lemma n NNTn inv 6
515354555354 2 I 5 6 4 3

Let c S SzSzScSs TamariCoxeter elt TMultiplyonrightbyS4
515354555 2 1 54 6 3

Let IT s s Sy55SzS4 4Multiplyonright by53
5,535455 2 I 4 5 63Tocheck that 95354555354 is a reduced work IMultiplyonrightbySs

1 find the one line notation of Tl 215643 sissq 2 1 4 53 6
then verify TnvCT 6 TMultiplyonrightbySy

SS 2 1 4 35 6
S SzSzSc555 SzSzScSg TMultiplyonright by s

9 2 I 3 4 56
is also the c sorting word of Tl fMultiplyonrightby 4
which shows that IT is C sortable D i 2 3 4 56






































































































































Corft Examp emma

Part I of lemma tells me that I have a saturated length6 chain L

of c sortable elements from Id to Tl in the weak order

T1 515354555,54 IT s sassySsfs EssaSs
44 44

5,53545553 s sassySsfs5253545133 chain L 133
s sassysolssassySs554

s sassysolssassySs
54 A

SSz s sassySsfs5253545
533 1533

Si s sassySsfs EssaSs

Id Id

Applying Part 2 of Lemma once to L would produce another saturated length6
chain of c sortable elements from Id to IT in the weak order

by swapping Si Sz or 55,53 in the chain L

IT siszsyssS.sc 515354535554 IT_siszsysss.sc
44 Sy sissosis545553 Iss Iss

Iss 5153545355 ssasssissasssass sisssas sissass

so55 51

ysjs.sc

ss4Ss

s4

Is 153 sis
sis Is

s
Is X Sq XS S3 Id

153 153Id
Sy Id






































































































































Corft Examp femma

Applying part 3 of lemma to L gives a total of twelve
saturated length 6 chains of c sortable elements from Id to IT in the weak order

IT 515354555354

544 Si

s53545553 5354555354
15 133 S

S4
5,535453 51535455 53545553
531 Xi 153
Sis 53545355535455

A k I t
SSz S3Sq
Iss Y 54

Si S3
153
Id

Connection of linear extensions of heaps
learn later if needed

Heap of 515354555354
UnuzU 44Us46

ln i
UsUsaUs

Linear extensions 2 6

ausmusa T.tnrotexIewnesYoensUzuzU5U4U6
Putup atanyofthe six possible positions






































































































































Practice
Pick a saturated chain L in the weakorder of csortablewords
from one of the examples above
Starting from the chain L apply a long braid move g sig siSjsi whereli s1 1
to produce a new saturated chain L in the weakorder

L has the same length as L but not all elements of L are c sortable

Which elements in L are c sortable and which elements are not

REUEx eI3 putin the same section as REU Exercise 12

Write a new lemma proposition If L is a saturated chain of c sortablewords in theweakorder
describe thenew saturated chain L the weak order whichyouget by applying

a longbraid move SiSjs SjsiSj where Ii 1 2

Propy Note Oftenpeople write

Let TIE Sn11 Let l be the length of Tr lmathcal R T to
denote the set of

The reduced words of Tl are in bijection with reduced words of Tl
saturated length I chains in theweakorder from Id to IT

Given a reduced word 4142 Ul of IT

it is sent to the chain Id9 u 94,4243 IT

PI This follows from the def theory of the weak order

trop
Let ITC Snit Let l bethe length of IT
Let L be a saturated length l chain in the weak orderfrom Id to IT

Then each saturated length l chain in the weakorderfrom Id to it
is obtained by a sequence of short braid commutation moves

and long braid moves
from the chain L

F This follows from the relations of between the simple reflections 51 Sn






































































































































Application apartl bemI

Recall that we can think of a c Cambrian lattice as a poset on

c sortableelements by Thm 2.11lb

Proposition2.13 corollary of Lemma D

Let w bethe Csorting word of thelongest element Wo in Sn11
The reduced words in thecommutation class of ware in bijection with
maximum length chains in the c Cambrian lattice

Given a reduced word Wo 4142 UCnti in the commutation class

it is sent to the chain Id u 9quiz43 woo

REU Exercise 14 put in the same section as REU Exercise 12and I 3

Use the lemmas and propositions in this section 2.13

to prove the above Proposition 2.13






































































































































Example for Prop 2.13 Q'o.jo H5y6
Ces SzSzSq E Sn11 n 4 g q I
F S S3Sz545 S3Sz54 5 Sz 54321
Length to saturated chains of
Csortable words µfromId to Wo S S3Sz544535254 5 5390 1915S3S2sylsS3Sz545Sz

s s s sylsS3Sz545Sz 254IsS3Sz545Sz d

t.sk
l S S S l

µ
l

S S3S2sylsS3Sz545Sz 11695352544535254 5Sz O

Is X
l s l S S S l

S S3S2sylsS3Sz545Sz SiS3S2544S3Sz541s s

X sky
S S3S2sylsS3Sz545Sz si53525445352545Sz or

14
S S3SzSylsS3Sz545Sz 12145352544 s s 541s s a

Iss Ys f
s 5352544535254 5Sz IDs S3Sz544535254 5 Sz O

µ
12345 de



Example for Prop 2.13 c sxszss ss.sc C56
Length 15 saturatedchains of s 5552545,535552545153555254 654321
C sortable wordsfrom Id toWo

54 za

51535552549535552545,53555254 140 14Tsiyssszsysissssszsysissssss.sc
S5 i Sz S

a S4
s 535552549535552545,53555254 130 95355525451535552545,53555254 1335 IIIs ssszsqsissssszsysissss

szsysji.issssYsgSiS3SsSzS4SiS3SsSzSqsS3SsszS4 yefnsiS3ssszs4siS3S5S2s4sis3S5S2s41iDs.szssszs4sis3ssszs4s.ssssay

153 5 153
Ss

5,5355525495355525495355 54110 17s.s.ssszsas.ssssszsas.ssssszsaibs.szssszsqsissssszsysissssss.sc

154 S Iss i S2
S551535552549535552545,53555254100 s 535552,54515355525441J if s gsays 555254953555254

S5 Is Isc i 2 55
SiS3S5S2S4SiS3S5SzS4SiS3S5SzS490 as.szssszsqgszssszs4s.s 55525495355525497 9Thsissssszsqsissssso.sc

s 55 Sz c s 55
i'S45,5355525451535552545153555254 s 535552545,5355525487 gowns53555254953555254

si Is kg
s 5355525451535552545,53555254 953555254953555254 72ft9535552545,53555254

IssS5
5,5355525451535552545153555254 mgfs.szssszsqs.szssss.sc 161953555254953555254

154 spy
153 i Sz

5,5355525451535552545153555254 qf5s ggas 953555254953555254

S5
S 154 ii S2

5,5355525495355525495355525440 g3siSzS5SzS4Euf4s.s555254 D4 5153555254
S

Ss i S2 154 55
5,5355525451535552545153555254 EDS53555254 1375,53555254

153 54
515355525451535552545,53555254 5,53 ED953555254 121 5,53555254

Is Ss
S5 3 5,53555254s 535552545,535552545153555254 70 57 111 5,53555254I

spy 153
123456


