.1 LqF(acc/ ’(;mns—Farms and nverse -{:rans-{:érms

Motivation: (Consider an obE

m )," + ¢ y‘ + |<>/ = F(Jc) (a:rre;Fonoliﬂg, to "Vibratin

Spring - waase System
This is a 2nd-ovder linear ODE,
|f FCQ s continuous , “+hen it we gPeq{ly nitial  condifions
we kmow The <olution exists and s um?cl)ue..
Q: What if FE) is net continuous C

A class o-F -FW\Q+70Y\S which are almost as nice as  continuous —Fur\c_-(—?ov\g

is the class of plecewise continuous —FUV\C.'(:TOYIS.

Y
Ex: —
K‘/ ©.1 u(r)

I ! 5
a b X [ !

FIGURE 7.1.3. The graph of a FIGURE 7.1.4. The graph of the unit
piecewise continuous function; the step function.

solid dots indicate values of the

function at discontinuities.

To deal with khese cituafion, we’ll use Lo.Flace trans forms.
&ﬂFlD‘Ce “trans\c'orm

differentinl a Ioaeloroﬁ c

Cvl/wzﬁons 4 eowoltToﬂg
Cachm'an%, or\\%_ q(cae\ofo'Tc ePe.x{‘a"\-ioﬂS"»
devivatives addi+ion, MUH—lFlT cation,

rais'rng to a *Fowev‘)
'b?tk_:ng_ Yoot



Note: An innpcoper ?nﬁgfm(
s r\__o;(: an ‘m—LD_@ro‘\

?\e,c,at[\ 'Dﬁ.P-(nT{—Tgn o—F TmFroFer Tn‘fe,Om[s

% Let a be a real aumber apd Consider the

b
(&C-?'.rﬂ‘f'e, 'm'&@/j(m\ }\ 3(—&) At i-F b >Q.
N a
* |f Lien 46 4t easts
N— oo A

N
(‘H"o\'{ is, r ﬂ(-@) dt ag?_S to a nrumber as N — G—o>

a

“then  we write

o Je(: N
f g({) o= Lim f gl dt and
— 00

” /

This is an exmmrle o{ an imeoch in-Feodm(

¢8)

we say f {(]CB dt Conver_t@e,s_

a

+8)

K If the limit doesdt exisd s we say f ‘65*7 dt cifve,rﬂeﬁ.
3y aA
(?nssTH)/ f 3(—&) dt = oo>



Z=]

EX’ E\/a[ua‘{:e ‘[’[ne )’m:FroFcr Tr\‘{’ég(‘o&\ {(\ ‘_El;_' dt |
A"_S N [ di = -2
erfN>1,Jc&enf§Zf‘ £ " de ,
1 I Yy : o
., (tN
- -+ / )
£+ yvsa S
IR
[
= N + 1
o0
N
;f( go —'I; o"f = [7,1/) —’— J‘&
( t Nosoo /| £
= ZTM - —+1
N— oo N

(%=}
We <an — At Cconverges
9 // £ 3

\De{\?n?“(‘?om °-F OCmF\ace ‘é\famg‘eﬁ(m
X Le:{: ‘FC‘E’) {)E. a *Fun&'(‘?on aQe;FTnacl —Pcr all -+ >O .

The LaFlace_ ‘{jrans—{:crm o-F 'F(-E)) denoted l:)( cC{\CC—(:ﬂ)

s a —Fun(‘_-l—_(on O'F A ole_{:f\ﬂe_& as

el 0
F(=L{ ) = f e L a

for all numbers ¢ *-Fo‘r‘ which ~the Tmproper ‘m‘feﬂml Converges

”
This says +Hot Lhe domgin of —the ~mec+iom F(s)

e sk of mumbers s for wiich )76 U4 conerges

Rev‘(eoo [mﬁaarm-f—?om E)r :’bar—ﬁsg



Ex: USC ’t[qe o!e-FTvﬁ-Hon -to —FTnc@ ‘Une Lorf>laae ‘t(fanS—Fo‘(‘M OC{‘FCH} "F
‘H’\c ~Func{:fon _F&):eit and the domain o{ L{‘F@:)}

N
Aos ok ip NDo, ke [

N
(-s+3Dt
e_sf c3'(: m — [ 'S Jd€
o)
t=N
Ls+2)+
= 6(
—S+23
t=0

_ [ Es+) N
-3+3 (& — 1

¥ Fo=L {ege} 1= /w e~ e de

ﬂ?m

- N— oo

Lim

- N—> 0

[
$-3

® S Fe=Liet) = 5

Y
Rewl(:
/:eat
it ay0
1
7 t
0 ]'
If a0, limn eaN: o

N~ oo

. N
) Jim Cm does it exist
N> oo

_st 3t
S@f ot

0]

[ F24+3) N
—s+3 |& -1

(SQ,C Ec(ow>

if (st3) <o
<> 2

and the domain of F(s) is (3,00}




Q: Whe s The Lﬂ‘r(ace, ‘tt’mnS—Form of 6715 ¢
Ans: &{6%3 = —21—7 ~For S >

ofoma“m I [’7.)00>
Q; Whe! Ts The Lﬂ‘r[ace Jcrms—Form of e © ¢
S ¥ O RS

dornain i (—fJ 003

Q; Whe s The Lﬂ‘r[ace ‘tmnsjcorm of ca-&,— ¢
Ans: J‘\{e%} = ?_'_q -For S > a

domain 7S (0(J o)

Thm 1 (L‘meav‘t{y of the laplace *Eraws]fovm>
let Ci,Co € R. Then
L {cl feo) + ng@c)} = ¢ JL{F&)W] + czilcha}
Lor all s such thit both £ {FER and £1960) exioe.
(The linearity of ﬁarlace tronsfore  comes {frem

’{'/[/le (?mearH/ o-F in+38ra-&('on>

Ex: oﬁ {9- Cg{: —(006’% + c_t?] = 2 ([636} - loo Lfé%z-} one_t}

- loo —— + !

$-3 S-7 S+

n

for o>

(The dorain is (F 00 ) because it is the intersection
OWC (3>DO)\ (‘q')w>) and (_7) 00))



Thm 2 (Exis{:ence of Loplace trans{:orrw>

IF
a.) 'FC‘E) is a Ficcewise Continuous ‘Fuwc-l:?on -For t >0

E) \‘FG:)[ é MeCt -For Some Constants M) c
«___ =

Souy “FE s of exFonem;ia! order as £—> o0

THEN:
the LaP[acc tronsform F(s) = :ﬁ{f(—l:)} exists For all s >

gmyz
“ A F?tccuu'rse, Cont T nuo us ‘Fuwc{;fon with contro (led CX})or\eﬂ‘{:Tal growth
has a LaF[acc ‘Izramsfprm_"

CO\follqv-yA(‘W\e,anTné_ a C°”359LMEHCC °'F this  4Lhm

I —f@) Satisfies conditions (@) and CJ:) -F(om the above ‘Elmm)

Lhen Limm £ =0

S— 0

o

This wmeans Fat ‘mlé’r —funcﬁons Fle) such Yt Lie Fco) =0

S~ o

can be LaF|aOe “trans]/:o(ms O.F “reasonable” \FMnC_+TonS_

&x 6‘&): Sj—l Cannot  be ‘{T[ne [,mr{ace {:rpmg{}rm

o-{: 2 veSomble 'FMV‘C;{"_on becauce Sﬁ”” G(S):/ #o5 .

oo



EXaMF‘ﬁS o? Tiecewise continuous -Fumd:?ons

Unit S‘Ea? {umc{'fong CE)é 1 & 2)

Ey 1 u({:)={0 ‘For t <Ko 1 g———
1 for t > o
0 -Fo”r‘ +-a Lo
EX 2, uu(9= ult-a) - (for <) 1}
1 for £-a po0 ! {O:a
C{or {;>/a>

E)( 2, tos () -For t<o

& Heve
. Jren ~FC~L—) =9
£ =2 ¢ for 0 <L < _;W\‘/f ] o
) = 2 ‘ lim fG@>= o
bt for £ 51 et

Ex 4. Nif_i a Fiec,ew?ce Conttnuous ‘{:Mﬂc‘Hon

[iit doesrt exist

[ | 71 | | |
0T I
A e

Couse y ®. i = oo ’ = l : : : >
\;e y &9, x_)(,%_ -FC‘&)? i » “O i P i 20 i
| | | |
| | | |




€=

E { 3 /"" € G dt Tt w i e ¢
; u® ) = e u = / e = AXim
X1 &, 0 ° Nﬁoo g t=0
= ,07'\4 —'/é—gN - 1‘)
N-> oo s

U

—;—— —-FoY‘ s >o
Ex 2 lf— a Yo, Clorwn 75 @>M>>
00 2 [
I uﬂﬁicﬂ = Z et U, &) dt = / & uyle) dt 4 / €% 46 K

o

-as

4

_ - St 1 ~SN -

- / € d& = .LM ’.I? (c __csq> - Cs ‘F‘D’(‘ s>o
a

N—>e0
(dowarn s (o, ‘”\)>

4]

[¥5) 1
Ex 3: L [‘F&ﬂ = [ e fey A - / et Mot / e ey At
° 0 f
C—Frnm Ex 3 "(”Vc) oleF:'h'er& IVV)]bTDTe_r
Tnfoj vl Th‘f'@rn [

FTV)TS[A us’mg, Tn?"% Yation Jo)/ ;Fa\"-(-S

/rble aammm ——FMV\CA--(OY\ F(X>= / 6—'6 ‘IEX-1 al{; ch-FMul 'F"r x>0

Some ?ro‘ref-l:“(e.s -
Foy=1  ad  Tlxt0)= xTe)  Lor < Do

g)(; r‘(g)= FCLHD Vl' - n (V)—Q[n—.?,} Lo, 2.
= 4y '
=4.30(3)
=42
=4 3.0 L0

=4t

" (ns) = nl



The Ayraea —anc,{-?ov\ s ueeful Qpr Cormputing the LaFlace transforms

o{ Fol/ﬂeTS o-F t: Le,J(, {(‘E) - _ta vdlnere Q& FE an a>_1_

00
[ ﬁ_S£ {_/ﬂ Je U= st
° ) Y-t dt= L du
S S

\

IS

K[%}: '('SZPCL)= é 102 ?(i

S\\{Jcl}: _;?F(;)= _'gzg_l‘,: 2




%\/ |ineari-|7 0.{: Lm\>lace 'Erans{—\orms) we.  have

[\{gtﬂ.zpt%—?} ;J\‘[t23++£{:t%}—7<@€’}

1= 4°
f(@) F(s) 2 9 [
- = Tt -17
1 3 —_ 2.
1 s (s > 0) S S% s
t %2 (s >0)
. 1
" (nz0) S:% (s >0) = —é— + %’T/ T\IT_T’ - 5
83 SZ ¥/
a Fa+1) )
la>=) —G >0 ’Efov"l earlie
1 )
eat — (s >a) _ i + kS ﬁ _ i
s - B S S
coskt e (s >0) S S/z
. k
sinkt Sy (s >0)
coshkt S 6> kD
k
sinh k¢ 22 (s > |k])
—as
u(t —a) (s >0)

FIGURE 7.1.2. A short table of
Laplace transforms.

lnverse LaF[ ace transforms

De]C: I-F F(s = DC{'F@C)?] s the Lo.?lace ‘[:V'ans-Form of ‘FCB)
then we Satj +that
£y = L7 FE)

s the Taverse LmPlace transform of F(SD.

Ex 1: J;_1 {’é/’}: 1 becauce L{ﬁzf;‘
la |

domain of domain of
F(S) = 3[— "FG?)’?
is  (0,00) s [oy00)



. o —at o)
Ex 2 o(/ Q(/H_L}: 69_ because L{Clb}—m‘

s 1

domain oF domain of
F9) ity ft- e
s (’9.)00> fs EO)GO>

LTmearny O-F Tnverse 'ErawS-Form

BWugt o.Q “+he ,Tv\earik)z a-F the LaF[ace ‘(:\fa«\S-(::T‘M)

the Toverse tvansform is also [fnear .

I i

7& [inear?#y T T
dorotin o{—‘ F L" *-Prom QlOVVth 91’:
F(s) is iit( +& s

¢

(D,DO> (.FTg 7{2\) [-;J,w>

||'mear'r157 of oC_I
i S y -1 y -t S
v Dl s wmad s s Ol 08 - 2]

domain of F(s) Ts (2,00

om tabl
'Frm C/'M: 3€2t+ 1—605[9(:)

e =
dornair °‘F ‘FC‘E) rs EO) ao)



f@® F(s)

1
1 - (s >0)
S
t ! 0
s_2 (s >0)
n!
t" (n=0) — (s >0)
r 1
4 (a>—1) (ZII ) (550
s
at 1
e (s >a)
s—a
cos kt v (s >0)
21k
sink? k50
2 1 k2 §
S
COShkt m (S > |k|)
. k
sinh k¢t m (S > |k|)
e—as
u(t —a) (s >0)

FIGURE 7.1.2. A short table of
Laplace transforms.

Thm > (uniﬁluewess of inverse LmFlaae -Erans-(lorm>
Suﬂwsc ‘F&) and aC—L—) ave SQuch —Hot

FO:=L{$O) and 6(=L{ 9]
)'F F(Q-’@[S) -7£Dr all S>C -Fo\’ Some C_éJR)

+then -F[{’)=3519) wherever on [o,xD both «.Cana/ g ave CovrrtThn wo «f.



