



































































































































7 1 Laplace transforms and inverse transforms

Motivation Consider an ODE

my t c y't Ky Flt Corresponding to vibrating
spring mass system

This is a 2nd order linear ODE

If Fft is iontinuous then if we specify initial renditions

we know the solution exists and is unique

Q What if Flt is not continuous

A class of functions which are almost as nice as continuous functions

is the class of piecewise iontinuous functions

Ex

To deal with these situation we'll use Laplace transforms

differential algebraic
equations equations

containing
derivatives

onlyalgebraicoperations
addition multiplication
raising to a power
taking root






































































































































Recall Definition of improper integrals Note An improper integral
is not an integral

Let a be a real number and consider the

definite integral I get dt if b a

If ply get dt exists

that is f gift It goes to a number as N es

then we write

get at him get dt and

7
This is an example of an improper integral

we say 94 dt converges

If the limit doesn't exist we say 94 dt diverges

possibly gct dt as






































































































































Ex Evaluate the improper integral Edt
At

If N 1 then Idt t Edt

it IiiI

It

So Edt fig Idt

Is It

1

We say I It converges

Definition of Laplace transform
Let f t be a function defined for all t 0

The Laplace transform of flt denoted by fa

is a function of s defined as

F s L fca fest ft dt

for all numbers s for which the improper integral converges

Thi says that the domain of the function Ffs

is the set of numbers s for which f e stf A It converges

Review Integration by parts






































































































































Ex Use the definition to find the Laplace transform feel of
the function flt est and the domain of LIFE

Ans If N o then f e stet de Nets 3 t at
O

ets 3 t
t N

s 3
Eo

s 3 Lets
13 N

f s L est e stest at

fins f e stet de

Its 43 Lets13 N p

if 1 5 3 o see below
5 3

So F s L est and the domain of f s is 3 as

e

N
e

if a o so

I

o t o St

If a 0 fig eat as if a co Fm eat o

soMI e doesn't exist






































































































































Q What is the Laplace transform of ett

Ans L felt Ig for s 7

domain is 17 as

Q What is the Laplace transform of e
t

Ans Life t

I for s y

domain is fl as

Q What is the Laplace transform of eat

Ans L feat Ia for s a

domain is fa as

Than 1 Linearity of the Laplace transform

Let Ci Cz E R Then

L a fat Cage a L far Caf get

for all s su th that both fail and L gal exist

The linearity of Laplace transform tomes from

the linearity of integration

Ex L zest lovett Et 2 est 100 e7t L e t

2 100 t

for s 7

The domain is 7 as because it is the intersection

of 3 as 7,0 and C7






































































































































Thm 2 Existence of Laplace transform

IF
af flt is a piecewise continuous function for t 70

THEN

the Laplace transform F s L fat exists for all s c

Say
A piecewise continuous function with controlled exponential growth
has a Laplace transform

Corollary I meaning
a consequence of this thm

If flt satisfies conditions a and b from the above thin

then slim 7 0

This
Insthat

only functions FG such that slim Fcs o

can be Laplace transforms of reasonable functions

Ex Gcs I lannot be the Laplace transform

of a visonable function because sting G s I 40






































































































































Examples of piecewise continuous functions

Unit step funitions Ex 1 2

I u t for t o

for t o
f

T 2 Walt ult a L Tfo Ig 1

7 for t a yo
for t a

to

Ex3
fo

s for t do
Imo fatt for O Et El

tt forty Imf ft
o

Ex4 Not a piecewise continuous function

fat Ist
µ

limit doesn'texist






































































































































Ext I acts e stuct de e st at fins e É
Is tf six s

I for s o

domain is Co oEx2 If a 0

LGuale esthalt at estuactldt festuacts It

fest de film st é e sa e
for s o

domain is Co o

Ex3 L fat
from ex

aim
é ft dt f est t at est Etty at

definite
integral

improper
integral

Finish using integration by parts

The gamma function MG et tx t dy defined for x 0

Some properties

PH 1 and P Xtc xMG for x yo

Ex P 5 P 4th n nCn 1 Cn 2 3.2.7
41641
4.3763
43.27121
4.3 2 7MG
4

rental n






































































































































ME FT

ME P Eti

Ere

Irfan
Ira
TT

The gamma function is useful for computing the Laplace transforms
of powers of t Let ft ta where a e IR and a 7

ta f est ta at rest

1 ft de tsdu

E'e y Ida

gaff ya du

sayMatt for all s 0

Then t PG I 1 I

t I 16 I 2 I

LEE PCH 43

m

I

for s






































































































































By linearity of Laplace transforms we have

35 4 3 7 3 L t 4 LEE 78 I

3 I 4 PIE 7 s

I'ÉmeaiÉ
Is 3 I

Inverse Laplace transforms

Def If F s FCA is the Laplace transform of ft

then we say that

FG FCS

is the inverse Laplace transform of FG

Ex 1 L I 1 because L 13 1
9 9

domain of domain of

FCI s FCA I

is Co as is o e






































































































































Ex 2 I Is é't because é't g
t 9

domain of domain of
F Sl TCH est

is 42,0s is o e

Linearity of inverse transform

Because of the linearity of the Laplace transform

the inverse transform is also linear

Ex I 83 5 I I IS I IE
p g glinearity

domain of from domain of
Ffs is of the

ft is
table

o o

fig 7.1.2
s

linearity of

Ex 2 I 52 4 536 3 g I É
domain of Fisk

tan

iÉ a




































































































Thin 3 Uniqueness of inverse Laplace transform

Suppose flt and get are such that

FCS L FCA and GCS L get3

If FCS G s for all s c for some CE IR

then flt get wherever on co o both f and g are continuous


