
 

5 1 Matrices and linear systems

A matrix valued function or simply matrix function

is a matrix whose entries are functions of t
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A matrix function is continuous at a point or an interval
if each of its entries is

A matrix function is

if each of its entries
differentiable

at a point or an interval
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IH is continuous and Ctl is continuous and
differentiable on IR differentiable on f

The derivative of a differentiable matrix function Act aight

is A t dijk differentiate each entry
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1st order linear systems

A system of 1st order ODEs is linear if it can be written as
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The equation H is equivalent to the system of two equations
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Ex The 1st order system

Xp 4 Xi 3 2

x2 6 1 7 2

can be written in matrix form as
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Def
A solution of the 1st order linear system
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is a family of n functions NCH x2 t that

that satisfy the equality
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Ex of Def

Is tact 43 a solution to the system Ii I 3 I

Is Ibct Est a solution

Answer Compute TaCH 4 4
Substitute both tact and I'act into the system
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Since LHS kits IaCt is a solution of the system

Homework Verify that that is also a solution of the system



Remark Every n th order linear equation is equivalent to a

1storder linear system of n equations in n variables

Ex of Remark
Convert the 2nd order linear equation
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into a 1st order linear system
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is the 1st order system
equivalent to the
original 1st order ODE

Than Existence and uniqueness of solutions of 1st order linear systems
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lontinuous in an open interval I containing the point a

Then given numbers by bz but R the system has a

unique solution on I that satisfies the initial renditions
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Def Consider the 1st order linear system

I'Ct Pct I CH t FA

The associated homogeneous system is

I'Ct PG Ict

Than Principle of superposition for homogeneous system

TF tact and Ibct arm both solutions in I of

the homogeneous linear system I'd Pct Ict

THEN

any linear combination
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is also a solution of I'Ct PG Ict on I

Ex of Thm

From the previous ex we see that

tact 1331 and Ibct Est are both solutions

of the homogeneous system I f 3 I in IR

So the thm principle of superposition tells us that
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is also a solution in R

Note In this example IIR



Def Two vector valued functions Taft and IG
are linearly dependent on the interval I

if there exists a nonzero constant c such that

C IaCH Ibct or tact CIA
Otherwise Tact and Ibct are linearly dependent

Ex ta qt and tb Et are linearly dependent

because 2 Ib

Ex tact 43 and Ibct Est are linearly independent



Def The wronskian of Iast and Ibct f
is W ta Hl Is Al det XiaCH Mbf

zaCH 264
For short write this column this lolumn

is tact is IbctIqbal daff d
Xiaf Yaba Natl Xibk

Thm Wronski an linear independence

If W TA Jk is not the zero function

then ICH and Jal are linearly independent

Ex of Thm

tact EI and Ibct Est
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This is not the zero function e.g the value at t o is 740

so the thm Wronski an linear independence

tells us that tact and Ibct are linearly independent



Thm General solutions of homogeneous systems

Suppose IG Ect Ct are linearly independent solutions

on an open interval I

of the homogeneous first order linear system
with n equations in n variables
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Suppose Pltitinuous on I

Then any solution Ift of the system can be written

as IA GTA t C2tact t t Cn Inf for some Ci ki ich ER

for all t in I

This means to find a general solution we only have to find
n linearly independent solutions

Ex of Thm

From the previous ex we see that

tact 1331 and Ibct Est are linearly independent solutions

of the homogeneous system I f 3 E in IR

By Thm General solutions of homogeneous systems

sine Pitt 141 I 2 equations in 2 variables

a general solution of the system is
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Thm General solution of Ionhomogeneous systems

Let I'Ct PG IG ICH be a Ion homogeneous
P

not all Os
1st order linear system of n equations in n variables

Then its general solution is

General solution Partinulav solution
of the of the original
homogeneous t non homogeneous
system system
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Ex of Thm General solution of Ion homogeneous systems



Initial value problems

Ex

Solve the initial value problem IVP
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Answer

a general solution of the system is
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Impose the initial condition to the general solution
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