Sec 3.5 Non homfagencous lfnear equation with  constant Goe-F-Fl'dc.nts

(onsider a non hor\nogwcous [tnear ODE  with constant coefLicients

Qn }/C")-f—_..-}' AL}’“-# a,y' t+ do Yy :‘F&) [N
where Qn, ---> 92,0, 9, € R are constants and  a, o
Then
m

+ ...+ ML)’”-f- a,)/' + 4y = O [HT]

a,.y

is the CorresFonolfma_ l’lOMoaemeous OoDE.

FaC—ﬁ 1 (‘)Drom Sec 3.l>

a Faf-f'fcu lar

General Solution General Solution Solution }’F[x)
YOO of Hhe | = Vel of -the + of the
mnl«amogenewg homogeneous vwnhovvxoggneow
ope  [W] obe  [H] obe  [W]
Use the CcCharacferistic More. comF[rca‘f—gJ,
eT"O'kfoh me-{-ho"' We Ml 'Carn
‘From Sec 3.3 2 method —flot
works for

a ‘Ff‘_"‘) CaSes



Ex1 Find a geveral solufion of y"-Sy'+ sy = 2xe** [N]

-

£6<)

Step 1 Frnd %emeﬂz( Solufion of the l’\omoaemeoug ob>E

y(l_s)/l_,_ é)/ o EH]

The chayvacteristic Q/?/m'f’('on s r1—§r+ 6 o CCY
(r-2)(r-2) =0

2,% ave ¢oots | each vy mul-(—'rFIEc’r{-/ 1
[Ffom Sec '1.1> A 8eme<fa[ Selution d-lf [:H] s

Ye (%) = e+ e C,Cs € [R

)

Sﬁ? 2 The nen homoae.neous fﬂ(‘% ofF N1 s

Foo = e ax
- (— —
Uike wWhen we have a root 23 @& -l;olUmovvﬁm[ o]C

for the characteristic equoation oleﬂrea 1
ldea= Ouess @ ])Mf+fOM/ar Soludion yP(x) cimilar s ff@

Chould  we quess  ¥p (0= 2% (AX#— E‘>> ? No |
g F _— -
Same. 'FNM o ?o(&mom?a( DTC
o@eﬁree 1

'Frolp{e_mf we would 6e-{: a *erm eZKB which

s olveady park of Ve bI= X+ (e

Fix: Make }’r &) ”o!l"FF&Vé_n+ enouaffu” Ly MMH—(F[\LI-"’@ [O\‘7 x.!J

eCaule. Y=3 is g
Yoot o.F MMH‘??[FCJ-{—V 1
o]F —he cClaractericstic

G uess Yp &) < £ x (Ax+B) = egx[szﬂBx} equrtion



S‘(QF 2 COMFU—EC as vvmny derivatives as we need 4o Substifute into CI\J]:
Yp ) = e”‘[Ax%)Bx}

Yo 09 = 3 (Axex) + e (2 AX+B) = o2 [2A X"+ @RF2R) X+ B

Yo () = 36 [2AX+ ERF2A)X+R] 4 & [6AX + Grrap)]

= X[ aa x>+ (7B+ 24) X + éB{ﬂA]

S‘teF 4 Substttute Tafo the wonlnov»’loae\neous ODE E‘\’j !
y'-sy'+ ¢y = 2x e
egX[‘tA x* + C7&+ 12,@)( + é&i—i;\j

— 5 e [2axts @Bra)X TR+ | X (AxtBx) = 2xe”

S [Ga-1sared X+ (TR 104158 —10A+4B) X +(6B+2A-SB) = 2xe™

e[ o X"+ 24 X +BYaL | = axe¥

Step 5 Solve "F"r the coefficients AR sotHut LHS and RHS are e‘lua[

2AX +R+2A = 2Xx + 0

2A=2 = |A=]
B+2A=o0

&‘f‘ 2(1>=O % &:~2

Sf&F 6 Then a ‘Fozr—l-Tc,ular colution Tt yF (x) = egx (1XL—2X>

General colution of —the_ mon\’\oMoa&neeuS oBE (N] Ts

Y0 = Vel + Ype)

X
YOO = Coe™ e e+ (X - 2x), ¢, 2 € R




Ex 9 oDE >Im _711+ y| _ y - e2>< ()('I'I) EN]

Step 1 Find aenemf Colution of —the l«omTlMuu& SME
y'eyey -y =@ N
lAS'lV\a Sec 2.3 wethed
Chraracteristic e_abm+7on s

f%-—"{‘z-}-'(‘-_'l:(b [07
G=1) Ge*+1) = o
4 \ =07 are Cbzljuﬂoréa
Y‘”*S> each with
W\wl’cirlfcﬂ'y !

Y= 7s & voof

vy wultiplici o
A geweral solution of [H] s
Ye (0= C, el)< + em< [Cl Cos (1x) + (5 Sin [7@]

Y6 = C eX + Gy cos() + Cay Sinlx) | C,Cz, 0+ € R

SJC&FP_ Guess  a ?ar+7cq(mr Solution Ypo)  of
—Fhe V\onlnomoaeneous odE [N] -

2 x ﬁ/\FOIYWOMh"[
Because 'F(’() = g,,_» (K-H) of o{earee 1

Y=2 IS net g voot O‘F “the characteristic e%w«rﬁioﬂ CCJ
. You Can D:[So _Fﬁ.l“t U{: ¥=2 as a rest

w venttiplicidy o
guess 60 = X (Ax+®)
Check ot 2 is not a  rook of “+he characte vistic equation
AH’UW“H ve[y) check  Hut sz is not a/r”eomQ/ ?mr-F of  Yebx)

- 0 2X
AH’GN\WHVH}’) %MCSS >’F (x) = )Q/b e -[AX+B> o
0 becouse Y=9 1S 2 rost W/ MmeF/rcrv’-/ 0 of (]



Step 3 Compute as woany dectvafives of  Yp0d as we need for [N]
Yp 0O = e (Ax+B)
Yo 00 = 1€ (Ax4B) + e (A) = 62X (2AX + 2B+ A)
Vo (x) = 2e™(2axt 28tA)+ € (an) - e (4 AX+ 4B ¥ 4A)
W) = 207 (4AX +4R+4A) + 2(44) = 2 (8AX + 8B+ 124)
Step & Substitute }’F and s derivatives inte —fhe Vlovmlnomoaeﬁeou& ove [N]:
y' ety -y = e k)

e (8Ax+ 82+ 124) — (4 AX + 4B+ 44)

+eX(aax+28¢A) = e (Ax+B) = e (x+1)

e [ (BA-4A+2A-A) x + (BB-4B + 28-B) v(i2A-4A+A)| = e (x+1)

eiﬂ (SAX + E-B -+ 9 A > .e_o-x(x_,t_»’)

Step S Find  the coefficients o +ht LHS and RHS wmatch

fl

SAX = Ix = tA=]
SR+9A = 1
So/Ve —Fo( A,B" A:._If
YN
F@+7[—§>7-7 .
B = 7~?=”‘§.’
-2
b 25

SJC&F 6 Then a ‘l>orr+TC,ulaT colution Ttg yl> CX)T’@ZK(%X”{%
Gemcra[ Colution o—F —tte monl’\omoaeneau& obE C’\‘] s

Yx)= Yl + Ypl)




Fact 2

I

YFI (x) is a Colution o-F Gn }’Cn) + ...+ ML)’” + 41)" t oy = ‘F&)
and

YF:L[X) is a Colukion of Qn )/C") + ...+ o\Ly" + gl)/' + Aoy = @&) ,
’Uﬂen

Ve = YR+ Yp () is a Solutien of

an },Cﬂ) + oty ay' +ay = {6)+90x)

Ex 3 Solve the IVP }’[3) -/-7‘ = 2 -sin(x) ) }/[o):o) )’l(o)=1) }’“[D)=D_

S%QF1 F—‘f“" 8enero«, solution °‘F —the ‘nomo%e,neoug ODE
‘)ICL) + 7' =0 EH]
The Charactecristic e,obmore}on is

*4+yv =o0
r(e*+ 1) = o

Y=0 s a roo+ -r'?—_(_(:o
W/ mul+i(>lfd#/1 Y=0+ { e roots muH??]Td*Fy 1

A zae,vleXaL‘ solution c»(? EHl N
Yo &)= ¢ eP% 4 2% [Cg_ s (1<) + 0, sm@x}:(

Ye &) = Cy + G s (x) + (o STn(x)




g‘k@‘? 2 The wnev homooeneo us Taar—E s 'F[X) = ) —SinX

We now need o ge “‘/’h(‘ol/l@h S‘-Jce?g _—4 -Fof

YOyt =y [N. 1]
—

£ 60

X
—F( [ﬂ):/e 9—\
Y=0is a voot of L IS o
“the Characterictic To[)/momim{ of
%Uﬂ"[’?0"‘l d%(ff 0
v/ muH]r”C”/ 1 ultipliciy

Y=0 is 1
Guss yoi0= o7 O0)
Some Fo {)/mawﬁp{ [

of oleatrec 0

Vy undete r wﬁm&[
Coetfrcient

AND y® Fy' = -sm6 [N.2]

+2.69

fo69= ™ [~anx (1) + cosx @ﬂ
f

Fol\ynom?mls ,]0
o(e Teb D
Tﬁe Voa‘tg O t 17 ave_ \"oo‘tg o-P
“the characteristic eqbua-bTon
W/ eulFipficity 1.

muldiplicdy of £7 T
Guess /

VP?.()(): enxxé)[ﬁ cosx + C STnX]

SteF 2. ComFu‘l'a derivatives of Ypi)
Yp1 09 = Ax
Yo 6= A

"y

Ymn (x) = )/r)( (x)= 0

Step 2.2 va.w-te derivatives of Vp, &)
VPa ()= X [® wsx+C s xj

YFLl )= B wSx+( sinx T X [—Bs’:mﬂ- CCoSX]

er(,( () =R sin x4 C cos X f[’BSTnx-f— C aygx]

-+ X["&@SX—C S]AXJ

= T2R SinX+ 20 Ce8 X+ X[—&@sx—c Q'mx]

)’F;'& =-3B (Sx~3C Sin X+ X[Bs’mx— CCoSX]



gJCeP 4 |

Substitute into The
VlonhomoaQﬂeous ODE ENﬂ

S‘teFﬁ‘_P_ Substitute into The
non [floV'V\OOQNQOMS O])E EN?J

>/[3) +_>/I - ~Sl'n(><)

7
>,[3) +7| _ O_Nzﬁ /-ME,;J o ~3B(Sx-3C Sin Xt X[Bs’mx—CCosx]
rolna
DF+FA =2 J t+ B 0Sx+( siny 'f'X[—BS'mX-f- CCosx]
= —Cin X
o —9p (os X -2 C SinX = —8&inx
Step s A=2 SJC&F £.9  ~2p=0 N R=0
~2¢=-1 C=>

g—(j@_P 6./ Y[” (;(): 9 X Sf@-?é.i >/l>9_6<>: X [D cosx-f-ZLSTnX]

Vpo 6 = LLx Sin X

Yp 6 = Ve G+ /e )

E)(‘l’f'm S‘Le:? ‘7‘
YF&): 2X + Z—'X CGnyx 1S a Solutfion “f'o—HuC or‘(d'ma\ EN-I

y(Z'){_yI: 2 ~Sin X

(by Fact 9->

$o a 6‘?—"9—VOII Solution D‘F [l\l] s \/(X)= }’c(x) +yF(X)

Ciy Ce, G2 € R

YR= Gty Cs(x) + (3 Sin(x)+ 2x+ ?':x Sin x

IMFOSQ the Fnitial conditions yoy=o, yl)=1, y'to)=0

0:}’(03': C(+ Cy 1 +0+0+0 =2 ©5 Ci+Cyh

Y'6)= ~Cp 8in x £ Gy cos X + 2 F —;—(STnx+ xco8><>

t=y@= © +C+2 =

Y'(x)= —Cg oS x —C3 8Tn X + _;,(fpsxqt cOsx—xgmx>

o= yI®=-Co +L(1+1) = so [C1=—Co=—1]

Yy=-1* CoS(X) ~ Sin(x) + 2x+ ?':x Sin X

The <olution to the VP s




Method o—F undetevmined Coe:(:—[-\TcFerrtS

(—For —-F'mot?ﬂ%_ Qa 'F@V-ch(mr Solution of a nonﬁ\omoaeneous linear O‘bE>

Consider g non hOMOgeA’)eous /r’near ODE with constant coeﬁfru‘ents
Qn )/C")—r...-}— 0\,_)’”1— ﬂ|)" t+ do Yy :_][‘&) [T
where Qn, ---> 92,9, q, € R are constants and  a, #o .

S—EeF | Frad voots of —+he  chavactevistic C%ua'('('oh

An \r" + ...+ MLY‘Q'-f— a ¥ + do =0

o-(? —the Corr‘es]>onchn€_ lnomozaetneous ODE.

-6
5“561> 2 Gruess Ve (0 Ex: foo= e Xéxﬁ-x}
fo69= et

f60= (3 x*+ x)
Case Q - ,F(x); 66)( (m FO')/mom_lal[ a-F o!cg(‘ec YV\B

X If r:c is a voot with multipliciby s of the chavacterisbic equation,

<
then gquess  Jp(0 = &7 X5 (a polyomial of degree e, 7th
undetermined C'.ocf:FFc'(iv\‘fS>

yr(x): e x° (Ammer e FAXE A XHAS)

X |{-‘ =C 1S not a rost of “+he characterictic Cf?/ua+'rol’lj
~then Think o—F Y=C as a voot with AmuH-'(Flic}-F/ to

ano| %Mesg YFOO = eCX XD (ﬂ Fol)/movw?a[ o-(: JC@(‘GQ ™, —ith
undefermired Co&‘F-F?c'r entg )

Yp )= e (Aux™+ o AT A X AS)




Case b )= e [COS(AX>(m polyromial of ) (40 (“ polyaomial °F>]

‘Jeﬂrf@' " Jeﬂree, My

Ei {(X)zzchS(a-X) ffle_re C=o and ‘H‘he_ 2nd ‘Folynom'm’ s O | cﬂ=2
f@‘) =% [ws[zx) (x%+6) + ein(2x) [gx):, c=s, d=2

'F()O: @—X Sl’n(éx) heve c=-1, d= ¢, and +He st FOI)momfal is O

X £ (=ctd] are roots with mul*F?]blf(_?-[—)/ s of the chavactecistic equation,

then

cet M= max of M| and ™,

and

SUESS

yF (x) = eCX)(S [COS(JXD (a Fo’)’wom?a\ of! Jeq ™, D“" sin (dx) (anoﬂwcr‘ ,ynomia\ of Aeq M’D}

with undetermined coe{Ficient with undetermined coe{ficient

yF (x) = ecxxg [Cos (dx) ( Am X"t AXE A|X+Ao\>+ Sin [Jx)( Am X7+ A X A XA >}

¥ |f v=ctdi are not roots of he charackeristic eﬂ/ua‘uo"U
think of them as voots of wmultiplicity S=0, oand
aueS'i

Y (x) = et x [Cas(o!x) ( A Xt .. +A2X1+A,X+Ao>+ sin (Jx)( A X4 o+ A Xt A XHA ﬂ

Remark © We hae to Tnclude both <ines and Cosines

even Tf *F(x) onl)/ hae one of —fhem
becaute when we differentiate one we 69:?: the other



SJ@F 2 Comrm{:e as rany de 7 vorki ves of YpO) as we need:

pﬂ T oraert o -+
7!"[’()) /F“&)’ o ),F(m(x) s e ordec of The oBE

S{er 4 Substifute )l’>6<) oard Tts derivatives Tnfe Hhe von howwaemeoms o>E

An y(ﬂ.) + .+ a;}’” ¥ a‘)/l + qoy = 10&) [Nj
g‘te?g Frnd —the undetermined coefficients so —hit LHS and RHS watch

g’b&F b Substitute +these Cpc-ﬁ—\fc{cwfs Lack inmto the aueQScap }’F(X)

Evfra S—l:e,F ¥
']C 1@&) i< a2 sum of +erms of ~the —grm
Q“L’CF 9 lase a  and S{’e]s 2 case b,
—then —F’H’S'I' aFFI/ the mefhod s(;r each <€erm,
fhen Lake —the  cum of all Hhe Y60

Ex If 60 = Wl raxtoxtlo e only yeed o apply Fe method

once  because s QFHLS into
Q«l;er 2 (ase A : |lere C=0

1 £6)= (0se)(xt 3D + 6 | e need o apply e

e b medhod Fuice , hﬁr each term



