
 

Sec 3.5 Nenhomogeneous linear equation with constant coefficients

Consider a henhomogeneous linear ODE with constant coefficients

any t tazy t any t goy fax CN

where an 92,9 q E IR are constants and an 0

Then

any t tazy t any t goy 0 H

is the corresponding homogeneous ODE

S

so on ypgGeneral solution General solution
a particular

yea of the yea of the of the
nonhomogeneous homogeneous nonhomogeneous
ODE N ODE H ODE N

Use the characteristic More complicated
equation method we'll learn
from Sec3.3 a method that

works for
a fee cases

Note Yeh is called the romplementary solution of N

or the homogenous solution of CN



Ex I Find a general solution of y sy't by 24,3
N

step 1 Find a general solution of the homogeneous ODE

y Sy't by 0 H

The characteristic equation is r Srt 6 0 c
V 2 8 3 0

2,3 are roots each w multiplicity 7

From Se 3 3 A general solution of H is

Yc N C e t Cz e Ci Cz E IR

Step 2 The nonhomogeneous part of N is

fix It
ftp.lynomial oflike when we have a root 3

for the characteristic equation degree 7

Idea Guess a particular solution Yp
x similar to fix

NOshould we guess P gjeÉm ftp.tnomial of
degree 7

Problem we would get a term e B which

is already part of Y lx C e t Cze

Fix Make Ypix different enough by multiplying by x

root of multiplicity

PM e x 1 13 pay

because t is a

of the characteristic
Guess equation



Step 3 Compute as many derivatives as we need to substitute into CN

Yp x e AxtBx

Yp x 3e3x AN Bx e 2A B e3X 3AN EBt2A XtB

xp x 38 3444313 21 B e 6A X GB12A

e 9A x 913 124 613 24

Step4 Substitute into the nonhomogeneous ODE CN

Y Sy't by 2x e3

e 9AM 913 124 613 24

5 e 34 2 313 24 B 68 1 4131 2x e

e A 15A16A x2 913 121 1513 101 613 x 613 24 513 2xe

e o Nt 2A x T B 2A axe

step 5 Solve for the coefficients it B so that LHSand RHS are equal

2A Xt Bt 2A 2X to

2A 2 A 1

B 12A o Bt 2117 0 13 2

Step 6 Then a particular solution is Yp x e Ix 2x

General solution of the nonhomogeneous ODE N is

Yin Ye x Ypix

YG C e ca e t e x2 2x Ci Ca E IR



Ex 2 ODE y y t y y e x 11 N

Step I Find general solution of the homogeneous ODE

y y t y y 0 it

using Sec 3.3 method

Characteristic equation is

v3 r't r 1 0 c

r 1 reti o

r t is a root
15 0 Ii are conjugate
roots each with

w multiplicity 1 multiplicity 1

A general solution of CH is

Yea C e t e Ca ios ex t c sinAxl

Y G C e t Cz cos x t Czsin x Ci Cz Cz E IR

Step 2 Guess a particular solution Ypa of
the nonhomogeneous ODE N

Because fix ey IT
polynomial

of degree 1
r 2 is not a root of the characteristic equation I
You can also thinkof 8 2 as a root
w multiplicity o

guess Ypk e

http onial of dig 1
Check that 2 is not a root of the characteristic equation

Alternatively check that e is not already part of yea

Alternatively guess Yp x q AxtB
O because r 2 is a root wemultiplinity o of i



Step 3 Compute as many derivatives of Ypm as we need for N

Yp x e Axt B

Yp x 292 4 13 e A e LAX 2B It

Yp x 2 2Axt 2B A e 2A 4 Ax 413 41

y x 2e 44 413 44 e2x4A e 84 813 124

Step4 Substitute Ypand its derivatives into the nonhomogeneous ODE N

y y t y y e xxl

e 84 813 124 e 4 Ax 413 41

e LAX 2B it e Axt B e x 11

e 8A 4A 12A A x OB GB 2B B 12A 4A A e 1 1

e 5 Ax 5 B t 9A e Xt

Step5 Find the coefficients so that LHS and RHS match
5A X I X 5A

JB 19A 1

Solve for A B A I
JB 9 f I

513 1 F
B

5

Step 6 Then a particular solution is Yp x e Ex
General solution of the nonhomogeneous ODE N is

Yin Ye x YpH

y x c e t ca cos x t c sin x t e Ex G G C E IR



Fact 2

If

YpCa is a solution of any t day t any t goy fix

and

Ypala is a solution of any t day t any t goy ga

then

YpN Yp A typa x is a solution of

any t tazy t any t goy fix gex

Ex 3 Solve the NP y y 2 sin x yo o Y67 1 Y o o

Step 1 Find general solution of the homogeneous ODE

yo t y o It

The characteristic equation is

r3 r o
r rat 7 O

V O is a root
w multiplicity

1 r

r Ot i are roots y multiplicity 1

A general solution of H is

yah create Cz cos lx C sin lx

Y H C t Cz cos x C sin x



step 2 The nonhomogeneous part is fix 2 sin x

We now need to gothrough steps 3 6 for
y y

egg
N 1 AND y y Iggy

N 2

fist 2 fake ex f sin x i t cosxCol
r fr o is a root of is a

polynomials ofthe characteristic polynomial of degree 0
equation degree 0 The roots o Ili are roots of
u multiplicity 1 the characteristic equation
Guess YpW ggpfyjft

is
us multiplicity n

Guess myltiptility of
It is y

of degree o
Yp x e Bcosx Csinx

w undetermined
coefficient

step3.1 Compute derivatives of Yp txt Step 3.2 Compute derivativesofYpzCx

Yp M Ax YpaHF X B cos x C sin x

Yp la A Yp's x BlosxtCsinxtx f Bsinx Crosx

Yp IN Yp x o Yp's'd BsinxtcosxtEBsinxtccosx
X Biosx C sin x

2B sinxt 2C losxt X Biosx C sin x

Ypa F 3Bios x 3C sin xt x Bsinx Crosx



Step 4.1 Step4.2
nonhomogeneous ODE ND

Substitute into the
nonhomogeneous ODE ND yo y sin x

4
ya y 2 Not the 31310sx 3C sin xtx Bsinx Crosx

original CN t BlosxtCsinxtx Bsinx Crosx
O A L

sin Xj.fi jj

2BCosX 2 sin x sin x

step 5 I 1 2

Step 6.2 Ypa X o cosxtzsinx

YpzH Ex sin x

Extra step 7 Yp Ix Yp IN type K

YpH 2x taxsin x is a solution to the original N

y131 y 2 sin X

by Fact 2

So a general solution of N is yh YcIN YpIx

Ya C tCz cos x Is sin x 2xt x sin x Ci Cz B E R

Impose the initial conditions yo o y 07 1 y 07 0

O Y107 C C27 to to to o c Cz

Y'A CzSin Xt G cos x 2 21 SinX XCOSX

1 Y 6 O t Cz t 2 Cz 1

Y G Cacosx C sin x cost cost x sin x

o y Co Cz t 1 7 Cz 7 so C 2 7

The solution to the NP is ya I cos x sin x 2xt Ex sin x



Method of undetermined coefficients

for finding a particular solution of a nonhomogeneous linear ODE

Consider a henhomogeneous linear ODE with constant coefficients

any t tazy t any t goy fax CN

where an 92,9 q E IR are constants and an 0

Step I Find roots of the characteristic equation

an th t t act t 9,8 t go 0

of the corresponding homogeneous ODE

Step 2 Guess Yp x Ex fix é x x

fix e 6

fix 3 9 4

Case a f x e a polynomial of degree m

then guess Yp x e x a polynomial of degree m with
iii

undetermined coefficients

If r c is not a root of the characteristic equation

then think of r c as a root with multiplicity so

and guess xp x e x a polynomial of degree m with
undetermined coefficients

Yp x e AmMt Ask A xtAo



case b fax e cos dx a polynomial of sin dx a polynomial of
degree me degree Ma

E f x 4 cos 2 1 here c o and the 2nd polynomial is o d 2

fix e5 cos 2x 4 6 sin 2x x 5 d 2

f x é sin Gx have c I d 6 and the 1st polynomial is o

If rect di are roots with multiplicity s of the characteristic equation

then
set me Max of Mi and me

guess

xp x e as cos dx a polynomialofdegm

d

n ngwith undetermined coefficients
t sin dx

another polynomial ofdegm

Yp x e as cos dx Amx't t.az tAixtAo tsin dx7 Amxmt tA2x2tAixtA

If 2 1 Idi are not roots of the characteristic equation

think of them as roots of multiplicity 5 0 and

guess

Yp x e cos dx Amx't t.az tAixtAo tsin dx7 Amxmt tA2x2tAixtA

Remark We have to include both sines and cosines

even if fix only has one of them
because when we differentiate one we get the other



Step 3 Compute as many derivatives of Yp x as we need

YpH Yp x ypen
h is the order of the ODE

step 4 Substitute Ypa and its derivatives into the nonhomogeneous ODE

any t t day t any t doy fax CN

Step5 Find the undetermined coefficients so that LHS and RHS match

Step6 Substitute these coefficients back into the guessed Ypg

Extra Step 7

If fat is a sum of terms of the form

step 2 Case a and step 2 case b

then first apply the method for each term
then take the sum of all the Yp x

Ex If fax 49 3 2 Xt to we onlyneed to apply the method
once because this fits into

step 2 case a here 2 0

If f x cosG x4 3 2 é

case b case a

we need to apply the
method twice for each term


