



































































































































See 3.3 Homogeneous equations w constant coefficients
wi can
solve
them
allA small example1

Consider a homogeneous 2nd order linear ODE 4 constant coefficients

7 Y 4 y't 54 0 it
No

Characteristic nation is

re y y y g p
Think of Y as the o th derivative of y

C

Find roots of a using quadratic formula or complete the square

r2 4 r 5

r 2.28 22 5 22

G 2
2

1

r 2 IF I i
9 2 b Ir 2 Ii

The general solution of the ODE H is

YG e c cos bx e sin bx

ya et C cos x C2 sin x Ci Ge R

a linear combinationofefcosxand e sin x

Fundamental Thm of Algebra

A polynomial of degree n with coefficients in A has

exactly n roots in C counting multiplicities

In particular a polynomial of degree n with coefficients in IR has

exactly n roots in C counting multiplicities






































































































































Method for finding solution of homogeneous linear ODE

w constant coefficients

Consider the n th order ODE

an y t an y t taz y t a y t a y 0 H

where An An 1 92,91 do E IR are constants and an 0

Step I Write the characteristic equation associated w it

an r t an r t t azt t a r ta 0 c

It has exactly n complex roots counted with multiplicities

The roots can be

Real roots with anymultiplicity
Pairs of complex conjugate roots with the same multiplicity
that is if at bi is a root with multiplicity m

then a bi is also a root with multiplicity m

EI r 374 ra r 473 0

Thi r 12173

has 15 roots counted with multiplicity

4 3 is a root with multiplicity 4

5 I is a root with multiplicity 5

32,1
2 is a root with multiplicity 3

15 Its conjugate ai is also a root with multiplicity 3








































































































Step 2 Each root with multiplicity m contributes m terms

to the general solution of the ODE H

Each real root r E IR of the characteristic equation C

with multiplicity m contributes these m terms

a linear combination of m linearly independent fundamental solutions

i i
e Ca X t Csx't t Cmxm e I

where fi C2 G i Cn E IR

E If 5 is a real root w multiplicity 3

it would contribute these 3 terms

G can t C X est Ci ca I ER

Each conjugate pair of complex roots at bi and a bi of

the characteristic equation I each with multiplicity m

contributes these 2m terms

a linear combination of 2m linearly independent fundamental solutions
eat ios bx e x cos bx e x cos bx

eax sin bx eat x sin bx e x sin bx

A ed cos bx t Hzed x cos bx t Amen x cos bx

Bye sin bx Bae x sin bx t Bmeaxxm sin bx

Al Am Bin Bm E IR



Ex 2 Find general solution of ODE

q y
s
Gy

4 y o

5thorder

Ans

step 1 Characteristic equation is

9v5 684 23 0

is

r 2 5 is a root wmultiplicity 2

Step 2 the general solution of the ODE is

Y x it can t Csx e Ca Cs x e's

C thx thx t at Cs X est
IEE ER

sanity check
Sanity check The general solution should have 5 terms five constants

because the
because the ODE has order 5 ODEhasorders

The 5 functions should all look different enough

1 x x2 et Xe's are different enough



Ex 3 Find an ODE for which a general solution is

Y x C t Ca Xt 3
2 Cat't G x 4

at C x Cox cos 2x

Cgt Cioxtc x2 sin 2x

Eleven terms

And The form for the general solution fits a

homogeneous 11 th order linear ODE w constant coefficients
These five terms tell us we need a root t o wi multiplicity 5

Y x it Ca Xt GN Ca x G x 4 e

t g t Cy x Cox e cos 2x e cos 2x and

pot sin 2x
Cgt Gox c Mersin 2x

tell us we need
The three Fumstelasthamultiplicity a root of 2i
of 0 21 and o si is three each

A tharacteristic equation we want is

r Ir 0 2,7 r Co 21773 0

r Cr 2 rt 2 o

multiply 25 4473 o

out 6,5
r 4 8 it 6 r 4

85 r 6 424 8v4 3222 1682 64 0

25 rb 1284 48 r't 647 0

r t 1279 4827 64 25 0

Sanity check The characteristic polynomial has degree 11 5 2 3

The ODE corresponding to this characteristic equation
is

y 12 ya 48 y 64 Y o



Ex 4 Solve y t y to y o Hint 23 2 10 0

And The characteristic equation is

83 r 10 0

Since 23 2 10 0 2 is a root

so r 2 is a factor of r't v lo

Perform long division to compute r'I
r a sit r i

v3 2V2

2V24 r 10

2 r2 GV
58 to
55

18 so
r't r to

2
82 28 5

so r't r 10 r 2 retorts

so r 2 0 and r't art 5 0

ft 28 5
One root 21 2 y't 2ft I 5 1
w multiplicity 7 Gt1 4

rtl 154 12
r 1 I 2

conjugate pair of complex roots
each with multiplicity 7

General solution is

yal c e t é it cos 2x B sin 2x Git Be R


