Numevrical methods 760\(“ So/\/m%r st order ODE <
?lﬁ{T: Sec 2.4 ) 2.5, 2.6

d
X Man% ODEs d::TC[XJYJ are TMFOSSTE(Q to solve exach/)/
dy )
e_x 5:6

XK IDS'(:P,ao[ o@ —FTHCQTn%_ the  solution -‘;unc-tfon >’(><))
aF%roK;\ma-f:e ite valueg Yy = VD Yo XY {XD5 ygzy[)@)

at some values Xq, Xz, Xz

The tdea is similar to SK@{:CH?(\%_ an aFFrox“fma'(:e_ Solution curve

n oa SLDFQ —Ffe[ol ug’m% onl)/ —+he S hovd [ine ge%mentg

y

Solution
curve

(x2, y2)

Gor ),;)) (1, yp)

X

FIGURE 2.4.1. The first few steps in
approximating a solution curve.



m Numerical Approximation: Euler’s Method

Fuler’s method

d
Consider an Initial Voalye Problem £=f(x,y), y(x0) = yo

Choose a step size h

xo)aiven
X1 =Xxo+h
X2=X1+h

X3 =Xx2+h

Xp+1 = Xp + h,

703 %Tven

y1 = Yo+ h- f(xo,y0)
ya=y1+h- f(x1,y1)
y3=y2+h- f(x2,y2)

Yn+1 = Yn +h- f(Xn, yn)
—_—
. Slore ot
"U/\Q ;r(QV?olAQ
?o?n‘(‘;

(xn+l’ yn+1)
]
Slope
S Gn, yn) hf(x,.y,)
(X”, yn) h (X”+1, yn)

FIGURE 2.4.2. The step from
(Xn,¥n) to (xr1+l 5 Yn—H)-



Exa M;El ¢ Apply Euler’s method to approximate the solution of the initial value problem
d

=L =x+y, y0)=1 Grlqe obE ic [inear & e can Solve it: y(X)Izex—X—1>
dx

Choose Step size [n=o,9_[/ike choosivg c{emsh‘/ value in Geogebra <lope fel(d 7>/o‘t-&er>

=0 (given) 6= o= 1 (given)
X[ = Xo+0.2=0.2 i) Yi= Yo t 02 f06,y0) = 1+ 0.2 (0+1) =12
Xg= X1t 0.250.4 yoc)xYa= it o2 £04y0) = Lot 0.20.2+[.2) = I. 18
Xy= Xp +0-220.6 Yoz Y3= Yot 02 fbayyz) = 148+ 0.2 (o4+148) = L35g
X4= Xy +0.2=03 Yo 14= 13 * 0.2 F(xs,5) = 856 +0.2 (0.6 + 1356) = 2.2472
Xg= Xg+0.2 = | S)w Vs = Yo+ 0.2 £0%,y8) = 23972+ 0.2 (08 + 2.2472) = 2.77664

¥ Our aFTrpx?mm';Tan -Far y(n is Ye = 2.77¢6c4

X But the actual value of y(1y is 2e'— -] = 34366,
so thic aFFrame«tFon With h=0.2 is not very jooc(,

¥ With step size h=0.1, we would aei Yo = 3- 1875

¥ With step size h=0.001, we could ﬂei Jlooo = 3.4338
rmuch betHer; but this reZu'rreS loco Sbeps (



L.ocal and Cumulative Errors

| }Local error

:(xn+l’ Yn+1)

Exact values

Xn+1

|
|
|
|
|
|
|
|
|
|
|

l Cumulative error

Approximate

values

These moake the appye < mation y () &Y

unreliable  when Xn is not suﬂcfc?emt/)/
close to X

Local errov i Hhe error at each S—Le}b.’

d X
~the Slo"re, O.B)Z( :{36())() is not Condfant
in the nterwnl [<n%nn]) but
we aye u.&'/r\g_ "E((\e_ Q(oFe, a‘tﬁ 6<Vl) va
£ 83{: to (Xati, Yne1)

Cumulative ercor

After “the Lrvst tep,

we are vot stactim at

the actual point (X1, y ()
but at the approxinmtion (%i,¥1),

ﬂncd So on.

A3

X



Rouﬂé o-(\-g ervoYl
[n —the e%amrlf, we could hove written Yz= 186 instead of  Yor (936,

TWS wom(O! }mFaC‘{' “'he, Can)'FM‘EOt‘EfOW O'f\ )/4—) 'U’)en Y}’.

THEOREM 1 The E in the Euler Method
m A Closer Look at the Euler Method @ Errorin fhe Evler Meino

Suppose that the initial value problem

Z—i=f(x,y), y(x0) = yo ()]
has a unique solution y(x) on the closed interval [a, b] with a = xo, and assume
that y(x) has a continuous second derivative on [a, b]. (This would follow from
the assumption that f, fx, and f; are all continuous fora = x = b and ¢ =
y =d, where ¢ = y(x) = d for all x in [a,b].) Then there exists a constant
C such that the following is true: If the approximations yi, y2, y3, ..., Yk to the
actual values y(x1), y(x2), y(x3),..., y(xg) at points of [a, b] are computed using
Euler’s method with step size & > 0, then

[yn = y(xn)| = Ch 2)

foreachn =1,2,3,....,k.

Ir

U’FSI/IO'[: O-F Thm XI’F _E[’TC IVF JE(—V’z .’/:[}())() 5 /[S(c) :/o ic “nice
X

(um]a{)ue go[u.{jon) and ~F & (fs derivativeS are COn*ETnuouS>)

then There exicts € such ok })’n — Y{xa) / < Ch

X Thak s, iF we replace h by b?: , we expect the  ercor fo be divided L, o



Euler’s wethod Given I\/P _jiz = -F[X)}’) )/(X:):)fc,
% )

AFFYU}(?M&I'&L’)@_ —t(ne S(OF& G‘F the

Solution curve Y(x) Tn the jnterval L—?(n)xn.(.,]

| }Local error

:(xn+l’yn+l) l>>' ’F [%n))(V\)} —tb'le Slo%& a'(: ’U/\e S%'QY‘-L.UI\?_ -Paig\‘é:)
3ives {Ja, ecror §.

|
|
|
|
|
|
X X

n n+1

|m]>rovcc{ Euler’s wethod

| dea:

[nctead  of using ~the Slope ot the starting point

toke the average between the S|01>e at the stacting point <y )
and The sope ot —€he predicted fraal point.



dy
|MFY‘0\/CC{ Euler’s wethod Given: IVP EZf(X-y)- y(x0) = yo

¥ Fix o s{;eF size h

Slope kZ =f(xn+l’ ul1+l)

K SurFose we have Corwru‘tec{ (Xn))/vb.

Euler point (x,, 1, #,, 1)

Slope%(kl+k2) Xn4+1 = Xn + h (S“Mc as EC'FOV‘C‘)

Improved Euler point
(Xn+l’ Yn+ l)

Slope ki =f(x,, y,)

'_[—o Corvrlbt[f,@ yn-l-l, do -

Unt TS ~+he
ki = f(xn,yn), :Fre,o(?c,{-g_cl ¥ Value

Un+1 :/)Z"‘h ki, u&ir‘g_ or't_%?ml
ko = f(xn+1sun+1)v Euler’s wmetThod
Yn+1 =Yn th- %(kl + k2)

|
|
|
|
|
|
|
|
|
|

R Xn+1 Xn+2

aVerage of 510?68

To perfocm  the |mproved Euler’s method : at the starting point
\ ! and at "Euler Fc,’,r{;"

S‘tar& ot (x")ﬁ) anol FU‘FDTM 'the iterative -Fonu{a

until we ﬂe;{; 4o the decired X value.

Cumulative error in Impvoved Euler’s method:

 If the VP j—y—f(x,y), yxo) =0 is nice, thea |y(xn) —ynl = Ch%,

X

¥ IfF we YeFlaCe h by ”'?) we expect the ecvor +» be divided by 2>



Same exam’Fle— VP % =x+4+y, y0) =1

(T[n& obE ic [inear & we can find the exact colution: y(x)zZex—x—1>

7 = 0.

CJ’IooSe $‘(>QF Size If' 2 Up+1 = Vn + h- (xn + yn)’
Xp = 0 Yo = 1 Yn+1 Z)’n+h'%[(xn + yn) + (Xn41 + Un+t1)]
K, = Xot+ 0.2 0.2 Uz Yo+ 0.2 £ (x0e)

- 1+02 (o+1)
- ).z
->/ _ + o2 —F[)(o;?lf’) +'F[’<'1) U1)
1= Yo ' -
- 1¢02 (0+1) + (0.2+1.2)
2.
= l,)_ﬂ
Xy = Xi+0.250.4 Up= Vi + 02 fOay)= |.24 + 0.2 (o.2+ L2t)
=[v28
Ya= Vi + 0 Q-F(X"y() * fle,us)
' 2
“ Vi 4 02 G.a+124)+(0-4+1.52)
2

M

1.5768



Xy = Xz +0.27 0.6 Uy = 15768 + 0.2 (of+ (.5763) = 77214

K= [SFEB + 0.2 (0.4 +15768) + (0.6 + L.7%208) _ 2.631674
L= L , =

2
Kfﬁ)@f 0.2=0.% Ug = 2.5580352
Y= 9,630 66712
Xg = Xg+0.2= 1 Us = 2.31¢ 802744
= - — s2e -1—1 ([clote 4 3.43¢¢
Ys = 3.40541632, & Y(xs) =y ()= 2 (close )

actual value

The TMFTO\/QC& Euler’s wmethod gives Letter aFFraxiwm-é?on “+hon
L he orlj(vm’ Ealer’s mwedhod With Hthe same h=o0-2.

)/(ﬂ ~ 2,97665 u_g;,,\ﬂ —the 0(737\1'\“[ Culerig me—+hod,

fem

Indeed, the improved Euler method with 2 = 0.1 is more accurate (in this example) than
the original Euler method with 2 = 0.005. The latter requires 200 evaluations of the function
f(x,y), but the former requires only 20 such evaluations, so in this case the improved Euler
method yields greater accuracy with only about one-tenth the work.



PX] The Runge—Kutta Method

|0(€Ot7 [V\S‘I’(’of& us'lrg, ['me, seémeﬂ'/f) use Tn‘te,amls.

o dy _ _
(XnH; Y&n+f)> Given: VP dx SO y), - y(xo) = yo
MES)
Fundamental Theorem of Calculus
é("l YCX")) Xnt1 ot

Y(Xnt1) —y(xn) = /

Xn

V() dx = f V() dx

n

T 1
X W Xngd
S A

b
D{_’-an""((’_ Tn-{'e\ﬂralg [géc) dx can Lt QF?T'OXFWW‘{:(’,J num&r?m“)

(6’,%: in Calc 2 or :S) Use a ‘rmr-ﬁm[ Sum of an Tnfintte Qer?es>

Simpson’s rule

b
[8(@ dx 2 [’—; [g(a)+4g@i§>+g[bﬂ



A’FF[)/TV'I? STMFSOV"S rmle) we U@?&

Xn+1 Xn+h
Y (Xn+1) — y(xn) =/ y'(x)dx =/ y'(x)dx
g g Xn Xn
A Ry L
~ 8 |:y (xn) + 4y (xn + 5) +y (xn+1):|

we SFIT-E inle two because we’ll use
c{f]CFe,r‘en-f; aFFromeat'ronS

V

Hence we want to define y, 4+ so that

h h h
Yn+1 R Yn + < [y/(xn) + 2)// (xn + _) + 2y, (xn + _) + y,(xn+1)]

6 2 2
" "\ Y S~
« « 3¢ (¢
K, Ko K3 k4
We Wil C,emru‘(je "Hle; QFTW)(TVV\RHDV\S Kl) KZ) l(.?,) K4 as {o”ooJSl
Fix a SJce? h.
Stonr-&?n% "F‘f'om CKV‘ )7n3 -
Xnter = Xat h ki = f(xn,yn) (Eu(e,r < me—H"O"D Qldre, at (X”)y”)
((': te  usual ) ko= f (xn + 3h, yn + 3hky)
L/\/—‘—’

like Euler’s method v Step -ﬁf Sact ot G, Yn),

then move a[ong_ [ine gggmem‘, vy slope 1[[><n)>/n)=t,



ks = f(xn + 3h, yn + 3hk>)

h .
[ike TMFro\/eal Eulers enethod w/ S-Ep_? =

ove “lon% |7ne. Qeﬁm:n‘t W/ "TMFro\/ecp" S{of& ko

ks = f(xn-H’yn + hk3)

Xpth
Evl(gr’g M@;H\oa' S"te? ‘,7 (]MTfoV€A>S{OfC tg

h
F Define Yn+1 = Yn + g(k1 + 2ky + 2k3 + ka)

Fﬂ Each of ki, Kz, ki, k4 an be Seen ag an "imFro\/eal” S’o?e)
ad e  take Ehe 0\/&((1&{.

This ¢ often alled "Rk 4"

Cumulative error in P\unﬂe—/éwb‘éa(‘f) method :

4
£ If the VP %:f(x,y), o) = ve s mice, then V0w —yal = CHY

¥ OIF we YQ'F(CICB h by h?’ we expect the ecvor 4 be divided by 2.



Same eﬁam’Fle- Vis Z;—y =x+y, y0)=1
X

(Tl«c obE i [tnear & we can find the exact tolution: y(X)=2€x—x—1>

(/[’IDOSC S‘ﬁCF size h= 0'5— [57\?7@( —tlan be ‘Fm’é)
Xo = O yo =1

Xi= Xot 05=05 ki=0+1=1,
ky = (0 4+ 0.25) + (1 + (0.25) - (1)) = 1.5,
ks = (0 + 0.25) + (1 + (0.25) - (1.5)) = 1.625,
kg = (0.5) + (1 + (0.5) - (1.625)) = 2.3125,

0.5
y1 =1+ —[1+2-(1.5) +2- (1.625) +2.3125] ~ 1.7969.

Wy =X +05= 1 Ki= £000) = 05+ 17767 = 2.2969
kes O+ 2, +£/<,>
Ke= F(t+2 yit4k)
Rg = +F (%, Yi+hEs)

Yo = Vit }é'— (Ki+ 2Ket 245 + kq)

Yo A 3.4347.



The actual value \/[xa) =7(l3 15 close to R.436cC,

The Rk4 method vy step h=0S 75 betfer Hmn
or76'|na| Euler’s method w/ &*&UT 0, 2 (2--7‘7&54') &

Tm?fovq_,oq culec’s wethpd W/ Qﬁ-[; 0.2 (3' 4/-0?‘]—)'



