Selected Exercise Answers

S 1119 $4.50,55.20
Lt b Setontz

2(25+ 1264+ 13) + 55+ 9(—s — 3t —3) + 3t = —1;

(2s+12t+13)+2s+4(—s—3t—-3)=1 1.2.1 b. No, no
d. No, yes
1.1.2 b. x:t,y=%(1—2t)orx=%(l—3s),y:s f. No. no

d x=1+4+2s—5t,y=s,z=torx=s,y=t,

z:%(l—s+2t) 01 -3 000 0
122 b 0 0 01 0 0 -1
| - ’ 0 0 0010 0
1.14 x:Z(3+2S),y:S,Z:t 0 0 00 0 1 1
1.1.5 a. No solutionifb#0.Ifb=0,anyxisa 1.2.3 b. xy=2r—2s—t+1,xp=r,x3=—5s+3t—1,
solution. X4 =S8,X5=—6t+1,x5 =t
b. x:% d x)=—-4s—5t—4,xp=-25s+t—2,x3=15,x3 =1,
X5 =1
1 210 1 3
_ 1 _
11 0]1 d x=3(+2),y=t
d 01 110 f. No solution
-1 0 1|2
1.2.5 b. x=—15t-21,y=—11lt—17,z=t¢
2x—y =-1 d. No solution
1.1.8 b. —3x+2y+z= 0
f.x=-7,y=-9,z=1
y+z= 3 * Y .
2% — X =1 h. x=4,y=34+2t,z=t
or —3x1+2x+x3= 0
X4+x3= 3 1.2.6 b. Denote the equations as E, Ey, and E3. Apply

gaussian elimination to column 1 of the augmented
L19 b ox=-3.y=2 matrix, and observe that E3 — E} = —4(E; — Ey).

o Y Hence E3 = 5E1 — 4E2.
d x=-17,y=13

1.2.7 b. X1 =0, Xy = —I, X3:0, X4 =1

L1100 b ox=4y=%:=-7 d xi=lx=1—tx3=1+tx4=t
1.1.11  b. No solution 128 b Ifab+#2, unique solution x = =2, y = A5
If ab = 2: no solution if a # —5; if a = —3, the

. _ 2 _
1.1.14 b. E x+y=0,x—y=0 has a unique solution. solutions are x = —1+ 51,y =1.

d. T. Theorem 1.1.1 d. If a # 2, unique solution x = %,y: %. Ifa=2,

no solution if b # 1; if b = 1, the solutions are

, , x=4(1—1),y=t

1.1.16 X' =5,y =1,s0x=23,y=-32
1.2.9 b. Unique solution x = —2a+ b+ Sc,

1 y=3a—b—06¢c,z=—-2a+b+c,foranya,b, c.

9

—_

1117 a=—§,b=—3,c=

1
9!
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1.2.10

1.2.12

1.2.14

1.2.16

1.2.18

Selected Exercise Answers

If abc # —1, unique solution x =y = z = 0; if
abc = —1 the solutions are x = abt, y = —bt, 7 =t.

Ifa=1,solutionsx=—t,y=t,z=—1.1fa=0,
there is no solution. If a # 1 and a # 0, unique
solution x = ”;—1, y=0,z= ‘71

b. 1
3
1
b. 2
3
2if a =0 ora = 2; 3, otherwise.

1 01
b. False. A= 0 1|1
0 0|0
1 01
Falsee A= 0 110
0 0
2x—y=0. . 2x—y=1.
False. Ay 2y=0 is consistent but Cdx42y=1 is
not.
True, A has 3 rows, so there are at most 3 leading 1s.

b. Since one of b — a and ¢ — a is nonzero, then
1 a b+c 1 a b+c

1 b ¢c+a |{— |0 b—a a—b | —

1 b c+a 0 ¢c—a a-—c

1 a b+c 1 0 b+c+a

01 -1 — 10 1 -1

0 0 0 0 0 0

b X242 —2x+6y—6=0

5 s 7 . 8 -
35 IN A, 55 in B, 55 in C.

1 0 1|0
1.3.1 b. False.A:[O 1 1’0]
(10 1
d. False.A—_O 1 ‘0]
(1 0]0
f. False. A = 0 1‘0}
1 00
h. False. A=| 0 1|0
10 00

1.3.2 b. a=-3,x=9,y=-5t,z=t

d a=lx=—-t,y=t,z=00ora=—1,x=1,y=0,
z=t

1.3.3

d v=x+2y—z

b. Not a linear combination.

1.3.4 b. y=2a; —a;+4a;s.
-2 -2 -3
1 0 0
1.3.5 b. r O |+s| —1 [+¢] =2
0 1 0
0 0 1
0 -1
2 3
d s| 1 |+t 0
0 1
0 0
1.3.6 b. The system in (a) has nontrivial solutions.
1.3.7 b. By Theorem 1.2.2, therearen—r=6—-1=35

parameters and thus infinitely many solutions.

d. If R is the row-echelon form of A, then R has a row of
zeros and 4 rows in all. Hence R has r = rank A =1,
2,0r3. Thus thereare n—r=6—r=2>5,4,o0r3
parameters and thus infinitely many solutions.

1.39 b. That the graph of ax+ by + cz = d contains
three points leads to 3 linear equations homogeneous
in variables a, b, ¢, and d. Apply Theorem 1.3.1.

1.3.11 There are n — r parameters (Theorem 1.2.2), so there
are nontrivial solutions if and only if n —r > 0.

14.1 b. fi= 85 —fi—f
o= 60—f4s—f
f3==T5+fs+fe
fs= 40—fs—f7

fa, fs, f7 parameters

142 b fs=15
25<f4 <30

1.4.3 b. CD

152 [ =-1Lh=3%5K=1

154 [ =2b=1,5=3L=3L=31I=1%



Sectionl6 h.{4

1.6.2 2NH3 + 3CuO — N, +3Cu+3H,0

1.6.4 15Pb(N3); +44Cr(MnOy); —
22Cr 03 4 88MnO; + 5Pb304 + 90NO

619

-1

-1
—6
15 -5
10 O

d. Impossible

2.13 b. [

Stppimetry Boscetor gt | " 01|

Supplementary Exercise 1.1. b. No. If the
corresponding planes are parallel and distinct, there is
no solution. Otherwise they either coincide or have a
whole common line of solutions, that is, at least one
parameter.

Supplementary Exercise 1.2. b.
X1 = 11—0(—63—6t—|— 16),x, = 11—0(4s—t+ 1),x3=s,
X4 =1

Supplementary Exercise b.. b. If a =1, no solution. If

a=2,x=2-2t,y=—t,z=t.Ifa# 1 and a # 2, the

. . . _ 8-5a _ —2—a _ a2
unique solution is x = 3(a-1)’ y= 3a-1)’ =3

Supplementary Exercise 1.4. [ 21 —
2
Ri+R; R +R; Ry R,
LR

Supplementary Exercise 1.6. a=1,b=2,c=—1

Supplementary Exercise 1.8. The (real) solution is x = 2,
y=3—1t,z=1t wheret is a parameter. The given complex
solution occurs when ¢t = 3 — i is complex. If the real system
has a unique solution, that solution is real because the
coefficients and constants are all real.

Supplementary Exercise 1.9.
brand 2, 3 of brand 3

b. 5ofbrand 1, 0 of

211 b (abcd)= (-2 —4, —6,0)+1(1, 1, 1, 1),

t arbitrary

d. a=b=c=d=t,t arbitrary

—14
SN
d. (=12, 4, —12)

0 1 -2
£ -1 o0 4
2 -4 0

h. Impossible

214 b [ 12 ]
2
215 b A=-1B
216 b X=4A-3B,Y =4B—5A
217 b Y=(s,1),X=3(1+5s,2+5¢);sand
arbitrary
218 b 20A—7B+2C

a b
2.1.9 b. IfA= { e d },then (p,q.r,5)=
3(2d, a+b—c—d,a—b+c—d, —a+b+c+d).

2.1.11 b. fA+A'=0then —A=—-A+0=
—A+(A+A)=(-A+A)+A =0+A"=4A

2.1.13 b. Write A = diag(ay, ..., a,), where ay, ..., an
are the main diagonal entries. If B = diag (b1, ..., by)

then kA = diag (kay, ..., kay).
2.1.14 b. s=1lort=0
d. s=0,andt =3
2 0
2115 b, [ — }
2 7
d { 2 }
-4 =
2.1.16 b. A=AT, so using Theorem 2.1.2,

(kA)T = kAT = KA.

2.1.19 b. False. Take B = —A for any A # 0.

d. True. Transposing fixes the main diagonal.

f. True.
(kA+mB)T = (kA)T + (mB)" = kAT +mBT = kA +mB
2.1.20 c. Suppose A =S+ W, where S =S and
W=—W". ThenAT ="+ WI =S —W,s0
A+AT =25and A — AT =2W. Hence S = $(A+AT)
and W = %(A —AT) are uniquely determined by A.
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2122 b. IfA=[a;] then 3 —i
(kp)A = [(kp)ay)) = [k(paij)] = k[pay)) = k(pA). A el Y
Section22 ’ 1
2.2.6 We have Axy = 0 and Ax; = 0 and so
2.2.1 b. x1 —3x—3x3+3x4=5
8x, =1 A(SX0+IX1)IS(AX0)+I(AX1)ZS-O-l—t-O:O.
X1+ 2xp 4 2x3 =2
X2+ 2x3 —5x4=0 -3 2 -5
0 1 0
2.2.8 b.x=| -1 |+]|s| 0|+t 2
} *g i 0 0 0
222 x| L |+x| 5 [twm| oo |+ 0 0 1
. - ? 12 2 0
1 5 2.2.10 b. False. = .
2 4 -1 0
-2 | -3
4 0| 8 d. True. The linear combination x;a; + - - - + x,a, equals
-2 12 AX where A = [ a; -+ a, } by Theorem 2.2.1.
(11 - 2
X1 f. False. IfA = andx= | O |, then
_ |1 2 3 . 2 2 0 ] ’
223 b. Ax = [ 0 -4 5 } X | = L 1
X3 )
1 2 3| [x1 + 2x2 + 3x3 |1 1 1
x1[0]+x2[74]+X3{5]— Dot S Ax—[4_7és > |, for any s and ¢.
X1 i r
3 —4 1 6 . 1 -1 1 . .
4 Ax — { 0 N 1 s iz h. False. If A = 1 1 -1 },there is a solution
— — 3 )
8 7 30 X4 | forb:{g}butnotforbz{(l)}
3 —4 1
=X 0| +x 2 1 +x3 1|+
-8 7 -3 22.11 b.HereT{x}:[y}:{? (I)H"]
6 3x;1 —4x, + x3+ 6x4 y X y
x4 | 5| = 2xp + X3+ Sx4 X y 0 1 X
0 —8x1 + 7x; — 3x3 d. HereT[y}:[_x]:{_l O}[y]'
2.24 _ b. To solve Ax = b the reduction is 2.2.13 b. Here
1 3 2 014
1 0 -1 =31 |— X —X -1 0 0 X
| -1 2 3 511 Ty |=]Yy = 01 0 y i,
1 0 -1 -3]|1 z z 0 0 1 z
0 1 1 1|1 [ sothe general solution is
00 0 00 — —é ? 0
l+s+3¢ so the matrix is
l—s—1¢ 0 0 1
s
I t 2.2.16 Writt A=[ a; a, --- a, |interms ofits
Hence (1+s+3t)a;+ (1 —s—t)ay +sa3+tag =b columns. If b = xja; +x2ap + - - + x,a, where the x; are
for any choice of s and r. If s = = 0, we get scalars, then Ax = b by Tgeorem 2.2.1 where
aj+ay—=h:ifs=1ands =0, we have 2a; +a3 =b. X=[ X x - x, | .Thatis, xis a solution to the
system AX = b.
-2 1
225 b. 2 | 4+¢| =3 2.2.18 b. By Theorem 2.2.3, A(rx;) = t(Ax;) =1-0=0;

0 1 that is, x; is a solution to Ax = 0.



2.2.22 If A is m x n and x and y are n-vectors, we must show
that A(x+y) = Ax + Ay. Denote the columns of A by

. T
ai, a, ..., a,, and write X = [ Xy X Xn ] and

T

y=[»n » yn | Then
T

x+y=[ x4y x+»m Xntyn | .0
Definition 2.1 and Theorem 2.1.1 give
Ax+y)= (1 +y)a+ (a+y)ar+-+ (xn+yn)a, =
(x1a1 +x0ap + -+ xu@n) + (V181 + 282 + -+ yudy) =
Ax+Ay.

-1 -6 -2
2.3.1 b.{ 0 6 10}
d [ -3 —15]
f. [-23]
1 0
m o 1]
ad@ 0 O
j 0 b O
0 0 ¢
| -1 4 -10 > 7 —6
S L
-2 12
CB= 2 -6
1 6
8
AC:{_;‘ _1(1)],CA: -1 -1 -5
1 2
2.3.3 b. (a, b, al,bl):(3, 0, 1, 2)
2.3.4 b. A2—A—6l=
8 21 |2 2| |6 0] |00
2 5 2 -1 0 6| |00
1 1 -9 -—16
235 wase=| L U|[ ) ]
{_14 _17}7{_2 1 —2} N
5 1 3 1 0 s g
(AB)C
a b 00
2.3.6 b. IfA:{C d andE:[1 0},compare

entries an AE and EA.

2.3.7 b. m x n and n x m for some m and n

. 1 0 1 0 1 1
sax w o [D0LL 0L

621

1
23.12 b. A% = 8
0
k=0,1,2, ...,
1 —(2k+1) ‘ 2 -1
0 1 0 0
241 A2k p
A =A*A = 0 0 1 1 for
0 0 0 1
k=0,1,2,...
1 0
2.3.13 b. [ 0 1 } =Dy
d. O
X" 0 7. 0 xmtt 7.
f. { 0 Xm}lfanm,{Xm 0 }1f
n=2m+1
2.3.14 b. IfY is row i of the identity matrix /, then YA is
row i of IA = A.
2.3.16 b. AB—BA
d. 0
2.3.18 b. (kA)C = k(AC) = k(CA) = C(kA)

2.3.20 We have A” = A and B = B, so (AB)" = BTA” = BA.
Hence AB is symmetric if and only if AB = BA.

2.3.22 b. A=0

2.3.24 If BC =1, then AB = 0 gives
0=0C = (AB)C =A(BC) = Al = A, contrary to the
assumption that A # 0.

2.3.26 3 paths vi — v4, 0 paths v; — v3

1 0

2.3.27 b. False. If A = [ 0 0

J#I.
d. True. Since AT = A, we have
(I+AT =1" + AT =1+ A.

0 1 -
0 0],thenA7é0butA =0.

h. True. We have A(A + B) = (A + B)A; that is,
A2+ AB = A” + BA. Subtracting A? gives AB = BA.

. 1 -2 2 4
j- False.A—{2 4},B_[1 2}

False. See (j).

} =J, then AJ = A but

f. False. IfA = {

—_—
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2.3.28

2.3.30

2.3.32

2.3.34

2.3.35

S T Lo

24.2

=

Selected Exercise Answers

b. IfA= [aij] and B = [bij] and
Yjaij=1=Y;b;j, then the (i, j)-entry of AB is
¢ij = Yy aibyj, whence
Yjcij=X;Yeaubrj = Yran(Ljbrj) = Lean = 1.
Alternatively: If e= (1, 1, ..., 1), then the rows of A
sum to 1 if and only if Ae = e. If also Be = e then
(AB)e = A(Be) =Ae=ce.

b. If A = [a;;], then
tr (kA) =1tr [ka,-j] = Z?:l kaj; = kZ?:l a; =ktr (A)
Write AT = [a§ j} , where a;; = aj;. Then
AAT = (Y1, aikajcj), )
tr (AAT) = Y7L (i anay] = Xy Xiy g

e. Observe that PQ = P> 4+ PAP — P?’AP =P, so
0 = PO+ APQ — PAPQ =P + AP — PAP = Q.

b. (A+B)(A—B)=A>—-AB+BA—B? and

(A—B)(A+ B) = A?> + AB — BA — B These are equal

if and only if —AB+ BA = AB — BA; that s,
2BA = 2AB; that is, BA = AB.

b. (A+B)(A—B)=A>—-AB+BA—B?and

(A—B)(A+ B) =A% — BA + AB — B>. These are equal

if and only if —AB+ BA = —BA + AB, that is
2AB = 2BA, thatis AB = BA.

2 -1 3
301 —1
1 1 =2
1 4 -1
1
Hl -2 2 2
-9 14 -1
2 0 -2
1
-5 2 s
-3 2 -1
o o 1 -2
-1 -2 -1 -3
1 2 1 2
| 0 -1 0 0
1 =2 6 —-30 210
0 1 -3 15 —105
0 0 1 =5 35
o o o 1 -7
0 0 0 0 1

SENAEE ARE
x 9 —-14 6 1
d |y |=1 4 -4 1 -1 | =
b4 —-10 15 -5 0
23
1 8
-25
4 -2 1
2.4.4 b. B=A"'AB= 7 -2 4
—1 2 -1
3 -2
1
sas gl 2]
0 1]
1
d. 7[ 1 —
2 0
1
£ 2[ :
1 1]
_1
h. 2[1 !
[ 2 —1 3
246 b A=1| 0 1 -I
| —2 1 -1
2.4.8 b. A and B are inverses.
(1 0 N 1 0
0 -1
d. True. A=1 = %A3
1 0
f. False.A—B—[O 0}
h. True. If (A%)B = I, then A(AB) = I; use
Theorem 2.4.5.
2.4.10 b. (CT)~' = (") = AT because
cl'=@ANHT=A
2.4.11 b. (i) Inconsistent.

ol%]=[ ]

2415 b B'=I1soB'=B= { _(1) H
-2 - 1
24.16 —c 1 0
3—¢2 c —1
2.4.18 b. If column j of A is zero, Ay = 0 where y is

column j of the identity matrix. Use Theorem 2.4.5.



d. If each column of A sums to 0, XA = 0 where X is the
row of 1s. Hence ATXT = 0 s0 A has no inverse by
Theorem 2.4.5 (XT # 0).

2419 b, (i) (1,1, DA=0

2.4.20 b. Each power A is invertible by Theorem 2.4.4
(because A is invertible). Hence A¥ cannot be 0.

2.4.21 b. By (a), if one has an inverse the other is zero
and so has no inverse.

a 0
0 1

X-compression because % < 1.

0
1

o=

2422 IfA= [ },a> 1,then A~ ! = [ } is an

2424 b AT'=1A3+242-1)

2.4.25 b. If Bx =0, then (AB)x = (A)Bx=0,s0x=0
because AB is invertible. Hence B is invertible by

Theorem 2.4.5. But then A = (AB)B~! is invertible by

Theorem 2.4.4.

2 -1 0
2.4.26 b. -5 3 0
—13 8| —1

1 -1 ‘ —14 8

d -1 2 16 -9

0 0 2 -1

0 0 1 -1

2428 d. IfA"=0,I—-A)"=I1+A+ - +A"

2.4.30 b. A[B(AB)™'|=1=[(BA)"'BJA,s0A is
invertible by Exercise 2.4.10.

2.4.32 a. Have AC = CA. Left-multiply by A~! to get
C = A~'CA. Then right-multiply by A" to get
CA™'=A"'C.

2.4.33 b. Given ABAB = AABB. Left multiply by A~!,
then right multiply by B~!.

2.4.34 If Bx=0wherexisn x 1,then ABx=0sox =0 as
AB is invertible. Hence B is invertible by Theorem 2.4.5, so
A = (AB)B~! is invertible.

-1

2.4.35 b. B 3 | =05so Bis not invertible by
-1
Theorem 2.4.5.

623

2.4.38 b. Write U = I, — 2XX”. Then
UT =1F —2XTTXT = U, and
U?=12— 2XX) I, — L,2XXT) +4(xXT)(xxT) =
I, —4XXT +4xXxT =1,.

2.4.39 b. (I—2P)?> =1—4P+4P?, and this equals I if
and only if P?> = P.

2441 b A '+B Y '=BA+B)A

2.5.1 b. Interchange rows 1 and 3 of I. E~' = E.

d. Add (—2) times row 1 of I to row 2.
1 00
E'=|210
0 0 1

f. Multiply row 3 of I by 5. E~! =

S O =
S = O
wi— o O

O
—_

253 b. The only possibilities for E are

o v o )0t ]|

each case, EA has a row different from C.

s

J-m

0 1
1 0
10
k1

2.5.5 b. No, 0 is not invertible.

1 -2 1 0 1 0
25.6 b.{o 1”0%“— 1}
1 0o 7 )
A= { 0 1 -3 . Alternatively,
1 0 1 -1 1 0
0 3]0 1]]-51
1 0 7
A‘{01—3
(1 2 0 1 00 1 00
d {0 10 0 fof]0 10
[ 0 0 1 0 0 1 0 -1 1
1 0 0 1 00
010 -3 10
| -2 0 1 0 0 1
_ 11
00 1 10 3 3
01 0fAa=]|01 -1 -2
1 00
- 00 0 O
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2.5.7 b.Uz[ié}z[éi}[?é} _? 4
2.6.2 b. Asin 1(b), T ) | = 2
-9
0 1 1 ol[1 o 4
2ss wac[02][1 ][0 0]
|:(]) %:| 2.6.3 b. T(el):—ezandT(ez):—el.So

Al T(er) T(e) |=[ —ex —e |=

1 00 1 00 -1 0
dA=| 01 0 010 {0—1}
-2 0 1 0 2 1
10 37710 0 2 -2
0 1 01 4 d. T(el) = V3 and T(ez) = NG
00 1 0 0 1 2 2

S

SoA=[T(e;) T(e) | =

H

2.5.10 UA =R by Theorem 2.5.1,s0A=U"'R.

2.5.12 b. U=A"1, V=1 rankA =2
) 1 0 2.6.4 b. T(e;)=—e;, T(ez) =€, and T(e3) =ej3.
i U= 73 L o Hence Theorem 2.6.2 gives
: - i A[ T(el) T(ez) T(e3) ]:[ —e; € €3 ]:
2 -1 1
1 0 -1 -3 -l oo
0 1 _1 —4 0 10
= . = 0 0 1
\% 0 0 1 uE rank A =2
00 O

1

2.6.5 b. We have y; = T(x;) for some x; in R", and
¥, = T (x2) for some x; in R". So
ay, + by, = aT (x1) + bT (x;) = T (ax; + bx;,). Hence
ay, + by, is also in the image of T'.

267 b, T(z{”)?éz[ _(1’]

11
_ 1 i —_T
2.6.8 b. A= [ 11 ] , rotation through 6 = —7.

2.5.16 Write U~ = EvEy_--- E>Ey, E; elementary. Then
[1 U'A]=[U'U U'A]

=U'[U A|=EE_—EE[U A]. So

[U A]—[1 U'A ] byrow operations

(Lemma 2.5.1).

2.5.17 b. (i) A < A because A = IA. (ii) If A ~ B, then
A =UB, U invertible, so B=U"'A. Thus B < A. (iii)

IfAXBand BA C,thenA=UBand B=VC, U and

V invertible. Hence A = U (VC) = (UV)C, s0 A ~ C. V2
2.5.19 b. If B L A, let B=UA, U invertible. If d A= 1_10 |: -8 —6 j| , reflection in the line y = —3x.
U= d b B=UA= 00 b where b 0 i
T =b d | 10 0 d

and d are not both zero (as U is invertible). Every

. oA cos@ 0 —sinf
such matrix B arises in this way: Use

2.6.10 b. 0 1 0

U= { _Z z }—it is invertible by Example 2.3.5. sin@ 0 cos®
2.5.22 b. Multiply column i by 1/k. 2.6.12 b. Reflection in the y axis
Swimze ke
5 3 2 f. Rotation through %
2.6.1 b. 6 | =3 2 =210 ],s0
—13 -1 5

2.6.13 b. T(x)=aR(x) = a(Ax) = (aA)x for all x in R.

Hence T is induced by aA.

2.6.14

b. If xisin R”, then
T(—x) =T [(~1)x] = (~1)T(x) = ~T(x).



2.6.17  b. If B> =1then
T2(x) = T[T (x)] = B(Bx) = B>x = Ix = X = Ip2(x)
for all x in R". Hence T2 = 1p,. If T? = 1, then
B?x = T?(x) = lp2(x) = x = Ix for all x, so B> =1 by
Theorem 2.2.6.
2.6.18 b. The matrix of Q; 0 Qg is
0 1 1 0 0 -1 Lo
{1 0]{0 _1}7[1 0],wh1chlsthe
matrix of Rz.
2
d. The matrix of Qpo Rz is
1 0 0 -1 0 -1 Lo
{0 _1}[1 0}—[_1 0},whlchls
the matrix of Q_ 1.
2.6.20 We have
xi
X2
T(X)=xi+x++x,=[1 1 -« 1]| _ |,s0T
Xn
is the matrix transformation induced by the matrix
A=[1 1 --- 1] Inparticular, T is linear. On the other

hand, we can use Theorem 2.6.2 to get A, but to do this we
must first show directly that T is linear. If we write

X1 V1
x
X = andy = . Then
Xn Yn
X1 +y1
X2+ y2
T(x+y)=T .
Xn =+ Yn

= (%1 +y1) + (2 +y2) + -+ (X0 +yn)
= (1 x4+ x) + (1 Hy2+ )
=T(x)+T(y)

Similarly, T (ax) = aT (x) for any scalar a, so T is linear. By
Theorem 2.6.2, T has matrix

A= |

before.

2.6.22

T(e;) T(e2) T(e,) |=[1 1 1], as

b. If T : R” — R is linear, write T'(e;) = w; for
each j=1, 2, ..., n where {ey, e, ..., e,} is the
standard basis of R”. Since
X = xje] +xpey + - - + x,e,, Theorem 2.6.1 gives

T(x) =T(xie1 +x2€2+ - +x€p)
= xlT(el) +x2T(e2) + - +an(en)
=X1W1 +XoW + -+ XWy
=w-x=Ty(x)

625

w1

wa

where w = . Since this holds for all x in R”, it

Wn
shows that T = Tw. This also follows from
Theorem 2.6.2, but we have first to verify that T is
linear. (This comes to showing that
w-(x+y)=w-s+w-yand w- (ax) = a(w-x) for all
x and y in R” and all @ in R.) Then T has matrix
A=[T(er1) T(e) T(e) | =

Wi wa wy | by Theorem 2.6.2. Hence if
X1
x
X = . in R, then 7'(x) = Ax = w-X, as required.
Xn

b. Given xin R and a in R, we have

(SoT)(ax) = S[T(ax)] Definition of So T
= S[aT(x)] Because T is linear.
= alS[T(x)]] Because S is linear.
= a[SoT(x)] Definition of So T

0 0 1 2 1
b —30]01_%
- 9 1
00 0
-1 0 0 O0O][1 3 -1 0 1
1 100 01 210
1 -1 10 00 000
| 0 20 1][00 000
_ 11 -1 2 1
2 0 0 0
1 -2 0 0 01 -4 00
3210119 9 000}
0 2 0 1
00 000
0 0 1
b.P=|1 0 0
01 0
-1 21
PA = 0 -1 2
0 0 4
-1 0 0 1 -2 -1
= 0 -1 0|0 1
0 0 4 0 0 1
1 000
0010
“P=10 0 01
0100
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-1 =2 30
1 1 -1 3
PA=1"9 5 _i0 1
2 4 -6 5
-1 0 0 0 1 2 -3 0
_ 1 -1 0 0 o1 -2 -3
o 2 1 -2 0 00 1 -2
2 0 0 5 0 0 0 1
1 —1+2¢
2.7.3 b. y= 0 |x= ;t s and ¢t arbitrary
0
- t
2 [ 8 —2t
d. y= | - t arbit
Y= X L arbitrary
|t
Ry Ri+R» R +Ry
s [ 2] [Bk] o [0
R, R,
AN
2.7.6 b. Let A= LU = L U, be LU-factorizations of the
invertible matrix A. Then U and U; have no row of
zeros and so (being row-echelon) are upper triangular
with 1’s on the main diagonal. Thus, using (a.), the
diagonal matrix D = UU !has 1’s on the main
diagonal. Thus D=1,U =Uj,and L =L,.
a 0 b 0 |.
2777 IfA= [ X A } and B = [ Y B ] in block form,
ab 0 .
then AB = [ Xb+AY AB }, and A B is lower

triangular by induction.

2.7.9 b. Let A= LU = LU, be two such factorizations.
Then UU; ' = L™!L;; write this matrix as

D= UUl_1 = L7'L;. Then D is lower triangular
(apply Lemma 2.7.1to D = L~'L;); and D is also
upper triangular (consider UU | 1. Hence D is
diagonal, and so D = I because L~!and L are unit

triangular. Since A = LU ; this completes the proof.

284 P= [ bt

(1—a) ] is nonzero (for some ¢) unless b = 0

and a = 1. In that case, [ i } is a solution. If the entries of E

are positive, then P = [ |

b . .
—a has positive entries.

04 0.8
a b 1—-a —b
2.8.8 IfE:[C d ,then/ — E = e 1-4 %

det(I—E)=(l—a)(1—d)—bc=1—trE+detE. If
- | l—d b
det(I—E) #0, then (I — E) 12@{ e l-al

so(I—E)~'>0if det(I—E) >0, thatis, tr E < 1 + det E.
The converse is now clear.

3
2.8.9 b. Usep= | 2 | in Theorem 2.8.2.
1
3
d. p=| 2 | in Theorem 2.8.2.
2
29.1 b. Not regular
2
1 3
2.9.2 b. 5[1],5
1
d 1|1 [,0312
1
5
f. 5| 7 [.0.306
8
294 b. 50% middle, 25% upper, 25% lower

79
SR 2> 1o TS

t
281 b. | 3¢
t

14¢
17t
47t
23t

298  a L

b. He spends most of his time in compartment 3; steady
3

1
state 16

SNV, B S
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2.9.12 a. Direct verification. 2a+p 2b+q Z2ctr

3.1.8 b. det | 2p+x 2g+y 2r+z

b. Since0<p<landO<g<lweget0<p+g<2 2x+a 2y+b 27+c
whence —1 < p+g¢—1 < 1. Finally, [a+p+x b+qgt+y cH+rtz
—1<1—-p—g<1,s0(l—p—gq)" converges to zero =3 det 2p+x 2q+y 2r+z
as m increases. 2x+a 2y+b 2z+4c

[a+p+x b+qg+y c+r+z

‘Supplementary Exereises for Chapter 2 W00 s
L i=r

X=p y—q

Supplementary Exercise 2.2. b. _134 3x 3Z 3z
U= Lwr—su+11). =Jdet| p—a g=b r=c
L X—pP Y—q —r
Supplementary Exercise 2.4. b. If x; = x,,, then 11
y+k(y—z):y+m(y—z) So (k—m)(y—z):() 3.1.9 b. False. A = |: 2 2 :|
But y — z is not zero (because y and z are distinct), so i
k—m = 0by Example 2.1.7. d. False. A — 2 S R— 1 0
| 0 1 | 0 1
Supplementary Exercise 2.6. d. Using parts (c) and (b) ¢ False. A — (1 1]
gives IngAlyy = YLy X7y aijlpglijlrs. The only ’ I
nonzero term occurs when i = g and j = r, so BERE L o
IquIrs = aqups~ h. False. A = i 0 1 ] and B = [ 11 :|
Supplementary Exercise 2.7. b. If 3.1.10 b. 35
A = [a;j] = Yijaijlij, then IpgAls = ag,Ips by 6(d).
But then ay Ips = Alpgls = 0if g # 1, 50 agr = 0 if 3111 b —6
g #r. If g=r, then agylps = Alpglys = Al is e T
independent of ¢. Thus a4y = ay; for all g. d. —6
ST b 22 )
3.1.1 b. 0 3.1.15 b. =7
d. -~ 3116 b+
f. -39 d x=4y
h. 0
. X1 Y1
J. 2abc X V2
3.1.21 Letx = . |L.y= . and
L. 0 : :
Xn Yn
n. —56 A=[¢ - Xx+y - ¢, | wherex+yisincolumn j.
p. abcd Expanding det A along column j (the one containing X +y):

3.1.5 b. —17

T(x+y)=detA=) (xi+yi)cij(A)

n

d. 106 o .
=Y xicij(A) + Y yicij(A)
i=1 i=1
316 b0
=T(x)+T(y)

3.1.7 b. 12 Similarly for T (ax) = aT (x).
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3.1.24 If Ais n x n, then det B = (—1)* det A where n = 2k
orn=2k+1.
1 -1 =2
3.2.1 b -3 1 6
-3 1 4
-1 2 2
d | 2 -1 2|=A4
2 2 -1
3.2.2 b. ¢#0
d. anyc
f. c#—1
3.2.3 b. -2
3.24 b. 1
326 b
3.2.7 b. 16
5
1
3.2.8 b. 37 [ 21 }
12
1
d. =5 | =37
-2
4
3.2.9 b. =7
3.2.10 b. detA=1, —1
d. detA=1
f. det A =0 if nis odd; nothing can be said if » is even
3.2.15 dA whered = det A
1 0 1
3.2.19 b. L] 0 ¢ 1|,c#0
-1 ¢ 1
8—c2 —¢ *-6
d 1 c 1 —c
2—-10 ¢ 8—¢?
l—-¢c A+41 —c—1
f. c3]+1 c? — ¢+l |,c#-1
—c 1 =1
3.2.20 b. T.

det AB = det A det B = det B det A = det BA.

d.

3.2.22

3.2.23

3.2.24

3.2.26

3.2.28

3.2.34

T. det A # 0 means A~ ! exists, so AB = AC implies
that B = C.

1 1 1
.EIfA={1 1 1 | thenadjA=0.
|1 11
1 1 . 0 -1
. EIfA= 0 O}thenade—{O 1]
[ —1 1
FIfA= | _p |then det(/+A)=—1but
1+detA=1.
FIfA= (1) } } then det A =1 but
. 1 -1
adjA = { 0 | } #A
b. 5—4x+ 247
b. 1—§x+%x2+%x3
b. 1—-0.51x+2.1x2—1.1x%1.25,s0 y = 1.25
b. Use induction on n where A is n X n. It is clear

ifn=1.1fn>1, write A = g ); in block form
where Bis (n—1) x (n—1). Then
~1 ~lyp-1
1 _ | a —a XB ..
AT = 0 B , and this is upper

triangular because B is upper triangular by induction.

1
3
-1

)

3
0
3

— N O

b. Have (adj A)A = (det A)I; so taking inverses,

A7l (adjA)~! = 71 1. On the other hand,
A~ladj(A™!) = det (A1) = 1. Comparison
yields A~ (adj A)~' =A=' adj(A~"), and part (b)
follows.

. Write det A = d, det B = e. By the adjugate formula

AB adj (AB) = del, and
ABadj BadjA = Alel] adj A = (el )(dI) = del. Done
as AB is invertible.

3.3.1

d.

b. (x—3)(x+2);3;-2; { _41‘ } [ } ];
p=| 4+ Vlpup=|3 O
[ =[S 2]

-1 1
1 -3

(x—2)3;2; 11, 0 |; No such P; Not
0 1

diagonalizable.



~1 1
f. (x+1)2(x—2);—1,-2;| 1|, | 2 |;Nosuch
2 1

P; Not diagonalizable. Note that this matrix and the
matrix in Example 3.3.9 have the same characteristic
polynomial, but that matrix is diagonalizable.

-1 1
h. (x—l)z(x—?));l, 3; 0|, | O | NosuchP;
1 1
Not diagonalizable.
332 b ov=12t| 2
. . k — 3 1
1
d ve=33]0

1

3.3.4 Ax = Axif and only if (A — al)x = (L — @)x. Same
eigenvectors.

1
Iap —
bPAP—[0 ]
0
aw=rp| g o |r

3.3.8

9-8.2"

L {6(2,!71) 12(172")]

9.2"-8
0 1
3.3.9 b.A—[0 2}

3.3.11 b. and d. PAP~! = D is diagonal, then b.
P~ (kA)P = kD is diagonal, and d. Q(U~

where Q = PU.

} is not diagonalizable by Example 3.3.8.

1 2 1 -1 0
But{0 ]:{0 71}4—{ Oz}where

1

0

1

1

} . . , 1 -1
has diagonalizing matrix P = and

0 3

is already diagonal.

3.3.14 We have A2 = A for every eigenvalue A (as A =0, 1)
so D> =D, and s0o A2 = A as in Example 3.3.9.

3.3.18 b. calx) =

=" det [£] — A]

det [xI — rA]
~ral
3.3.20 b. If A #0,Ax = Axif and only if A~ 'x = %x
The result follows.

3321 b (43

A3x —2Ax+3x = (A3

—2A—3D)x = A3x —2Ax+3x =
—21 -3)x.

'AU) Q=D

629

3.3.23 b. IfA™
A%x = A(Ax)
all k > 1. Hence, A"x = A"x = 0x =

(because x # 0).

=0and Ax = Ax, x # 0, then
= AAx = A2x. In general, A¥x = A¥x for
0,501 =0

3.3.24 a. If Ax = Ax, then A*x = A*x for each k. Hence
AMx =A"x =x,50 A" =1. As A isreal, A = £1 by
the Hint. So if P"'AP = D is diagonal, then D*> = I by

Theorem 3.3.4. Hence A2 = PD?*P =1.

3.3.27 a. We have P~'AP = AI by the diagonalization

algorithm, so A = P(AI)P~!' = APP~! = AI.
b. No. A = 1 is the only eigenvalue.

3.3.31 b. A; = 1, stabilizes.
d A= ﬁ(?a + \/6_9) = 1.13, diverges.

3.3.34 Extinctif a < 1,

Section3d4
3.4.1 b. xp=1[4—(-2)"
d. x =5[22+ (=3)f]

stable if o = 1, divergesif @ > 1.

342 box =L [(-1)F+1]

343 b. Xgra = Xk + X2 + Xpp3:x10 = 169

345 312 [34 V5] A (=34 V5)25 where
=1(1+V5)and 4, = §(1 - /5).

347 57 [2+ V3 AL+ (=24 V3)A] where 41 = 1+V3
and L, =1 —+/3.

349 %—%(——) Long termll million tons.
1 A A
3411 b A| A | = A2 =| A% |=
A2 a+bA+cA? A3
1
Al A
),2

3.4.12 b. X = }—(1)3k+ %(_Z)k _ %
3.4.13 a.

P42+ Gy = [api1 + bpi + (k)] + [agiy1 + bai] =
a(pre1+ i) +b(pi+qi) + (k)
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3.51 b. ¢ [ i j|e4x+cz|: _? :|e_2x;c1:—%’02:l
-8 1 1
d.oci| 10 e 4| =2 |eF+c3| 0 |e*;
7 1 1
(6] IO, sz—%, Cc3 = 5
3.5.3 b. The solution to (a) is m(¢) = 10 (%)1/3. Hence

we want ¢ such that 10 (%)1/3

taking natural logarithms:

= 5. We solve for ¢ by

_3m(d)

In(

t = 9.32 hours.

N

a. Ifg' =Ag, putf=g—A"'b. Thenf =g and
Af=Ag—b,sof =g = Ag=Af+D, as required.

b. Assume that f{ = a; fi + f> and f; = as fj.
Differentiating gives f{ = a1 f] + /' = a1f] + a2 /1,
proving that f; satisfies Equation 3.15.

3.6.2 Consider the rows Rp, Rp11, ..., Rg—1, Rg. Ing—p
adjacent interchanges they can be put in the order

Ryi1, ..., Ry—1, Ry, Rp. Thenin g — p — 1 adjacent
interchanges we can obtain the order Ry, Ry, ..., R4_1, R).
This uses 2(q — p) — 1 adjacent interchanges in all.

Supplementary Exercise 3.2. b. If Ais 1 x 1, then

AT = A. In general,
det [A;j] = det [(A;j)T] = det [(AT) ;] by (a) and

induction. Write AT = {ag j}

/
where a;;

daji, and

expand det AT along column 1.

det A" =Yy (—1)7! det[(AT) ]

1

n

J

=

= alj(fl)H—j det[Alj] = detA
j=1

where the last equality is the expansion of det A along
row 1.

4.1.1 b. V6
d. V5
f. 3v6

-2
412 b 1| -1
2
414 b V2
d. 3
4.1.

* FE T 4R ATh LR T — 1B

4.1.7 b. Yes
d. Yes
4.1.8 b. p
d —(p+4q).
-1
4.1.9 b. | —1 |,v27
5
[0
d. 01,0
| 0
[ —2
f. 2 [,V12
| 2
4.1.10 b. (i) (5, —1, 2) (i) Q(1, 1, —4).
—-26
4.1.11 b. X=u—-6v+5w= 4
19
a -5
4.1.12 b. b | = 8
c 6
3a+4b+c X
4.1.13 b. If it holds then —a+c =] x
b+c X3
3 4 1 x 0 4 4 x1+4+3x
-1 01 x» |—=| -1 01 X2
0 1 1 X3 0 1 1 X3

If there is to be a solution then x; + 3x; = 4x3 must
hold. This is not satisfied.

5
4114 b 1| -5
-2

4117 b 00,7, 3).

—20

4118 b x=g4| —13

14
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4120 b S(—1,3,2). -1
4.2.4 b. t 1
2
4.1.21 b. T.|v—w]| =0 implies that v—w = 0.
1 0
d. E ||v|| = || — v|| for all v but v= —v only holds if dsl2l+:]3
v=0. 0 1

f. F. If t <0 they have the opposite direction.
4.2.6 b. 29+57=286

h. E || —5v|| =5||v| forall v, so it fails if v # 0.

— — _ T o
j. F. Take w = —v where v # 0. 42.8 b.A=B=C=7or60

4210 b v

2
4122 b | =1 | 41| =1 [sx=3+2t,y=—1—1, d —1v
5
z=4+5¢t 2 53
- 5 1
1 1 4.2.11 b. | —1 [+5 | 26
d |1 | +r]| 1 |ix=y=z=1+1 —4 20
|1 1 6 -3
27 1
2 1 d. 53 *‘1‘- + 353 22
f. —1 | +¢ 0 [;x=2—-t,y=—1,z=1+t¢ 6
1 1
L 1 71 15 34
4.2.12 b. 5:V5642, O35, 52, 5)
4.1.23 b. P correspondstot =2; Q correspondstot =35. 0
4.2.13 b. | 0
4.1.24 b. No intersection 0
d. P2, -1,3);t=-2,5=-3 4
b —15

4129 P(3,1,0)0rP(3, 5, %)

4214 b —23x+32y+1lz=11
4131 b CP = —CP,(if | <k <n, where there are 4 2x—ytz=5

2n points.
f. 2x+3y+2z=7

4.1.33 DA =2EA and 24F = FC, h. 2x—7y—3z=—1
TP AP AR - DAL FC OB PO FOATB=FB.  § voy1e3

Hence ﬁ = %I?g So F is the trisection point of both AC and

EB. X 2
4215 b |y | =] =1 |+¢| 1
Sectiond2 ¢ 3 0
[ x ] 1 17
4.2.1 b. 6 4 y | = Ulael
d. 0 B 1]
f. 0 [x] [1 4
f =11 |4t 1
z 2 -5
422 b mor180° el L ]
d. 5 or60° 4216 b 5 01,2, 2)
2 o
f. 5 or120 4217 b. Yes. The equation is 5x — 3y —4z=0.

423 b lor—17 42.19 b, (=2,7,0)+£(3, =5, 2)
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4.2.20 b. None

d. P8, 58,8
4.2.21 b. 3x+2z=d, d arbitrary

d. a(x=3)+b(y—2)+c(z+4)=

0; a, b, and ¢ not all

f. ax+by+ (b—a)z=a; a and b not both zero
h. ax+by+ (a—2b)z= 5a — 4b; a and b not both zero

4.2.23 b. v10
4224 b %43, 1,2),B( -1, 3)
d Yo, AR 2, 1),B(Z, B, 0)
a
4.2.26 b. Consider the diagonald = | a | The six face
a
a 0
diagonals in question are + 01|,+ a |,
—a —a
a
4+ [ —a |. All of these are orthogonal to d. The
0

result works for the other diagonals by symmetry.

4.2.28 The four diagonals are (a, b, ¢), (—a, b, ¢),

(a, —b, c) and (a, b, —c) or their negatives. The dot products
are +(—a® + b* + c?), £(a®> — b* 4 ¢?), and £(a® + b* — ¢?).
4.2.34 b. The sum of the squares of the lengths of the
diagonals equals the sum of the squares of the lengths
of the four sides.

4.2.38 b. The angle 6 between u and (u+ v+ w) is

given by
u-(u+v+w) |[ul| _ 1

€00 = [ullfwrvi] = s Er ol V3 ocuse
[u]| = ||v|| = ||w]|. Similar remarks apply to the other
angles.

4.2.39 b. Let py, p; be the vectors of Py, P, so
u=py—p;- Thenu-n=py-n-

p; -n = (axo+ byg) — (ax; + by;) = axo + byo +c.
Hence the distance is

H(HHHZ) H ‘\TT‘

as required.

4.2.41 b. This follows from (a) because

|v||> = a® +b* + .

xi x X2 y
4.2.44 d Take | y1 |= |y |and | y»» | =| z
21 z 2
in (c).
1
433 b+ | -1
-1
4.34 b. 0
d. V5
4.3.5 b. 7
4.3.6 b. The distance is ||p — py||;

4.3.10 Hﬁ x AC || is the area of the parallelogram
determined by A, B, and C.

4.3.12 Because u and v x w are parallel, the angle 8 between
them is O or 7. Hence cos(0) = %1, so the volume is

lu- (vx w)| = [lulf[}vx WIICOS(G) = [[ul[[|(v x w)]|. But the
angle between v and w is Z 7 80
lvx wl|| = |[v|l[[w] cos(5) = ||v||||w]|. The result follows.
up Vi wi
4.3.15 b. fu=| u |,v=| v, |andw= | wy |,
us V3 w3
i up vi+w
thenux (v+w)=det | j us va+wp
kK u; vi+ws
i u v i uy wm
=det| j uy vy |+det| j uy wy
k usz v3 k usz wj
= (ux v) + (ux w) where we used Exercise 4.3.21.
4.3.16 b. (v—w) - [(uxv)+(vxw)+(wxu)=

(v=w) - (uxVv)+(v—w)-(vXW)+(v—w)- (WX
—w-(uxv)+0+v-(wxu)=0.

u)=

4.3.22 Let p; and p, be vectors of points in the planes, so

p; -n=d; and p, - n = d,. The distance is the length of the

projection of p, — p, along n; that is \(pz” le) n _ ‘dln;ﬁhl )

7} _i ] , projection on y = —x.

] , reflection in y = 2x.

|
-3

4

1 -3
V3 1

s /g
] , rotation through 3.



633

442 b. The zero transformation. Sections.1
17 2 _8 0 5.1.1 b. Yes
443 b 5| 2 20 4 1 d. No
-8 4 5 -3
~ f. No.
22 —4 20 0
d L1 -4 28 10 1
30
20 10 20| -3 512 b No
T 9 0 12 1 d. Yes, x =3y+4z.
f.%| 0 0 0 -
12 0 16 5.1.3 b. No
[—9 2 -6 2
h. ﬁ 2 _9 _¢ _5 5.1.10 span{axi, axXa, ..., akxk}.g span {xl, X2, ..oy Xk}
6 -6 7 0 by Theorem 5.1.1 because, for each i, a;x; is in
- span{xi, Xa, ..., X¢}. Similarly, the fact that x; = ai’l (aix;)
is in span {a;x;, axXa, ..., a;X; } for each i shows that
| V3 -1 0 1 span{xi, Xo, ..., X¢} C span{a;Xy, a»Xa, ..., aiX;}, again
4.4.4 b. 5 1 V3 0 0 by Theorem 5.1.1.

} 5.1.12
cos®@ 0O —sin6
4.4.6 0 1 0
sin@ 0 cos@ 5.1.15
4.4.9 a. Writev= [ i
i 5.1.16
) ax a
nw) = (i) a= 55| 5 | a
. [ a’x+ aby
T @407 | abx+b%y
B a*+ab X f.
T+ | ab+b? y

45.1 5.1.20

b.
V242 TV242 3V2+2
Il —3vV24+4 3V2+4 5V24+4 V2+4
2 2 2 2 2

5.1.22

455 b P(3,

N

)

Supplementary Exercise 4.4. 125 knots in a direction 0
degrees east of north, where cos @ = 0.6 (6 = 53° or 0.93
radians).

Supplementary Exercise 4.6. (12, 5). Actual speed 12
knots.

Ify =rix; + -+ riXg then

Ay = rl(Axl)—|—~--—|—rk(Axk) =0.

b. x=(x+y)—y=(x+y)+(-y)isinU
because U is a subspace and both x+y and
—y=(-DyareinU.

b. True. x=1xisinU.

True. Always span{y, z} C span{x, y, z} by
Theorem 5.1.1. Since x is in span{x, y} we have
span{x, y, z} C span{y, z}, again by Theorem 5.1.1.

1 20 | a+2b
False.a[o]-i-b{o]—[ 0

0
1

} cannot equal

If U is a subspace, then S2 and S3 certainly hold.

V242 —5V242 onversely, assume that S2 and S3 hold for U. Since U is
9v/2+4 npnempty, choose x in U. Then 0 = 0x is in U by S3, so S1
also holds. This means that U is a subspace.

b. The zero vector 0 is in U + W because
0=0-+0. Let p and q be vectors in U + W, say
p =X +Yy; and q =X +Yy, where x; and x; are in U,
and y; and y, are in W. Then
p+q=(x1+x2)+(y; +¥)isin U+ W because
X1 +Xpisin U and y, + Yy, is in W. Similarly,
a(p+q) =ap+aqisin U+ W for any scalar a
because ap is in U and aq is in W. Hence U + W is
indeed a subspace of R".
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5.2.

—

5.2.2

5.23

5.24

5.2.5

5.2.6

d.
f.

5.2.7

Selected Exercise Answers

1 1 0 0
b. Yes.Ifr| 1 |+s| 1 |[+2] O | =
1 1 1 0

thenr+s=0,r—s=0,and r+s-+¢=0. These
equations give r =s =1t =0.

No. Indeed:

SO = =
O = O =
—— o O
— O = O
(=l el e R e)

b. Yes. If r(x+y)+s(y+z)+1(z+x) =0, then
(r4+1)x+ (r+s)y+ (s+1)z=0. Since {x, y, z} is
independent, this implies that r+¢ =0, r+s = 0, and
s+t =0. The only solutionis r =s =1t =0.

No. In fact, (x+y) — (y+2z)+ (z+w) — (W+x) =0.

2 —1
1 1 . .
b. e 1 ; dimension 2.
-1 1
-2 M1
0 2 . .
3 | 1 ; dimension 2.
1 | 0
1] 1
b 1 —1 - di ion 2
. o | 1 ; dimension 2.
1 | 0
[ 1 —-17 [0]
0 1 1 . .
mE R 0 ; dimension 3.
| 0 1] | 1]
[ —1 1] [1]
1 0 0 . .
o | e 0 ; dimension 3.
| 0 0 | | 1]

b. If r(x+w)+s(y+w)+t(z+w)+u(w)=0,
then rx+sy+tz+ (r+s+t+u)w=0,s0r=0,

s=0,t=0, and r+ s+t +u = 0. The only solution is

r=s=t=u=0, so the set is independent. Since
dim R* = 4, the set is a basis by Theorem 5.2.7.

b. Yes
Yes
No.

b. T.If ry+ sz =0, then Ox+ ry+ sz = 0 so
r =5 = 0because {x, y, z} is independent.

d. FEIfx#0,take k =2, x; =xand xp = —X.
f. EIfy=—xandz=0, then I1x+ ly+ 1z=0.

h. T. This is a nontrivial, vanishing linear combination,
so the x; cannot be independent.

5.2.10 If rx, +sx3 +1x5 = 0 then
0x; + Xy +5X3+0x4 +1x5 +0x6 =0sor=s =1t =0.

5212 Ifnx +n(x1+x)+ -+ 45X +x+ - +x) =0,
then (ll +t2+"'+tk)X1 +(t2+"'+tk)X2+"'+(lk_] +
ti)Xk—1 + (t)xx = 0. Hence all these coefficients are zero, so
we obtain successively t; =0, t;_; =0, ..., 1, =0, t; =0.
5.2.16 b. We show AT is invertible (then A is invertible).
Let ATx = 0 where x = [s ¢]7. This means as +ct = 0
and bs+dt =0, so

s(ax+by) +t(cx+dy) = (sa+tc)x+ (sb+td)y = 0.
Hence s = = 0 by hypothesis.

5.2.17 b. Each V~'x; is in null (AV) because

AV(V7Ix)) =Ax; = 0. The set {V ™ !xy, ..., V- Ix;}is
independent as V! is invertible. If y is in null (AV),
then Vy is in null (A) so let Vy = 11X + - - + 1 X
where each #; is in R. Thus

y=tuV x|+ +1V Ix;isin

span {V~'xy, ..., V7 Ix )

5.2.20 We have {0} CU C W where dim {0} =0 and
dim W = 1. Hence dim U =0 or dim U = 1 by
Theorem 5.2.8, thatis U = 0 or U = W, again by
Theorem 5.2.8.

5.3.1 b.
1 4 2
1 1 1
L], L] 1|, -3
V3 i V42 _s 14 i
a 1
533 b | b |=La-0o)| O |+klatsb+
c -1
1 2
)| 4 [+5QRa—b+2c)| —1
1 2
a 1
d | b |=a+b+e)| 1 | +4a-b)| -1 |+
c 0
1
%(a—}—b—Zc) 1
-2
14 2 2
1 -1 1
534 b | o =3 |4,
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—; 54.3 b. No; no
5.3.5 b. ¢ 10 |’ in R d. No
11

f. Otherwise, if A is m x n, we have
m = dim (row A) = rank A = dim(colA) =n

4 19 544 LetA=[c¢ ... ¢ |.Then
' col A= span{cy, ..., ¢} = {x1€1 + - +x,¢, | x; in R} =
1 0 {Ax|xin R"}.
5.3.7 b. F.x:[o}andy:{l}.
6 5
d. T. Every x;-y; = 0 by assumption, every x;-X; = 0 if 0 0
i # j because the x; are orthogonal, and every 5.47 b. The basis is 4|, | -3 so the
yi'y;=0ifi # j because the y; are orthogonal. As all 1
the vectors are nonzero, this does it. 0 1
f. T. Every pair of distinct vectors in the set {x} has dot dimension is 2.
product zero (there are no such pairs). Have rank A =3 andn—-3=2.
5.3.9 Letcy, ..., ¢, be the columns of A. Then row i of AT is 5.4.8 b. n—1
¢/, so the (i, j)-entry of ATAiscl¢;=¢;-¢; =0, 1
according as i # j,i=j. So ATA=1. 549 b. Ifriei+ - +rue, =0,letx = [r(, ..., r]".
Then Cx =rie;+---+ry¢, =0, 80 X is in null A = 0.
5.3.11 b. Take n =3 in (a), expand, and simplify. Hence each r; = 0.
5.3.12 b. We have (x+y): (x—y) = ||X\|2 _ ||y||2_ 5.4.10 b.. Write r = rgnk A. Then (a) gives
Hence (x+y) - (x—y) = 0 if and only if ||x|*> = ||y||*; r= dim(col A < dim(null A) =n—r.
if and only if ||x|| = ||y||—where we used the fact that
[[x[| > 0and [[y[| > 0. 5.4.12 We have rank (A) = dim|[col (4)] and
rank (AT) = dim [row (AT)]. Let {c;, ¢2, ..., ¢;} be a basis
5.3.15 If ATAx = Ax, then of col (A); it suffices to show that {c], ¢}, ..., ¢/} is a basis
|Ax||? = (Ax) - (Ax) = xTATAx = x (Ax) = A ||x||%. of row (AT). Butif rj¢] +nel +--- 4+l =0,7;in R, then

(taking transposes) €1 +12€2 + - + ¢, = 0 so each 7; = 0.

Hence {c¢!, ¢I, ..., ¢!} is independent. Given v in row (A7)
Section S hen v7 is in col (A): say VT = sje1 + 5262+ -+ syep, s in

s41 b R: Hence v =si¢l +s:¢] + -+ sl so{el, f, ..., ]}
o ) p) 1 spans row (AT), as required.
HENINIE IR
) ’ 1 ’ 41713 ’ 5.4.15 b. Let {uy, ..., u,} be abasis of col (A). Then b
—6 0 is not in col (A), so {uy, ..., u,, b} is linearly
independent. Show that
; 8 . 3 col[A b] = span{uy, ..., u,, b}.
ot l ol = L2
3 1 Sectionss
) 5.5.1 b. traces = 2, ranks = 2, but det A = —5,
1 0 0 detB=—1
1 -2 0 .
5.4.2 b 0 2 ) d. ranks = 2, determinants =7,but trA =5, trB=4
0 5 -3 f. traces = —3, determinants = 0, but rank A = 2,
0 1 6 | rank B =1
1 0 0
d. 5, 1 0 5.5.3 b. If B= P~'AP, then
6 . 1 B l=p A"l (P~ =p-lA-IP.
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-1 0 6
5.5.4 b. Yes, P = 01 0],
1 0 5
-3 0 0
P AP = 0 -3 0
0 0 8

d. No, cs(x) = (x4 1)(x —4)? so A = 4 has multiplicity
2. But dim (E4) = 1 so Theorem 5.5.6 applies.

558  b. If B=P 'APand A¥ =0, then
Bf = (P~'AP)* = p~'AkP =P~ 0P =0.
559 b. The eigenvalues of A are all equal (they are the
diagonal elements), so if P lAP=Dis diagonal, then
D=Al. Hence A= P~ (AI)P = Al
5.5.10 b. Ais similar to D = diag (A, A2, ..., 4,) so
(Theorem 5.5.1) trA=trD=A1 +A+ -+ A,.
5.5.12 b. Tp(A)Tp(B) = (P~'AP)(P~'BP) =
P~'(AB)P = Tp(AB).
5.5.13 b. If A is diagonalizable, so is AT, and they have
the same eigenvalues. Use (a).
5.5.17 b. cp(x) = [x— (a+b+c)][x* — k] where
k = a® +b*+ ¢ — [ab+ac + bc]. Use Theorem 5.5.7.

5.6.7 s =99.71 — 4.87x; the estimate of g is 9.74. [The true
value of g is 9.81]. If a quadratic in s is fit, the result is
s=101— %t— %tz giving g =9;

338 —42 10
M)t =4 —42 49 -12
100 —12 3

5.6.9 y=—5.19+0.34x; +0.51x,+0.71x3, (ATA)"!

517860 —8016 5040 —22650
o —8016 208 316 400
25080 5040 —316 1300 —1090

—22650 400 —-1090 1975
5.6.10 b. f(x) = ag here, so the sum of squares is

S =Y.(vi—ao)* =na3 —2apY.y; + ¥.y?. Completing
the square gives S = nfag — %Z‘,yi]2 + [Z‘,yi2 - %():y,-)z]
This is minimal when ag = 1 ¥ y;.

5.6.13 b. Here f(x) =ro+rie’. If f(x1) =0= f(x2)
where x| £ xo, thenrg+r;- " =0=ro+r; -2 so

ri(e”t —e2)=0. Hence r; =0 =ry.

5.7.2 Let X denote the number of years of education, and let
Y denote the yearly income (in 1000’s). Then x = 15.3,
S)zc =9.12 and s, = 3.02, while y = 40.3, s% =114.23 and

SRS ¢, — 0.6 Th corelaionis (X, ¥) = 0,59

-20
561 b 5| 46 |, (ATA)!
95
8 —10 —18
=5 -10 14 24
—18 24 43
562 b %-—Sx
4 17
d. —m—mx
5.6.3 b. y=0.127—0.024x +0.194x>, (M M)~ =
3348 642 —426
1
o | 642 571 —187
—426  —187 91
564 b g5(—46x+66x2+60-2%), (MTM)~1 =
[ 115 0 —46
1
= 0 17 -18
| —46 —18 38
565 b 55[18+21x%+28sin(Z)], (MTM) ! =
[ 24 -2 14
1
ol -2 1 3
14 3 49

X1
X2
5.7.4 b. Given the sample vector x = , let
Xn
Z1
2
zZ= . where z; = a + bx; for each i. By (a) we
n
have 7 = a + bx, so

Now (b) follows because Vb2 = |b|.

Supplementary Exercise 5.1. b. F
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6.1.1 b. No; S5 fails.
d. No; S4 and S5 fail.

6.1.2 b. No; only Al fails.
d. No.
f. Yes.
h. Yes.
j- No.
1. No; only S3 fails.
n. No;only S4 and S5 fail.

6.1.4 The zero vector is (0, —1); the negative of (x, y) is
(—x, =2—y).

615 b x=1(5Su-2v),y=1(4u-3v)

6.1.6 b. Equating entries givesa+c=0,b+c¢ =0,

b+c=0,a—c=0. The solutionisa=b=c=0.

d. If asinx+bcosy+ ¢ =0 in F[0, x], then this must
hold for every x in [0, x]. Taking x = 0, % and 7,
respectively, givesb+c=0,a+c=0,—b+c=0
whence,a=b=c=0.

6.1.7 b. 4w

6.1.10 Ifz4+v=vforall v,thenz+v=0+v,soz=0Dby
cancellation.

6.1.12 b. (—a)v+av=(—a+a)v=0v=0Dby
Theorem 6.1.3. Because also —(av) 4+ av = 0 (by the
definition of —(av) in axiom A5), this means that
(—a)v = —(av) by cancellation. Alternatively, use

Theorem 6.1.3(4) to give

(—a)v = [(~Dalv = (~1)(av) = —(av).

637

6.1.13 b. The case n = 1 is clear, and n = 2 is axiom S3.
If n > 2, then
(a1+ax+-+ap)v=lai + (a2 + - +a,)|v=
av+ (a4 +ay)v=av+ (aav+ - - +a,v) using
the induction hypothesis; so it holds for all n.

c. Ifav=aw,thenv=1v=(a"la)v=
a'(av)=a'(aw) = (a 'a)w = Iw = w.

6.2.1 b. Yes
d. Yes

6.1.15

f. No; not closed under addition or scalar multiplication,
and 0 is not in the set.

6.2.2 b. Yes.
d. Yes.

f. No; not closed under addition.

b. No; not closed under addition.
d. No; not closed under scalar multiplication.

f. Yes.
6.2.5 b. Ifentry k of X is x; # 0, and if y is in R”, then
y = Ax where the column of A is xk_ly, and the other
columns are zero.

626 b —3(x+1)+0(x*+x)+2(x>+2)
d. %(x+1)+%(x2+x)—%(x2+2)

6.2.7 b. No.

d. Yes;v=3u—w.

2

6.2.8 b. Yes; 1 =cos®x+ sin’x

d. No. If 1 +x% = acos?x+ bsin® x, then taking x = 0
and x = givesa=1 anda = 1 + 72,
6.2.9 b. Because P, = span{l, x, xz}, it suffices to
show that {1, x, x>} C span {1 +2x%, 3x, 1 +x}. But
x=1(3x);1 = (1+x) —xand x> = $[(1+2x%) — 1].

6.2.11 b.u=(u+w)—w,v=—(u—v)+ (utw)—w,
and w=w

6.2.14 No.

6.2.17 b. Yes.

6218 vi = ju— vy — - — 2V, 50

V C span{u, vz, ..., V,}
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6.2.21 b. v=(u+v)—uisinU.

6.2.22 Given the conditionandu € U, 0 =u+(—1)ueU.
The converse holds by the subspace test.

Section63 0

6.3.1 b. Ifax® +b(x+ 1) +c(1 —x—x*) =0, then

a+c=0,b—c=0,b+c=0,s0a=b=c=0.

1 1 0 1 1 0
a Ifa[l O}M[l I}H[l 1%
1 1 0 0
d{O 1}_ 0 O}Jhena—l—c—i—d—o,
a+b+d=0,a+b+c=0,andb+c+d=0, so
a=b=c=d=0.

6.3.2 b.

-1 0 I -1 11
w2 al ]l
00
00
5 1 6 _
f. x2+x—6+x2—5x+6_xz——970
6.3.3 b. Dependent: 1 —sin?>x — cos?x =0
6.3.4 b. x;é—%
6.3.5 b. If

r(=1, 1, 1)+s(1, =1, 1)4+¢(1, 1, —=1) = (0, 0, 0),
then —r+s+t=0,r—s+t=0,andr—s—r =0,
and this implies that r = s = ¢ = 0. This proves
independence. To prove that they span R3, observe
that (0, 0, 1) = 3[(=1, 1, 1)+(1, =1, 1)] s0 (0, 0, 1)
lies in span{(—1, 1, 1), (1, —1, 1), (1, 1, —1)}. The
proof is similar for (0, 1, 0) and (1, 0, 0).

d. I r(1+x)+s(x+x?) +1(x*> +x°) +ux® = 0, then
r=0,r+s5s=0,s+¢t=0,andt+u =0, so
r=s=1t=u=0. This proves independence. To show
that they span P3, observe that x> = (x2 +x3) —x,
x=(x+x?)—x%,and 1 = (1 +x) —x, 50
{1, x, X2, x3} C span{l+ux, x+x2, X2+, x3}.

6.3.6

d. {1, xz}; dimension = 2

1 1 1 0
sar w0

SURINE

b. {1, x+x2}; dimension = 2

} }; dimension = 2

(1) } }; dimension = 2

“Alos] o]}

b. {x2 —x, x(x* —x), ¥(x* —x), S (x> —x)};
dimV =4

b. No. Any linear combination f of such
polynomials has f(0) = 0.
0 1 )
b 1 1 b

No.

1 0 11 1 0

O 1|70 1| ]11
consists of invertible matrices.

f. Yes. Ou+ Ov+ Ow = 0 for every set {u, v, w}.

h. Yes. su+¢(u+v) =0 gives (s+¢)u+rv =0, whence
s+t=0=t.

j- Yes. If ru+sv =0, then ru+sv+0w =0, so
r=0=s.

1. Yes. u+v+w # 0 because {u, v, w} is independent.

n. Yes. If I is independent, then |I| < n by the
fundamental theorem because any basis spans V.

6.3.15 If a linear combination of the subset vanishes, it is a
linear combination of the vectors in the larger set (coefficients
outside the subset are zero) so it is trivial.

6.3.19 Because {u, v} is linearly independent, su’ +1v' =0

is equivalent to a < s12]0 Now appl
is equiv b d tfo.wppy

Theorem 2.4.5.

6.3.23 b. Independent.

d. Dependent. For example,
(u+v)— (v+w)+(w+2z)—(z+u)=0.

6.3.26 If z is not real and az + bz> = 0, then
a-+bz=0(z#0). Hence if b # 0, then z = —ab~ ! is real. So
b =0, and so a = 0. Conversely, if 7 is real, say z = a, then
(—a)z+ 122 = 0, contrary to the independence of {z, z°}.

6.3.29 b. If Ux =0, x # 0 in R”, then Rx = 0 where
R#0isrow 1 of U. If B € M,,;;, has each row equal to
R, then Bx # 0. But if B=Y r;A;U, then

Bx =Y riAiUx=0. So {A;U} cannot span M,,,.
6.3.33 b. fUNW =0 and ru+ sw = 0, then ru = —sw
isin UNW, so ru =0 = sw. Hence r = 0 = s because
u # 0 £ w. Conversely, if v # 0 lies in U "W, then
1v+ (—1)v =0, contrary to hypothesis.



6.3.36
is odd.

b. dim O, = % if nis even and dim O, = % ifn 6.4.25

639

b.
Ru+Rw = {ru+sw | r, sin R} = span{u, w}

64.1 b {(0,1,1),(1,0,0), (0, 1,0)}

d. {xz—x—i— I, 1, x}

6.4.2 b. Any three except {x* +3, x+2, x> —2x— 1}

6.4.3 b. Add (0, 1, 0, 0) and (0, 0O, 1, 0).
d. Add 1 and .

6.4.4 b. Ifz=a+bi,thena#0and b #0. If
rz+sz7 =0, then (r+s)a=0and (r —s)b = 0. This
means that r+s=0=r—s,s0 r=s=0. Thus {z, Z

is independent; it is a basis because dim C = 2.

6.4.5 b. The polynomials in S have distinct degrees.

6.4.6 b. {4, 4x, 4x%, 4%’} is one such basis of P3.
However, there is no basis of P3 consisting of
polynomials that have the property that their
coefficients sum to zero. For if such a basis exists,
then every polynomial in P3 would have this property
(because sums and scalar multiples of such

polynomials have the same property).

6.4.7 b. Not a basis.

d. Not a basis.
6.4.8 b. Yes; no.

6.4.10 det A =0 if and only if A is not invertible; if and only
if the rows of A are dependent (Theorem 5.2.3); if and only if

some row is a linear combination of the others (Lemma 6.4.2).

6.4.11
d. Yes. See Exercise 6.3.15.

6.4.15 Ifve U then W =U;if v ¢ U then
{Vl, Vo, ..
6.4.18

b. Two distinct planes through the origin (U and
W) meet in a line through the origin (U NW).

6.4.23 b. Theset{(1,0,0,0,...), (0, 1,0,0,0, ...),
0,0, 1,0,0, ...), ...} contains independent subsets

of arbitrary size.

b. No. {(0, 1), (1, 0)} C {(0, 1), (1, 0), (1, 1)}

., Vi, V} is a basis of W by the independent lemma.

6.5.2
d.

6.5.6

6.5.7

} 6.5.10

6.5.11

b, 34+4(x—1)+3x—1)2+@x—1)3
I+(x—1)3
b. The polynomials are (x — 1)(x —2),

(x—1)(x=3), (x—2)(x—3). Use ap = 3,a; =2, and
aj) = 1.

b f(x)=
3x—2)(x=3)—T(x—D)(x-3)+ B x-1)(x-2).

b. If r(x —a)®>+s(x—a)(x —b) +t(x—b)>=0,
then evaluation at x = a(x = b) gives t = 0(r = 0).
Thus s(x —a)(x—b) =0,s0 s =0. Use
Theorem 6.4.4.

b. Suppose {po(x), p1(x), ..., pa—2(x)}isa

basis of P,,_». We show that

{(r—a)(x=b)po(x), (x—a)(x=b)p1(x), ..., (x—
a)(x —b)py_2(x)} is a basis of U,. It is a spanning set
by part (a), so assume that a linear combination
vanishes with coefficients rg, r{, ..., r,—2. Then
(x—a)(x—=b)[ropo(x) + - -+ ra—2pn—2(x)] =0, so
ropo(x) + - -+ + rp_2pp—2(x) = 0 by the Hint. This
implies thatrg =--- =r,_» =0.

6.6.1
d.

f.

h.
J-
6.6.4

6.6.5

6.6.6

b elfx

e2x7673x

2 o3

2% (1 +x)

X _ pa(2—x)
1—e2a

e sinx

b. ce™ +2, ¢ a constant

3
b. ce ¥+ de* — %

1
b r=222) _ 932 hours
ln(g)

6.6.8 k= (Z)>=0.044
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Supplementary Exercise 6.2. b. If YA=0,Y arow, we
show that Y = 0; thus A7 (and hence A) is invertible.
Given a column ¢ in R” write ¢ = Zr[ (Av;) where

1
each r;isin R. Then Y¢c = Zr,-YAvi, SO

Y=YI,=Y| e
[ Ye1 Yez
as required.

[ [ —
Ye, |=[0 0

Supplementary Exercise 6.4. We have null A C null (ATA)
because Ax = 0 implies (AT A)x = 0. Conversely, if

(ATA)x = 0, then ||Ax|?> = (Ax)” (Ax) = x"ATAx = 0. Thus
Ax=0.

718 b T(v)=

operator —1.

(—1)vforall vinV, so T is the scalar

7112 fT(1)=v, thenT(r) =
rin R.

T(r-1)=rT(1)=rvforall

7.1.15 b. 0isinU ={veV |T(v) € P} because
T(0)=0isin P. If vand w are in U, then T'(v) and
T(w)arein P. Hence T(v+w) =T (v)+T(w) isin P

and T(rv) =rT(v)isin P, so v+w and rv are in U.

7.1.18 Suppose rv+sT(v) =0. If s = 0, then r = 0 (because
v#0). If s #0, then T(v) = av where a = —s~ 7. Thus
v=T?(v) =T(av) = a*v, so a* = 1, again because v # 0.
Hence a = £1. Conversely, if T(v) = +v, then {v, T(v)} is

[Section I certainly not independent.

1 0 0
7.1.1 b. T(v)=vAwhereA=| 0 1 0
0 0 -1
d. T(A+B)=P(A+B)Q=PAQ+PBQ=
T(A)+T(B);T(rA) = P(rA)Q =rPAQ =rT(A)
f. T[(p+q)(x)] = (p+4)(0) = p(0) +4(0) =
T[p(x)]+Tlg(x)];
T[(rp)(x)] = (rp)(0) = r(p(0)) = rT [p(x)]
h. T(X+Y)=(X+Y)-Z=X-Z+Y-Z=T(X)+T(Y),
and T(rX)=(0X)-Z=r(X-Z)=rT(X)
jo fv=(vy, ..., vy) and w = (wy, ..., w,), then
T(v+w)=i+wi)e+-+ (v +wp)e, = (vieg +
st vpe,) +(wiep 4o+ wpey) =T (V) +T(w)
T(av) = (avi)e+---+ (av,)e, = a(ve+---+v,e,) =
aT(v)
7.1.2 b. rank (A + B) # rank A + rank B in general. For

O}andB:{l 0}.

1
example, A = { 0 1 0 —1

d. T(0) =0+u=u=#0,soT is not linear by
Theorem 7.1.1.

713 b T(3vi+2v2) =0

IR
f. T(2—x+3x%) =46

714 b T(x,y)=3(x—y 3y, x—y);

T(-1,2)=(~1,2, —1)
d. T[ @ b } —3a—3c+2b
c d

7.1.5 b. T(v) = 3(7v—9w), T(w) = }(v+3w)

7.1.21 b. Givensucha T, write T(x) =a. If
p=px)=Yloax', then T(p) = LaiT (') =
Ya;[T(x)]'=Yaa' = p(a) = E,(p). Hence T = E,,.

721 b, i
’g } 1 0

e 0 ; (1) , _1 32,2
0 -1 |
Nl |
d 2 s ; :2,1
| 1 -1
1 -2
7.2.2 b. {x*—x}; {(1,0), (0, 1)}

d. {(0,0, 1)}: {(1, 1,0, 0, (0,0, 1, 1)}

{ﬁéo—ﬂ’{ﬁé]’[ﬂ}“}

g

h. {(1,0,0,...,0, =1), (0, 1,0, ..., 0, —1),
..., (0,0,0, . 1)} {1}
. ([0 1 0 0]
Yool lo 1S
11 0 0
10 0 11
7.2.3 b. T(v) =0= (0, 0) if and only if P(v) = 0 and
Q(v) = 0; that is, if and only if v is in ker PN ker Q.
7.2.4 b. ker T = span{(—4, 1, 3)};

B={(1,0,0), (0, 1, 0), (-4, 1, 3)},
im 7T = span{(1, 2, 0, 3), (1, —1, =3, 0)}

b. Yes. dim (im 7) =5 — dim (ker 7') = 3, so
im7T =W as dimW =3.

7.2.6
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d. No.T=0:R* - R? Section7.3

f. No. T:R? R, T(x, ) = (3 0). Then 731 b, Tisonto because (1, —1, 0) = (1, 0, 0),

ker I'=im T T(0, 1, —1)= (0, 1, 0),and T(0, 0, 1) = (0, 0, 1).
h. Yes. dim V = dim (ker T') 4+ dim (im 7') < Use Theorem 7.3.3.

dim W+ dim W =2 dim W d. T is one-to-one because 0 = T'(X) = UXV implies that
j. No. Consider T : R? — R? with T'(x, y) = (y, 0). X =0 (U and V are invertible). Use Theorem 7.3.3.
1. No. Same example as (j). f. T is one-to-one because 0 = T'(v) = kv implies that

v = 0 (because k # 0). T is onto because T (%V) =V
for all v. [Here Theorem 7.3.3 does not apply if dim V
is not finite. ]

n. No. Define 7 : R? = R? by T'(x, y) = (x, 0). If
v; = (1, 0) and v, = (0, 1), then R? = span {v;, vo}
but R? # span{T(v{), T(v2)}.
h. T is one-to-one because T'(A) = 0 implies A7 =0,

7.2.7 b. Givenwin W,letw =T (v), vin V, and write whence A = 0. Use Theorem 7.3.3.

vV=r1vi+---+r,v, Then
w=T(v)=rT(v))++rT(v,). 7.3.4 b. ST(x, y,z)=(x+y, 0, y+72),
TS(x,y,2)=(x, 0, 2)

7.2.8 b. im T ={Y,;rv; | r; in R} = span{v;}. a b c 0
d. ST = ,
c d 0 d
7.2.10 T is linear and onto. Hence 1 = dim R = rs| @ b| |0 a
dim (im T) = dim (M,;,) — dim (ker T) = n> — dim (ker T). cd| |d o
7.2.12 The condition means ker (74) C ker (73), so 735 b. T2(x, y) =T(x+y, 0) = (x+y, 0) = T(x, y).
dim [ker (T4)] < dim [ker (73)]. Then Theorem 7.2.4 gives Hence T2 = T.

o S dim [ ; . N .
dim [im (T})] > dim [im (7)]; that is, rank A > rank B a b 1 ate bad

o d at+c b+d
7.2.15 ' b B={x—1, ...,x"fl}l'smdependent ' [ atc b+d
(distinct degrees) and contained in ker 7. Hence B is a 2| ate btd
basis of ker T by (a).

7.3.6 b. Noi ;(1, =1, 1, —1)isin ker T'.
7.2.20 Define T : M, — My, by T(A) = A — AT for all A in o inverse; (I, =1, 1, =1)is in ker
M,,,. Then ker T = U and im T =V by Example 7.2.3, so d 7! a b | 1 3a—2c 3b—2d
the dimension theorem gives ' c d| °| a+c b+d
2 = dim M, = dim (U) + dim (V).
" im My, = dim (U) + dim (V) f. T"Y(a, b, c):%[2a+(b—c)x—(2a—b—c)x2]

7.2.22 Define T : M, — R" by T(A) = Ay for all A in M,,.

Then T is linear with ker 7 = U, so it is enough to show that 7.3.7 b.

T is onto (then dim U = n? — dim (im T) = n? — n). We have T2(x, y) = T(ky =, y) = (ky = (ky = x), y) = (x, )
T(0)=0.Lety=[yi y2 - yu] #0inR".Ify, #0 d T2(X)=AX =IX =X

let ¢, :yk’ly, andletc; = 0if j #k. If

A=[¢ ¢ - ¢ ] then 7.3.8 b. T3(x, y, 2, w) = (x, y, 2, —w) s0

T(A) = Ay =yi€1 + -+ +yr€ + -+ ynCy = y. This shows TS(x, y, 2 w) =T3 [T3(x, y, 2 w)] = (x, y, 2, w).
that T is onto, as required. Hence T—! = T5. So

T'x, y, 2, w)=(y—x, —x, 2, —w).
7.2.29 b. By Lemma 6.4.2,let {uy, ..., Wy, ..., w,} be
a basis of V where {uy, ..., u,,} is a basis of U. By 73.9 b. Tfl(A) —U-A.
Theorem 7.1.3 there is a linear transformation
S:V — V such that S(u;) = w; for 1 <i <m, and ) ] ) )
S(w;) = 0if i > m. Because each u; is in im S, 7.3.10 b. GIV‘?H uin U, write u= S(w), win W _
U C im S. Butif S(v) is in im S, write (because S is onto). Then write w =T (v), vin V (T is

V= FU] +-+ Fpllyy + - -+ .. Then onto). Hence u = ST (v), so ST is onto.

Sv)=rS(w) 4+ +rmSy) =riu; + -+ ryply is
inU.SoimSCU. 7.3.12 b. Forall vinV, (RT)(v) =R[T(v)] is in im (R).



642 = Selected Exercise Answers

7.3.13 b. Given win W, writte w = ST (v), vin V (ST is
onto). Then w = S[T(v)], T(v) in U, so S is onto. But
then im S =W, so dimU =

dim (ker §) 4 dim (im §) > dim (im S) = dim W.

7.3.16 {T(ey), T(ey), ..., T(e,)} is a basis of im T by
Theorem 7.2.5. So T : span{ey, ..., e,} — im T is an
isomorphism by Theorem 7.3.1.

7.3.19 b. T(x,y)=(x,y+1)
7.3.24 b.
TS[)C(), X1, ) = T[O, X0, X1, ) = [XQ, X1, ), SO

TS = 1y. Hence TS is both onto and one-to-one, so T’
is onto and S is one-to-one by Exercise 7.3.13. But
[1,0,0,...)isin ker T while [1, 0, 0, ...) is not in
im S.
7.3.26 b. If T(p) =0, then p(x) = —xp’(x). We write
p(x) = ap+ayx+ ax® + - - -+ a,x", and this becomes
ao+ax+ap+ - +axt =
—a1x —2apx* — - — nayx". Equating coefficients
yields ap =0, 2a; =0, 3a, =0, ..., (n+1)a, =0,
whence p(x) = 0. This means that ker 7 =0, so T is
one-to-one. But then T is an isomorphism by
Theorem 7.3.3.

7.3.27 b. If ST = 1y for some S, then T is onto by
Exercise 7.3.13. If T is onto, let {e}, ..., e, ..., €,}
be a basis of V such that {e,|, ..., e,} is a basis of
ker T. Since T is onto, {T'(e;), ..., T(e;)} is a basis
of im T =W by Theorem 7.2.5. Thus §: W — V is an
isomorphism where by S{T (e;)] = e; for

i=1,2, ..., r. Hence TS[T (e;)] = T (e;) for each i,
that is T'S[T (e;)] = 1w [T (e;)]. This means that

TS = 1w because they agree on the basis

{T(e1), ..., T(e,)} of W.

7.3.28 b. If T = SR, then every vector T'(v) in im 7 has
the form 7'(v) = S[R(v)], whence im 7 C im S. Since
R is invertible, S = TR™! implies im S C im 7.
Conversely, assume that im S = im 7. Then

dim (ker §) = dim (ker T') by the dimension theorem.

Let{e, ..., €, €41, ..., €,} and
{fi, ..., £, £p1, ..., £, } be bases of V such that
{€+1, ..., e} and {f,41, ..., f,} are bases of ker §

and ker T, respectively. By Theorem 7.2.5,

{S(e1), ..., S(e;)} and {T(£y), ..., T(f,)} are both
basesof imS=1im 7. Soletg,, ..., g,.inV be such
that S(e;) = T(g;) foreachi =1, 2, ..., r. Show that

B={g. ..

Then define R: V — V by R(g;) = e, for
i=1,2,...,r,andR(f;) =e;for j=r+1, ..., n
Then R is an isomorphism by Theorem 7.3.1. Finally
SR =T since they have the same effect on the basis B.

oy &0 frt1, .., £y} isabasis of V.

7.3.29 LetB=1{e, ..., €, €.4], ..., €, be abasis of V
with {e,;1, ..., e,} a basis of ker T. If

{T(ey), ..., T(er), Wyi1, ..., Wy} is a basis of V, define S by
S[T(e;)]=eifor1 <i<r andS(w;)=e;jforr+1<j<n.
Then S is an isomorphism by Theorem 7.3.1, and

TST(e;) = T (e;) clearly holds for I <i<r. Butifi>r+1,
then 7'(e;) =0 = TST (e;), so T = TST by Theorem 7.1.2.

b {11, [27), [(=3)")}
Xn = 55 (15423 4 (=3)"H)

7.5.1

752 b {[1), [n), [(=2)")}; 00 = A (5 —6n+ (=2)"?)

d. {[), [n), [P} x=2(n—1)>—1

753 b {[a"). ")}
754 b [1,0,0,0,0,...),[0.1,0,0,0,..),
0,0,1,1,1,...),[0,0,1,2,3,...)

7.5.7 By Remark 2,
i+ (=i)") = (2,0, =2,0,2,0, =2,0, ...)
[i(i" — (=i)")) = [0, =2, 0,2, 0, =2, 0, 2, ...)

are solutions. They are linearly independent and so are a
basis.

b {2 1), 3(-1,2)}
d. {(0, 1, 1), (1,0, 0), (0, =2, 2)}

8.1.1

8.1.2 b x= 14 (271, =221, 1030) + 145 (93, 403, 62)

d x=11,7, 1,17+ 17, -7, -7,7)

f. x=
15(5a—5b+c—3d, —5a+5b—c+3d, a—b+1lc+
3d, —3a+3b+3c+3d)+15(7Ta+5b—c+3d, Sa+
7b+c—3d, —a+b+c—3d, 3a—3b—3c+9d)

813  a {5(-9,3,-21,33)=3(-3.1, -7, 11)
c. =5(—63,21, —147,231) = (-3, 1, -7, 11)

814 b {(1,-1,0), 3(-1, -1, 2)}

projy x=(1, 0, —1)

d. {(1,-1,0,1), (1, 1,0,0), 1(-1,1,0,2)};
projy x=1(2, 0,0, 1)



8.1.5 b. Ut =span{(1,3,1,0), (-=1,0,0, 1)}

8.1.8 Write p = proj;; X. Then p is in U by definition. If x is

U,thenx —pisin U. But x — p is also in U+ by
Theorem 8.1.3, so x — pis in U NU* = {0}. Thus x = p.

8.1.10 Let {f}, f,, ..., £, } be an orthonormal basis of U. If x
is in U the expansion theorem gives
x=(x-f)f| + (x-£)fr +--- + (x-£,)f, = projy x.

8.1.14 Let {y,, ¥5, ..., ¥,»} be a basis of U, and let A be
the n x n matrix withrows y?, yZ, ..., yL, 0, ..., 0. Then
Ax=0ifandonlyify,-x=0foreachi=1, 2, ..., m; if and
only if xis in U+ = U.

8.1.17  d. ET =AT[(AAT)~1)T(AT)T =
AT[(AAT)T]—IA :AT[AAT]_IA —=F

E2 :AT(AAT)flAAT(AAT)flA :AT(AAT)flA —FE

[ 3 -4
8.2.1 b.§[4 3
d 1 a b
Va2 | —b a
2 L
oo
ey ¥
O %5 »
2 6 -3
h i 32 6
-6 3 2

8.2.2 We have PT = P~!; this matrix is lower triangular (left
side) and also upper triangular (right side-see Lemma 2.7.1),
and so is diagonal. But then P = P = P!, so P> =I. This
implies that the diagonal entries of P are all £1.

1 -1
1
sas v [ ]
01 1
d L]l v2 0 o0
2
V2 01 -1
2v2 3 1 2 -2 1
1
f.3\—[2\/§0—40r—122
2v2 -3 1 2 1 =2
1 -1 V2 0
T e TS BVA R
"2 1 -1 0 V2
1 1 0 V2

643

cvV2 a a

826 P=-L 0 k —k
2k
—av2 ¢ c
8.2.10 b. y1 = %(—xl + ZX2) and y, = \/Lg(le +X2);
q= —3y% + Zy%.
8.2.11 c. = a. By Theorem 8.2.1 let

P~'AP =D = diag (A, ..., A,) where the A; are the
eigenvalues of A. By c. we have A; = £1 for each i,
whence D? = I. But then

A% = (PDP~')? = PD*P~! =I. Since A is symmetric
this is AAT = I, proving a.

b. If B=PTAP = P!, then
B? = PTAPPTAP = PTA?P.

8.2.13

8.2.15 If x and y are respectively columns i and j of I, then
x" ATy = xT Ay shows that the (i, j)-entries of AT and A are
equal.

8218 b det| C®0 —sin@ 1 _,
sin 0 cos 6
cos O sin 6
and det [ sin@ —cos@ ] =1

[Remark: These are the only 2 x 2 examples.]

d. Use the fact that P~! = PT to show that
PT(I—-P)= —(I—-P)T. Now take determinants and
use the hypothesis that det P # (—1)".

8.2.21 We have AAT = D, where D is diagonal with main
diagonal entries ||R;||?, ..., ||Ry||>. Hence A™' =ATD™1,
and the result follows because D! has diagonal entries
VIRP, o /1Rl

8.2.23 b. Because / — A and / +A commute,
PPT = (I-A)I+A) I +A)N1-A)T =

(I-A)I+A) ' (I-A)'I+A) =1

_ 2 2 -1
8.3.1 bU—2[0 1}
60v5 125 15V5
d U=5| 0 6V30 10V30
0 0 5V15

8.3.2 b. If Ak >0, k odd, then A > 0.

8.3.4 Ifx # 0, then x” Ax > 0 and x” Bx > 0. Hence

x' (A+B)x =x"Ax+x! Bx > 0 and x” (rA)x = r(x’ Ax) > 0,
asr> 0.
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8.3.6 Letx #0in R". Then x” (UTAU)x = (Ux)TA(Ux) > 0 Al = [ 31 ] 0 = - [ 3 -1 }
provided Ux # 0. Butif U= [ ¢; ¢ ¢, ] and 10 vio| 13
X = (X1, X2, ..., Xn), then UX = xj¢] + 1€ + -+ +x,¢, # 0 Rl:;{ 10 3 }
because x # 0 and the ¢; are independent. Vil 0 -1

Ao L [ 33 -1 ]

2=T0| 1 3 |’

8.3.10 Let PTAP =D = diag (A4, ..., A,) where PT =P. 307
Since A is positive definite, each eigenvalue 4; > 0. If O, = % [ 213 ]
B = diag (VA1 ..., V/A,) then B2 =D, so
A= PB’PT = (PBPT)?. Take C = PBP”. Since C has Ry = 1 [ 109 -3 ]
eigenvalues v/A; > 0, it is positive definite. V0% 360 0 _110

A3 = 109 [ 1 -3 }
8.3.12 b. If A is positive definite, use Theorem 8.3.1 to 3302775 0.009174

write A = UTU where U is upper triangular with = [ 0.009174 —0.302775 }

positive diagonal D. Then A = (D~'U)"D*(D~'U) so
A = LD, U, is such a factorization if U; = D™'U,

Dy =D? and L, = UT. Conversely, let

AT = A = LDU be such a factorization. Then
UTDTLT =AT =A=LDU, so L=UT by (a). Hence
A =LDL" =VTV where V = LDy and Dy is diagonal
with D(2) = D (the matrix Dy exists because D has
positive diagonal entries). Hence A is symmetric, and
it is positive definite by Example 8.3.1.

8.5.4 Use inductionon k. If k =1, A = A. In general

Apr1 = Oy 'ArQr = OF Ay Oy, so the fact that A] = A implies
A,{H = Ag+1- The eigenvalues of A are all real (Theorem
5.5.5), so the Aj converge to an upper triangular matrix 7.
But 7 must also be symmetric (it is the limit of symmetric
matrices), so it is diagonal.

Sectionss e b
e P 8.6.7 If A = UZXVT7 then X is invertible, so A~! = VU7 is
— L - - L
8.4.1 b. Q—\/g | 2_,R—ﬁ[0 1] aSVD.
1 1 0] 8.6.8 b. First ATA=1,s0%4 =1,.
-1 0 1
=51 o 11 A—ﬁ[1_101ﬁ—1
bt 1 1 -1 11
_ - L - B
30 = a0
0 0 2 _ -1 0
0 1
8.4.2 If A has a QR-factorization, use (a). For the converse 8.6.9 b
use Theorem 8.4.1. .A —F
1 1 1 1
3 4 20 0 0 0] 1 -1 1 -1
44“01000}7 1 1 -1 -1
1 -1 1 -1

8.5.1

d.

8.5.2

b. Eigenvalues 4, —1; eigenvectors

Ry

T 003

Eigenvalues 4| = % 34 \/— 13), &

_1
=5
eigenvectors | |, ;

r3 = 3.3027750 (The true Value is M = 3 3027756, to

8.6.13 b. If x € R” then

x(G+H)x=x"Gx+x'Hx>0+0=0.

|

};m =3.94

(3—13);

8.6.17 b. [
142 } -

0
0

B e
Al—i—

seven decimal places.) 8.7.1 b. V6
d. V13
b. Eigenvalues A; = %(3 +/13) = 3.302776,
=1(3-V13)=-0.302776 8.7.2  b. Notorthogonal



8.7.3

8.74

8.7.5

8.7.8

8.7.10

8.7.11

8.7.14

8.7.16

8.7.18

Orthogonal

b. Not a subspace. For example,
i(0, 0, 1)=(0, 0, i) isnotin U.

This is a subspace.

b. Basis {(i, 0, 2), (1, 0, —1)}; dimension 2
Basis {(1, 0, —2i), (0, 1, 1 —i)}; dimension 2

b. Normal only
Hermitian (and normal), not unitary
None

Unitary (and normal); hermitian if and only if z is real

—L —2 3—1

b U= 14[3—1—1‘ 2
-1 0

H _

o[ 0]

[+ Har |10

U*\/ﬁ[ - PUAY= g g
V3 0 0

U:% 0 1+i 1 |,

b. |AZ|]> = (AZ, AZ) = AA(Z, Z) = |A*||Z|)?

b. If the (k, k)-entry of A is ay, then the
(k, k)-entry of A is ay so the (k, k)-entry of
(A)T = A" is @y.. This equals a, 5o ay is real.

b. Show that (B?)? = B#BH = (—B)(—B) = B%;
(iB)f =iB" = (—i)(—B) = iB.
If Z = A + B, as given, first show that 7ZH — A — B, and
hence that A = $(Z+Z") and B = 1 (2 — ZH).

b. If U is unitary, (U~!)~! = (UH)~! = (U1)H,
so U~ is unitary.

b. H= [ _ll. (; } is hermitian but

. i —1 .
iH = [ 1 0 } 1S not.

645

a
Cc

8.7.21 b. LetU = [ z } be real and invertible, and

Aop

assume that U~ AU = { 0 v } Then

AU =U )6 l':} , and first column entries are

¢ =al and —a = cA. Hence A is real (c and a are
both real and are not both 0), and (1 + A?)a = 0. Thus
a =0, c=al =0, a contradiction.

8.8.1 b. 17'=1,9"1=9,3 =7 71=3

d. 21=2,22=4,23=8,2=16=6,2>=12=2,
20=22 . soa=2Fifand onlyifa=2, 4, 6, 8.

8.8.2 b. If 2a = 0 in Zy, then 2a = 10k for some integer
k. Thus a = 5k.

8.8.3 b. 1171 =71in Zy,.

8.8.6 b. detA=15-24=1+4=5#0inZ7,s0A""
exists. Since 5! =3 in Z7, we have

w3 ][ -3

8.8.7 b. We have 5-3 =1 in Z7 so the reduction of the
augmented matrix is:

3143%1561_
4 3 1 1 |4 3 1 1|
%—1561_
|0 4 5 4|
_>_1561_
10 1 3 1]
_)'1053'
10 1 3 1]

Hence x =3+2t,y=1+4t,z=t;tin Zy.
8.8.9 b. 1+ =241

8.8.10 b. The minimum weight of C is 5, so it detects 4
errors and corrects 2 errors.

8.8.11 b. {00000, 01110, 10011, 11101}.

8.8.12 b. The code is
{0000000000, 1001111000, 0101100110,
0011010111, 1100011110, 1010101111,
0110110001, 1111001001}. This has minimum
distance 5 and so corrects 2 errors.

8.8.13 b. {00000, 10110, 01101, 11011}isa
(5, 2)-code of minimal weight 3, so it corrects single
errors.
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8.8.14 b. G:[ 1 u ] where u is any nonzero vector  8.9.9 b. By Theorem 8.3.3 let A = UTU where U is
in the code. H — u upper triangular with positive diagonal entries. Then
mecode. H=1 | g=x"(UTU)x = (UX)"Ux = |[Ux|*
1 0 a
851 b A:[o 2} 911 b | 2b—c
c—b
1 3 2
d A= 3 1 -1 a—>b
2 -1 3 d. 3 a+b
—a+3b+2c
1 1
892 b P=L ;
V2|1 —1} 9.1.2  b. Letv=a-+bx+cx* Then
y=L [ X1+ } Cp[T(v)] = Mps(T)Cp(v) =
el 21 37] | _[2a+b+3c
q=3y1-y5 1.2 10 2 ]| 7] —a-2
2 2 -1
dpP=1l 2 -1 2| Hence
;1 2 , 2 T(v) = (2a+b+3c)(1, 1)+ (—a—26)(0, 1)
X1 + 2xp — X3 _
y=1| 2vy — x + 2u | = (2a+b+3c,a+b+c).
—x1 + 2x + 2x3
q=9y1+93- 93 2,3 1000
00 10
) 1 2 9.1.3 b. 01 0 0
f.P=1] 2 2 1|; 00 0 1
1 -2 2
—2x1 + 2x + x3 111
y=3 x4+ 2 - 2 | d |0 12
2x1 + x4+ 2x3 0 01
q="9y1+93 2.2
V2 V3 1 L2
1 5 3|,
h. P= V20 2| 914 b |, |
V2 V3ol L1
| —\/le + \/§x2 + \/§X3 1 2 2a—b
y=22| V3 + V3x | 53 b 3a+2b
Xy + 2xy; — X3 CD[T(a’ b)]: 4 0 a—b = 4b
q=2y+y3-y% 2.3 11 a
11 -1
8.9.3 b. x1:\/Lg(Zx—y),yl2%(x+2y);4x%—y%=2; d. %[ 111 };CD[T(a—i-bx-i-cxz)]:
hyperbola u
11 -1 a+b—c
_ 1L _ L _v) 642 2__ 1. 1 1
d. xl.—\/g(x+2y),y1—\/§(2x y); 6x7+yi=1; 2[1 | 1} b _2[a+b+c]
ellipse ¢
(1 0 0 0]
8.9.4 b. Basis {(i, 0, i), (1, 0, —1)}, dimension 2 011 0 a b
f. ;Cp (T =
d. Basis {(1, 0, —2i), (0, 1, 1—i)}, dimension 2 0 110 c d
|00 0 1 |
89.7 b 31 +53 )33V + 53+ 36y =7 N N Lo
= (2 4x3), y2 = == (x1 + 32— x3) —| 7t
NV 2T : 01 10]]|ec b+c
y3= 75 (20 —x2+x) (000 1]|d d
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9.1.5 b. Mgp(S)Mpp(T) = [ Cp[T(1)] Cp[T(x)] Cp[T(x")] | =
) 1 10 1 ay da ap
1 10 0 0 1 1| 1 a a al
|0 0 1 -1 101 1 ay a3 a
-1 10 : : :
L 21 R :
o1 1|7 MEgp(ST) 1 a a - a

This matrix has nonzero determinant by
Theorem 3.2.7 (since the a; are distinct), so T is an

- - 1 -1 0 isomorphism.
b =10 -1 01
1 0

1 9.1.20 d. [(S+T)R](v) =(S+T)(R(v)) =S[(R(V))] +
o 1 o0l|~ Mgp(ST) T[(R(v))] = SR(v) + TR(v) = [SR+ TR](v) holds for
i all vin V. Hence (S+T)R = SR+ TR.

9.1.7 b.
T Ya, b, ¢c)=4%(b+c—a,a+c—b,a+b—c); 9.1.21  b. Ifwliesin im(S+7), thenw = (S+T)(v)
0 1 1 for some v in V. But then w = S(v) + T(v), so w lies
Mpp(T)=|1 0 1 [; inimS+im7.
1 10
—1 1 1 fin Y0
M (T*I): 1 1 | 9.1.22 b. If X C Xj, let T lie in X’. Then T'(v) = 0 for
BD 2 1 1 all vin X, whence T(v) = 0 for all vin X. Thus T is
in X% and we have shown that Xl0 c xY.
d. T=Ya, b, ¢) = (a—b)+ (b—c)x+cx?
Moon(T (1) } } ) 9.1.24 b. R is linear means Sy;w = Sy + Sw and
p5(T) = 00 1 ’ Sav = aSy. These are proved as follows: Sy, w(r) =
r(v+w)=rv+rw=38v(r)+Sw(r) = (Sv+Sw)(r),
1 -1 0 and Sgy(r) = r(av) = a(rv) = (aSy)(r) for all rin R.
Mpp(T~! 0 1 -1
sp(T) = To show R is one-to-one, let R(v) = 0. This means
0 0 1 Sy =050 0=Sy(r) = rv forall r. Hence v = 0 (take
r = 1). Finally, to show R is onto, let T lie in L(RR, V).
i | We must find v such that R(v) =T, thatis Sy = 7. In
9.1.8 ) b. Mpp(T™") = 1[MBD(T)] = fact, v=T(1) works since then
(1) } i 8 (1) _} (1) 8 T(r)=T(r-1)=rT(1) =rv=Sy(r) holds for all r,
— - so T = Sy.
001 0| ~|o 0o 10 '
10 0 0 1 0 0 0 1
Hence Cy[T~(a, b, ¢, d)] = 9.1.25 b. GivenT :R—V,let T(1) =ajb; +---+a,by,
M (Tj)C p ’b ’c ’d) . a; in R. For all r in R, we have
-B? 1 DO, 6 ’ 4 a—b (@1S1+-+anSn)(r)=a1S1(r)+ -+ anSn(r) =
0 1 -1 0 b b (ayrby + -+ +aurb,) = rT(1) = T (r). This shows
0 0 1 0 e | = c , SO that a;S1+---+a,S, =T.
0 0 0 1 d d
T a. b, c. d) = [ a=b b—c ] 9.1.27  b. Write v=vibj +--+v,b,, v; in R. Apply E;
¢ d to get Ei(V) :VlEi(b1)+~~-+VnEi(bn) =v; by the

definition of the E;.

9.1.12 Have Cp[T (e;)] = column j of I,. Hence

Mon(1) = [ ColT )] ColT )]+ Colr(en)] ] =1 RO

9.1.16 b. If D is the standard basis of R"*! and 9.2.1 b.
B={1, x, X2, ..., X"}, then Mpp(T) =

=
S D W
S NN
NN O =
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9.24 -1 01,

b. Pgep=1 1
1 0 1

1

Ppep=1 1
71

1 1
-2 11,
-1 2
1
Peep=1|1 - ]

Pecp=

— o O
S = O
S O =

1
9.2.5 b. A = Pp._p, where
B={(1, 2, —1), (2, 3,0), (1, 0, 2)}. Hence
6 —4 -3
—4 3 2
3 -2 -1

Al =Pp p=

9.2.7

—_—O =
O = =

9.2.8

:x27

—8x—

6x—1
3

9.2.9 b. cr(x)

d. cr(x)=x>+x2

f.ocr(x)=x*

9.2.12 Define T : R" — R” by T4(x) = Ax for all x in R". If
null A = null B, then ker (74) = null A = null B = ker (73)
so, by Exercise 7.3.28, Ty = STp for some isomorphism

S :R"™ — R". If By is the standard basis of R”, we have

A= MBO(TA) = MB() (STB) = MB() (S)MBO(TB) = UB where

U = Mg, (S) is invertible by Theorem 9.2.1. Conversely, if

A = UB with U invertible, then Ax = 0 if and only Bx =0, so
null A = null B.

9.2.16 b. Showing S(w+v) = S(w) + S(v) means
MB(Tw+v) MB(T )+M3( ) If B= {b], bz} then
column j of Mp(Ty+,) is

CB[(W+V)b ] Cg(wb-—i-vbj) :CB(ij)+CB(Vbj)
because Cp is linear. This is column j of

Mp(T,,) + Mp(T,). Similarly Mp(T,,,) = aMp(T,,); so
S(aw) = aS(w). Finally T,,T, = Ty, so
S(wv) = Mp(T,,T,,) = Mp(T,,)Mp(T,) =
Theorem 9.2.1.

S(w)S(v) by

932 b T(U)CU,soT[T(U)] CTU).
9.3.3 b. If visin S(U), write v=S(u), win U. Then
T(v) = T[S(w)] = (TS)(w) = (ST)(u) = S[T'(w)] and

this lies in S(U) because T (u) lies in U (U is
T-invariant).

9.3.6 Suppose U is T-invariant for every 7. If U # 0, choose
u#0in U. Choose a basis B={u, uy, ..., u,} of V
containing u. Given any v in V, there is (by Theorem 7.1.3) a
linear transformation 7 : V — V such that 7' (u) =v,

T(uy) =---=T(u,) =0. Then v=T(u) lies in U because U
is T-invariant. This shows that V = U.

9.3.8 b.

T(1—-2x%) =3+3x—3x2 =3(1 —2x%) + 3(x + %)
and T (x+x?) = —(1 — 2x?), so both are in U. Hence
U is T-invariant by Example 9.3.3. If

B={1-2x% x+x%, x*} then

3 -1 1
Mg(T)=|3 0 1 |,s0
0 0 3
x=3 1 -1
cr(x)=det| -3 x -1 |=
0 0 x-3
x=3 1
(x—3) det [ 3y } (x—=3)(x*—3x+3)

9.3.9 b. Suppose Ru is Ty-invariant where u # 0. Then
T4 (u) = ru for some r in R, so (r/ —A)u = 0. But
det (rl —A) = (r —cos 8)? + sin*@ # 0 because

0 < 6 < . Hence u = 0, a contradiction.

9.3.10 b. U = span{(l, 1, 0, 0), (0,0, 1, 1)} and
W = span{(1, 0, 1, 0), (0, 1, 0, —1)}, and these

four vectors form a basis of R*. Use Example 9.3.9.

1 1 0 0
U—span{[o 0},[1 1}}and
W:span{[ 7% 0}, [0 1}}andthese

0 0 1
vectors are a basis of My;. Use Example 9.3.9.

9.3.14 The fact that U and W are subspaces is easily verified
using the subspace test. If A liesin UNV, then A = AE = 0;
that is, U NV = 0. To show that M, = U 4V, choose any A
in Mpy. Then A = AE + (A — AE), and AE lies in U [because
(AE)E = AE> = AE], and A — AE lies in W [because
(A—AE)E = AE —AE? =0].

9.3.17 b. By (a) it remains to show U +W =V; we
show that dim (U + W) = n and invoke
Theorem 6.4.2. But U +W = U & W because

UNW =0,s0 dim(U+W)=dimU + dim W = n.

9.3.18 b. First, ker (7y) is Ty-invariant. Let U = Rp be
Ty-invariant. Then Ty (p) is in U, say Ty (p) = Ap.
Hence Ap = Ap so A is an eigenvalue of A. This
means that A = 0 by (a), so p is in ker (7). Thus

U C ker(T4). But dim[ker (T4)] # 2 because T4 # 0,

so dim [ker (74)] = 1 = dim (U). Hence U = ker (7).



9.3.20 Let B, be a basis of U and extend it to a basis B of V.

Then Mp(T) = MBb(T) ;

cr(x) = det[x] —Mp(T)] = det[xI — Mp,(T)] det[xI —Z] =
cr1(x)q(x).

, SO

9.3.22 b. T?[p(x)] = p[—(—x)] = p(x),s0 T> = 1;

B={1, x* x, ¥’}

T%(a, b, ¢) =T(—a+2b+c,b+c, —c)=(a, b, ¢),
soT?>=1;B=1{(1,1,0); (1, 0, 0), (0, —1, 2)}

9.3.23 b. Use the Hint and Exercise 9.3.2.

9.3.25 b. Tz(a, b, ¢) =
(a+2b,0,4b+c)=

B={(1,0,0), (0,0, 1); (2

T(a+2b,0,4b+c)=
T(a, b, c¢),s0T> =T,
, -1, 4)}
9.3.29 b. T AT (V)] =T5, 2 [f(V)z] = ff(V)z]z =
FW{flz]z} = f(v)f(z)z. This equals

Ty, ,(v) = f(v)z for all v if and only if

f(vV)f(z) = f(v) for all v. Since f # 0, this holds if
and only if f(z) = 1.

9330 b IfA=[p;, p p, | where Up, =

for each i, then UA = AA. Conversely, UA = 1A
means that Up = Ap for every column p of A.

10.1.1 b. P5 fails.
d. P5 fails.
f. PS5 fails.

Ap;

10.1.2 Axioms P1-P5 hold in U because they hold in V.

b.
10.14 b. V3
d. V3m

10.1.3 L

o

L

d. V17

10.1.8 P1 and P2 are clear since f(i) and g(i) are real
numbers.

P3: (f+g. h) =) (f+8)(i)-h(i)
=Y (f(i) +8(0) - h(0)

= Y [£()h(i) +g(D)h(i)]
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= Y ARG+ L g(i)h()

= (fs )+ (g h).
PA: (rf. &) =} (rf)(i) g(i)

= Y rA()-800)

= 1Y (i) -8(0)

=r(f. 8
P5: If f #£0, then (f, f) = Z:f(i)2 > 0 because some
£(i) #0. '
10.1.12 b.

(v, V) =507 —6viva +2v3 = £[(5v1 — 3v2)? + 3]
d. (v, v) =3v} 4+ 8vivy +6v3 = 1 [(3v) +4v2)2 +213]

1 -2
10.113 b, [_2 1}

1 0 -2
d. 02 0
-2 0 5
10.1.14 By the condition, (x, y) = 4 (x+y, x+y) = 0 for all
X, y. Let e; denote column i of I. If A = [a;;], then
a;j=el Ae; = {e;, e;} =0 forall i and j.
10.1.16 b. —15
10.1.20 1. Using P2:
(u, v+w) = (v+w, u) = (v, u) +(w, u) = (u, v) + (u, w).
2. Using P2 and P4: (v, rw) = (rw, v) = r(w, v) = r(v, w).
3. Using P3: (0, v) = (0+0, v) = (0, v) + (0, v), so
(0, v) = 0. The rest is P2.
4. Assume that (v, v) = 0. If v # 0 this contradicts P5, so
v =0. Conversely, if v =0, then (v, v) = 0 by Part 3 of this
theorem.
10.1.22 b, 15]u|> = 17{u, v) —4||v|]?
d. Jutv]? = (v, utv) = o] +2(, v) + | v]?
10.1.26 b {(1,1,0), (0,2, 1)}

10.1.28 (v—w, v;) = (v, v;) —
v = w by Exercise 10.1.27.

(w, v;) =0 foreach i, so

10.1.29 b. Ifu=(cosH, sinf) in R2 (with the dot

product) then |[u|| = 1. Use (a) with v = (x, y).
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1021 b
1 -1
4 (6a+2b+6c) 1:|+(7c—7a) 0
1 1
1
+(a—2b+c)| —6
1
" 1 0 war |10
o (59| |+ ]y ]+
a0 1 . 0 1
Co A RRC
1022 b {(1,1,1), (1, =5, 1), (3, 0, —=2)}
1023 b

10.2.4

10.2.6

span{] 1

d.

f.

10.2.7

U=

10.2.8

10.2.9

10.2.11

10.2.14

10.2.18

b. {l,x—1,x*—2x+3}

b. U+t =
-1 0 0],[0 0 1 0],[0 0O
dimUt =3,dimU=1

Ut =span{2—3x, 1 —2x*}, dim U+ =2,

dmU =1
Ut = span bl dimUt =1
=P 1 o[ =L
0o 17
9 71 0 b

dimU =3

')

b. U= span{l, 5—3x%}; projy x = 75 (1+2x?)

b.

1o 11
spa 0 1 1

. 3
prOJuA={2

b. B={l, 2x— 1} is an orthogonal basis of U
because fol (2x—1)dx = 0. Using it, we get
projy (x> + 1) =x+2,s0
CAl=(x+2)+ (P —x+3).

b. This follows from
(vHw, v—w) =[|v[]>— |lw]]>.

b. U C{uy, ..., u,}* because each u; is in
U. Conversely, if (v, u;) = 0 for each i, and
u=riuj+ -+ ryl, is any vector in U, then
(v, w) = r (v, up) + -+ rp(v, u,) =0.

b. projy (=5, 4, =3) = (-5, 4, =3);
projyy (=1, 0, 2) = 55(—17, 24, 73)

10.2.19

10.2.20

10.2.23

10.3.4

10.3.5

10.3.7

b. The planeis U = {x|x-n=0} so
span {n X W, W— ﬁn C U. This is equality
because both spaces have dimension 2 (using (a)).

b. Cg(b;) is column i of P. Since
Ce(b;)-Ce(bj) = (b;, bj) by (a), the result follows.
, £}, then
&£ £ by Theorem 10.2.7. Hence

[1£:[]?

b. If U = span{fy, f5, ...
m

projy v= Z
i=1

m
I projy v =}

i=1

(vi, £i)
[1£:11?

f; by Pythagoras’ theorem.

Now use (a).

NO —= O = O

b. (v, (¢/'T)W) = (v, rT(w)) =r{v, T(w)) =
KT (v), w) = (rT(v), w) = ((r'T)(v), w)

. Given v and w, write 7! (v) = v and T~!(w) = wy.

Then (T~1(v), w) = (v, T(w1)) = (T (v1), w;) =
(v. T-1(w)).

b. If By = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, then

7 -1 0
Mp,(T)=| —1 7 0 | has an orthonormal basis
0 0o 2
1 1 0
of eigenvectors L1 s L , 10
2 2
V2 0 V2 0 1

Hence an orthonormal basis of eigenvectors of 7 is

{%(1, 1,0), 5501, -1,0), (0, 0, 1)}.
-1 0 1
. If By = {1, x, x*}, then Mp,(T) = 03 0
1 0 —1
has an orthonormal basis of eigenvectors
0 1 1
1|, ]0],.5| o0
v * V2
0 vz 1 V2 -1

Hence an orthonormal basis of eigenvectors of T is

{x, \%(l—i-xz), \%(l—xz)}.
A O

0 A }’So
sz—A 0
0

b. Mp(T) = {

cr(x) = det xh— A

| = feacor
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10.3.12 ()= (2). If B={fy, ..., £,} is an orthonormal 11.1.1 b. ca(x) = (x+1)3%
basis of V, then Mp(T) = [a;j] where a;; = (f;, T(f;)) by 1 00
Theorem 10.3.2. If (1) holds, then P=11 1 0 |;
aji= (£, T(£)) = —(T(f)), i) = —{f, T(f})) = —ai;. I =31
Hence [My (T)]" = —My(T), proving (2). -1 0 1
PlAP=| 0 -1 0
10.3.14 c. T’Ele coefficients in the definition of 0 0 -1
T'(f)) = Z(fj, T (f;))f; are the entries in the jth d. ca(x) = (x—1)*(x+2);
=1 — -1
column CB[T’( ;)] of Mp(T"). Hence p— 41 1|
MB(T ) =[(£;, T(f])>], and this is the transpose of 4 2 1
Mpg(T) by Theorem 10.3.2. 11 o
P'AP=10 1 0
Section104 00 -2
10.4.2 b. Rotation through 7 f. calx) :l(x '{‘ 1)52(x —11)2§
d. Reflection in the line y = —x » 00 2 —1
f. Rotation through 7 |0 12 0
1 01 1
-1 1 0 0
1043 b cr(x )—(x—l)(x2+%x+1).lf 0 .11 0
—1 _ -
=[1 ]T, then T is a rotation about Re. P AP = 0 0 1 -2
d. cr(x) = (x+ 1)(x+1)% Rotation (of 7r) about the x 0 00 1
axis. 11.1.4 If B is any ordered basis of V, write A = Mp(T). Then
f. cr(x) = (x+1)(x> — v2x+ 1). Rotation (of — ) cr(x) = ca(x) = ag+arx+ - - - + anx" for scalars a; in R.
about the y axis followed by a reflection in the x — z Since Mp is linear and MB(Tk) = MB(T)k, we have
plane. Mgler(T)]=Mylag+a T+ +a,T"] =
aol + a1A + -+ a,A" = ca(A) = 0 by the Cayley-Hamilton
10.4.6 If ||v| = ||(aT)(V)|| = |a|||T(v)|| = |a|||v]| for some theorem. Hence cr(7') = 0 because Mp is one-to-one.

v#£0, then |a| =1s0oa==1.

10.4.12 b. Assume that S = SyoT,u €V, T an isometry a 1 0 010

of V. Since T is onto (by Theorem 10.4.2), let 1122 | 0 a O 0 0 1

u = T(w) where w € V. Then for any v € V, we have 0 0 b 1 00
(ToSw)=T(W+V)=T(W)+T(W)=Spw)(T(v)) = 010 a 10
(S7(wy©T)(v), and it follows that T o Sy = Sp(w)o T =]0 0 1 0 a 1
1 00 0 0 a

1051 b 5 & [oosxt o o] Al b ox=3
d. %+[Sinx—m+%—%+m%] d x==£1
%[cosx+°°S3X+—“°;25x} A2 b 10+
11
d. 26+26’
1052 b 25 [l i, 6] £ 211
h. 8—6i
10.5.4 [cos kx cos lx dx
11 3.
_ % [sm[gj:;l)x] . sm[(k l) ]] = 0 provided that k # 1. A3 b. 5 + 31
d. +(2—i)

SR
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NP

>
'
=
=
H
g (98}

A5 b. —2,1++/3i
d. £2v2,42V/i

A6 b. x% —4x+13;2+3i
d. xX2—6x+25;3+4i

A8 X —10x3+42x2 —82x+65

A10 b (—2)242i—(4—20)=0;2—i
d. (=242 +3(1—i)(—14+2i)—5i=0; —1+2i

All b. —i, 141
d 2—i,1-2i

A.12 b. Circle, centre at 1, radius 2
d. Imaginary axis

f. Line y = mx

A.18 b. de~7i/2
d. 823
f. 6\/58371:1‘/4

d 1—i
f. v/3-3i
A20 b -5+ G
d. —32i
f. —216(14i)

A2 b +L2(3+i), £ L2 (143
d. +£2i, £(v/3+1i), (V3 —1i)

A.26 b. The argument in (a) applies using § = 27” Then

I+z+- 42 =12 =0

4

B.1

B.2

B.3

B4

B.5

b. If m=2p and n =2¢+ 1 where p and ¢ are
integers, then m+n=2(p+q) + 1 is odd. The
converse is false: m=1andn=2isa
counterexample.

. x* —5x+6=(x—2)(x—3) so, if this is zero, then

x =2 or x = 3. The converse is true: each of 2 and 3
satisfies x2 — 5x+6=0.

b. This implication is true. If n = 2¢ 4 1 where ¢ is
an integer, then n®> = 412 +-4t+1=4¢(t +1) + 1. Now
t is either even or odd, say t =2m ort =2m+ 1. If
t = 2m, then n®> = 8m(2m+ 1) + 1;if t = 2m+ 1, then
n? =8(2m+1)(m+1) + 1. Either way, n® has the
form n? = 8k + 1 for some integer k.

b. Assume that the statement “one of m and # is
greater than 12” is false. Then both n < 12 and
m < 12, so n+m < 24, contradicting the hypothesis
that n 4+ m = 25. This proves the implication. The
converse is false: n =13 and m =13 is a
counterexample.

. Assume that the statement “m is even or n is even” is

false. Then both m and » are odd, so mn is odd,
contradicting the hypothesis. The converse is true: If
m or n is even, then mn is even.

b. If x is irrational and y is rational, assume that
x+y is rational. Then x = (x4 y) — y is the difference
of two rationals, and so is rational, contrary to the
hypothesis.

b. n=10is a counterexample because 10> = 1000
while 210 = 1024, so the statement n> > 2" is false if
n = 10. Note that n° > 2" does hold for 2 < n < 9.

1 _ n(m+2)+1 (n-H)2 o 1
C6 3+ ooy = Do) = ey = a2
C.14
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C.18 If n® —n = 3k, then
(n+1)°—(n+1)=3k+3n>+3n=3(k+n*+n)

C20 B,=(n+1)!—1

b. Verify each of Sy, S, ..., Ss.



