
Selected Exercise Answers

Section 1.1

1.1.1 b.
2(2s+ 12t+ 13)+ 5s+ 9(−s−3t− 3)+ 3t =−1;
(2s+ 12t+ 13)+ 2s+ 4(−s−3t− 3) = 1

1.1.2 b. x = t, y = 1
3 (1− 2t) or x = 1

2 (1− 3s), y = s

d. x = 1+ 2s− 5t, y = s, z = t or x = s, y = t,
z = 1

5(1− s+ 2t)

1.1.4 x = 1
4 (3+ 2s), y = s, z = t

1.1.5 a. No solution if b "= 0. If b = 0, any x is a
solution.

b. x = b
a

1.1.7 b.
[

1 2 0
0 1 1

]

d.




1 1 0 1
0 1 1 0
−1 0 1 2





1.1.8 b.
2x− y =−1
−3x+ 2y + z = 0

y + z = 3

or
2x1− x2 =−1
−3x1 + 2x2 + x3 = 0

x2 + x3 = 3

1.1.9 b. x =−3, y = 2

d. x =−17, y = 13

1.1.10 b. x = 1
9 , y = 10

9 , z =− 7
3

1.1.11 b. No solution

1.1.14 b. F. x+ y = 0, x− y = 0 has a unique solution.

d. T. Theorem 1.1.1.

1.1.16 x′ = 5, y′ = 1, so x = 23, y =−32

1.1.17 a =− 1
9 , b =− 5

9 , c = 11
9

1.1.19 $4.50, $5.20

Section 1.2

1.2.1 b. No, no

d. No, yes

f. No, no

1.2.2 b.





0 1 −3 0 0 0 0
0 0 0 1 0 0 −1
0 0 0 0 1 0 0
0 0 0 0 0 1 1





1.2.3 b. x1 = 2r− 2s− t+ 1, x2 = r, x3 =−5s+ 3t− 1,
x4 = s, x5 =−6t + 1, x6 = t

d. x1 =−4s− 5t− 4, x2 =−2s+ t− 2, x3 = s, x4 = 1,
x5 = t

1.2.4 b. x =− 1
7 , y =− 3

7

d. x = 1
3 (t + 2), y = t

f. No solution

1.2.5 b. x =−15t− 21, y =−11t− 17, z = t

d. No solution

f. x =−7, y =−9, z = 1

h. x = 4, y = 3+ 2t, z = t

1.2.6 b. Denote the equations as E1, E2, and E3. Apply
gaussian elimination to column 1 of the augmented
matrix, and observe that E3−E1 =−4(E2−E1).
Hence E3 = 5E1− 4E2.

1.2.7 b. x1 = 0, x2 =−t, x3 = 0, x4 = t

d. x1 = 1, x2 = 1− t, x3 = 1+ t, x4 = t

1.2.8 b. If ab "= 2, unique solution x = −2−5b
2−ab , y = a+5

2−ab .
If ab = 2: no solution if a "=−5; if a =−5, the
solutions are x =−1+ 2

5 t, y = t.

d. If a "= 2, unique solution x = 1−b
a−2 , y = ab−2

a−2 . If a = 2,
no solution if b "= 1; if b = 1, the solutions are
x = 1

2 (1− t), y = t.

1.2.9 b. Unique solution x =−2a+ b+ 5c,
y = 3a− b− 6c, z =−2a+ b+ c, for any a, b, c.
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d. If abc "=−1, unique solution x = y = z = 0; if
abc =−1 the solutions are x = abt, y =−bt, z = t.

f. If a = 1, solutions x =−t, y = t, z =−1. If a = 0,
there is no solution. If a "= 1 and a "= 0, unique
solution x = a−1

a , y = 0, z = −1
a .

1.2.10 b. 1

d. 3

f. 1

1.2.11 b. 2

d. 3

f. 2 if a = 0 or a = 2; 3, otherwise.

1.2.12 b. False. A =




1 0 1
0 1 1
0 0 0





d. False. A =




1 0 1
0 1 0
0 0 0





f. False.
2x− y= 0

−4x+ 2y= 0
is consistent but

2x− y= 1
−4x+ 2y= 1

is

not.

h. True, A has 3 rows, so there are at most 3 leading 1s.

1.2.14 b. Since one of b− a and c− a is nonzero, then


1 a b+ c
1 b c+ a

1 b c+ a



→




1 a b+ c
0 b− a a− b

0 c− a a− c



→




1 a b+ c

0 1 −1
0 0 0



→




1 0 b+ c+ a

0 1 −1
0 0 0





1.2.16 b. x2 + y2− 2x+ 6y− 6= 0

1.2.18 5
20 in A, 7

20 in B, 8
20 in C.

Section 1.3

1.3.1 b. False. A =

[
1 0 1 0
0 1 1 0

]

d. False. A =

[
1 0 1 1
0 1 1 0

]

f. False. A =

[
1 0 0
0 1 0

]

h. False. A =




1 0 0
0 1 0
0 0 0





1.3.2 b. a =−3, x = 9t, y =−5t, z = t

d. a = 1, x =−t, y = t, z = 0; or a =−1, x = t, y = 0,
z = t

1.3.3 b. Not a linear combination.

d. v = x+ 2y− z

1.3.4 b. y = 2a1− a2 + 4a3.

1.3.5 b. r





−2
1
0
0
0




+ s





−2
0
−1

1
0




+ t





−3
0
−2

0
1





d. s





0
2
1
0
0




+ t





−1
3
0
1
0





1.3.6 b. The system in (a) has nontrivial solutions.

1.3.7 b. By Theorem 1.2.2, there are n− r = 6− 1 = 5
parameters and thus infinitely many solutions.

d. If R is the row-echelon form of A, then R has a row of
zeros and 4 rows in all. Hence R has r = rank A = 1,
2, or 3. Thus there are n− r = 6− r = 5, 4, or 3
parameters and thus infinitely many solutions.

1.3.9 b. That the graph of ax+ by+ cz= d contains
three points leads to 3 linear equations homogeneous
in variables a, b, c, and d. Apply Theorem 1.3.1.

1.3.11 There are n− r parameters (Theorem 1.2.2), so there
are nontrivial solutions if and only if n− r > 0.

Section 1.4

1.4.1 b. f1 = 85− f4 − f7
f2 = 60− f4 − f7
f3 =−75 + f4 + f6
f5 = 40− f6 − f7

f4, f6, f7 parameters

1.4.2 b. f5 = 15
25≤ f4 ≤ 30

1.4.3 b. CD

Section 1.5

1.5.2 I1 =− 1
5 , I2 =

3
5 , I3 =

4
5

1.5.4 I1 = 2, I2 = 1, I3 =
1
2 , I4 =

3
2 , I5 =

3
2 , I6 =

1
2
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Section 1.6

1.6.2 2NH3 + 3CuO→ N2 + 3Cu+ 3H2O

1.6.4 15Pb(N3)2 + 44Cr(MnO4)2→
22Cr2O3 + 88MnO2 + 5Pb3O4 + 90NO

Supplementary Exercises for Chapter 1

Supplementary Exercise 1.1. b. No. If the
corresponding planes are parallel and distinct, there is
no solution. Otherwise they either coincide or have a
whole common line of solutions, that is, at least one
parameter.

Supplementary Exercise 1.2. b.
x1 =

1
10(−6s− 6t+ 16), x2 =

1
10(4s− t + 1), x3 = s,

x4 = t

Supplementary Exercise b.. b. If a = 1, no solution. If
a = 2, x = 2−2t, y =−t, z = t. If a "= 1 and a "= 2, the
unique solution is x = 8−5a

3(a−1) , y = −2−a
3(a−1) , z = a+2

3

Supplementary Exercise 1.4.

[
R1
R2

]
→

[
R1 +R2

R2

]
→
[

R1 +R2
−R1

]
→
[

R2
−R1

]
→
[

R2
R1

]

Supplementary Exercise 1.6. a = 1, b = 2, c =−1

Supplementary Exercise 1.8. The (real) solution is x = 2,
y = 3− t, z = t where t is a parameter. The given complex
solution occurs when t = 3− i is complex. If the real system
has a unique solution, that solution is real because the
coefficients and constants are all real.

Supplementary Exercise 1.9. b. 5 of brand 1, 0 of
brand 2, 3 of brand 3

Section 2.1

2.1.1 b. (a b c d) = (−2, −4, −6, 0)+ t(1, 1, 1, 1),
t arbitrary

d. a = b = c = d = t, t arbitrary

2.1.2 b.
[
−14
−20

]

d. (−12, 4, −12)

f.




0 1 −2
−1 0 4

2 −4 0





h.
[

4 −1
−1 −6

]

2.1.3 b.
[

15 −5
10 0

]

d. Impossible

f.
[

5 2
0 −1

]

h. Impossible

2.1.4 b.
[

2
− 1

2

]

2.1.5 b. A =− 11
3 B

2.1.6 b. X = 4A− 3B, Y = 4B− 5A

2.1.7 b. Y = (s, t), X = 1
2 (1+ 5s, 2+ 5t); s and t

arbitrary

2.1.8 b. 20A− 7B+ 2C

2.1.9 b. If A =

[
a b

c d

]
, then (p, q, r, s) =

1
2 (2d, a+ b− c− d, a− b+ c− d, −a+ b+ c+ d).

2.1.11 b. If A+A′ = 0 then −A =−A+ 0=
−A+(A+A′) = (−A+A)+A′= 0+A′ = A′

2.1.13 b. Write A = diag (a1, . . . , an), where a1, . . . , an

are the main diagonal entries. If B = diag (b1, . . . , bn)
then kA = diag (ka1, . . . , kan).

2.1.14 b. s = 1 or t = 0

d. s = 0, and t = 3

2.1.15 b.
[

2 0
1 −1

]

d.
[

2 7
− 9

2 −5

]

2.1.16 b. A = AT , so using Theorem 2.1.2,
(kA)T = kAT = kA.

2.1.19 b. False. Take B =−A for any A "= 0.

d. True. Transposing fixes the main diagonal.

f. True.
(kA+mB)T =(kA)T +(mB)T = kAT +mBT = kA+mB

2.1.20 c. Suppose A = S+W , where S = ST and
W =−W T . Then AT = ST +WT = S−W , so
A+AT = 2S and A−AT = 2W . Hence S = 1

2 (A+AT )

and W = 1
2(A−AT ) are uniquely determined by A.
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2.1.22 b. If A = [ai j] then
(kp)A = [(kp)ai j] = [k(pai j)] = k [pai j] = k(pA).

Section 2.2

2.2.1 b. x1 − 3x2 − 3x3 + 3x4 = 5
8x2 + 2x4 = 1

x1 + 2x2 + 2x3 = 2
x2 + 2x3 − 5x4 = 0

2.2.2 x1





1
−1

2
3



+ x2





−2
0
−2
−4



+ x3





−1
1
7
9



+

x4





1
−2

0
−2



=





5
−3

8
12





2.2.3 b. Ax =

[
1 2 3
0 −4 5

]


x1
x2
x3



=

x1

[
1
0

]
+ x2

[
2
−4

]
+ x3

[
3
5

]
=

[
x1 + 2x2 + 3x3
− 4x2 + 5x3

]

d. Ax =




3 −4 1 6
0 2 1 5
−8 7 −3 0









x1
x2
x3
x4





= x1




3
0
−8



+ x2




−4

2
7



+ x3




1
1
−3



+

x4




6
5
0



=




3x1 − 4x2 + x3 + 6x4

2x2 + x3 + 5x4
−8x1 + 7x2 − 3x3





2.2.4 b. To solve Ax = b the reduction is


1 3 2 0 4
1 0 −1 −3 1
−1 2 3 5 1



→




1 0 −1 −3 1
0 1 1 1 1
0 0 0 0 0



 so the general solution is





1+ s+ 3t
1− s− t

s

t



.

Hence (1+ s+ 3t)a1 +(1− s− t)a2 + sa3 + ta4 = b

for any choice of s and t. If s = t = 0, we get
a1 + a2 = b; if s = 1 and t = 0, we have 2a1 + a3 = b.

2.2.5 b.




−2

2
0



+ t




1
−3

1





d.





3
−9
−2

0



+ t





−1
4
1
1





2.2.6 We have Ax0 = 0 and Ax1 = 0 and so
A(sx0 + tx1) = s(Ax0)+ t(Ax1) = s ·0+ t ·0 = 0.

2.2.8 b. x =





−3
0
−1

0
0




+




s





2
1
0
0
0




+ t





−5
0
2
0
1








.

2.2.10 b. False.
[

1 2
2 4

][
2
−1

]
=

[
0
0

]
.

d. True. The linear combination x1a1 + · · ·+ xnan equals
Ax where A =

[
a1 · · · an

]
by Theorem 2.2.1.

f. False. If A =

[
1 1 −1
2 2 0

]
and x =




2
0
1



, then

Ax =

[
1
4

]
"= s

[
1
2

]
+ t

[
1
2

]
for any s and t.

h. False. If A =

[
1 −1 1
−1 1 −1

]
, there is a solution

for b =

[
0
0

]
but not for b =

[
1
0

]
.

2.2.11 b. Here T

[
x

y

]
=

[
y

x

]
=

[
0 1
1 0

][
x

y

]
.

d. Here T

[
x

y

]
=

[
y

−x

]
=

[
0 1
−1 0

][
x

y

]
.

2.2.13 b. Here

T




x
y

z



=




−x
y

z



=




−1 0 0

0 1 0
0 0 1








x
y

z



 ,

so the matrix is




−1 0 0

0 1 0
0 0 1



.

2.2.16 Write A =
[

a1 a2 · · · an

]
in terms of its

columns. If b = x1a1 + x2a2 + · · ·+ xnan where the xi are
scalars, then Ax = b by Theorem 2.2.1 where
x =

[
x1 x2 · · · xn

]T . That is, x is a solution to the
system Ax = b.

2.2.18 b. By Theorem 2.2.3, A(tx1) = t(Ax1) = t ·0 = 0;
that is, tx1 is a solution to Ax = 0.
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2.2.22 If A is m× n and x and y are n-vectors, we must show
that A(x+ y) = Ax+Ay. Denote the columns of A by
a1, a2, . . . , an, and write x =

[
x1 x2 · · · xn

]T and

y =
[

y1 y2 · · · yn

]T . Then

x+ y =
[

x1 + y1 x2 + y2 · · · xn + yn

]T , so
Definition 2.1 and Theorem 2.1.1 give
A(x+ y) = (x1 + y1)a1 +(x2 + y2)a2 + · · ·+(xn + yn)an =
(x1a1 + x2a2 + · · ·+ xnan)+ (y1a1 + y2a2 + · · ·+ ynan) =
Ax+Ay.

Section 2.3

2.3.1 b.
[
−1 −6 −2

0 6 10

]

d.
[
−3 −15

]

f. [−23]

h.
[

1 0
0 1

]

j.




aa′ 0 0

0 bb′ 0
0 0 cc′





2.3.2 b. BA =

[
−1 4 −10

1 2 4

]
, B2 =

[
7 −6
−1 6

]
,

CB =




−2 12

2 −6
1 6





AC =

[
4 10
−2 −1

]
, CA =




2 4 8
−1 −1 −5

1 4 2





2.3.3 b. (a, b, a1, b1) = (3, 0, 1, 2)

2.3.4 b. A2−A− 6I =[
8 2
2 5

]
−
[

2 2
2 −1

]
−
[

6 0
0 6

]
=

[
0 0
0 0

]

2.3.5 b. A(BC) =

[
1 −1
0 1

][
−9 −16

5 1

]
=

[
−14 −17

5 1

]
=

[
−2 −1 −2

3 1 0

]


1 0
2 1
5 8



=

(AB)C

2.3.6 b. If A =

[
a b
c d

]
and E =

[
0 0
1 0

]
, compare

entries an AE and EA.

2.3.7 b. m× n and n×m for some m and n

2.3.8 b. i.
[

1 0
0 1

]
,
[

1 0
0 −1

]
,
[

1 1
0 −1

]

ii.
[

1 0
0 0

]
,
[

1 0
0 1

]
,
[

1 1
0 0

]

2.3.12 b. A2k =





1 −2k 0 0
0 1 0 0
0 0 1 0
0 0 0 1



 for

k = 0, 1, 2, . . . ,

A2k+1 = A2kA =





1 −(2k+ 1) 2 −1
0 1 0 0
0 0 −1 1
0 0 0 1



 for

k = 0, 1, 2, . . .

2.3.13 b.
[

I 0
0 I

]
= I2k

d. 0k

f.
[

Xm 0
0 Xm

]
if n = 2m;

[
0 Xm+1

Xm 0

]
if

n = 2m+ 1

2.3.14 b. If Y is row i of the identity matrix I, then YA is
row i of IA = A.

2.3.16 b. AB−BA

d. 0

2.3.18 b. (kA)C = k(AC) = k(CA) =C(kA)

2.3.20 We have AT = A and BT = B, so (AB)T = BT AT = BA.
Hence AB is symmetric if and only if AB = BA.

2.3.22 b. A = 0

2.3.24 If BC = I, then AB = 0 gives
0 = 0C = (AB)C = A(BC) = AI = A, contrary to the
assumption that A "= 0.

2.3.26 3 paths v1→ v4, 0 paths v2→ v3

2.3.27 b. False. If A =

[
1 0
0 0

]
= J, then AJ = A but

J "= I.

d. True. Since AT = A, we have
(I +AT = IT +AT = I+A.

f. False. If A =

[
0 1
0 0

]
, then A "= 0 but A2 = 0.

h. True. We have A(A+B) = (A+B)A; that is,
A2 +AB = A2 +BA. Subtracting A2 gives AB = BA.

j. False. A =

[
1 −2
2 4

]
, B =

[
2 4
1 2

]

l. False. See (j).
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2.3.28 b. If A = [ai j] and B = [bi j] and
∑ j ai j = 1 = ∑ j bi j, then the (i, j)-entry of AB is
ci j = ∑k aikbk j, whence
∑ j ci j = ∑ j ∑k aikbk j = ∑k aik(∑ j bk j) = ∑k aik = 1.
Alternatively: If e = (1, 1, . . . , 1), then the rows of A

sum to 1 if and only if Ae = e. If also Be = e then
(AB)e = A(Be) = Ae = e.

2.3.30 b. If A = [ai j], then
tr (kA) = tr [kai j] = ∑n

i=1 kaii = k ∑n
i=1 aii = k tr (A).

e. Write AT =
[
a′i j

]
, where a′i j = a ji. Then

AAT =
(

∑n
k=1 aika′k j

)
, so

tr (AAT ) = ∑n
i=1

[
∑n

k=1 aika′ki

]
= ∑n

i=1 ∑n
k=1 a2

ik.

2.3.32 e. Observe that PQ = P2 +PAP−P2AP = P, so
Q2 = PQ+APQ−PAPQ= P+AP−PAP = Q.

2.3.34 b. (A+B)(A−B) = A2−AB+BA−B2, and
(A−B)(A+B) = A2 +AB−BA−B2. These are equal
if and only if −AB+BA= AB−BA; that is,
2BA = 2AB; that is, BA = AB.

2.3.35 b. (A+B)(A−B) = A2−AB+BA−B2 and
(A−B)(A+B) = A2−BA+AB−B2. These are equal
if and only if −AB+BA=−BA+AB, that is
2AB = 2BA, that is AB = BA.

Section 2.4

2.4.2 b. 1
5

[
2 −1
−3 4

]

d.




2 −1 3
3 1 −1
1 1 −2





f. 1
10




1 4 −1
−2 2 2
−9 14 −1





h. 1
4




2 0 −2
−5 2 5
−3 2 −1





j.





0 0 1 −2
−1 −2 −1 −3

1 2 1 2
0 −1 0 0





l.





1 −2 6 −30 210
0 1 −3 15 −105
0 0 1 −5 35
0 0 0 1 −7
0 0 0 0 1





2.4.3 b.
[

x
y

]
= 1

5

[
4 −3
1 −2

][
0
1

]
= 1

5

[
−3
−2

]

d.




x
y

z



= 1
5




9 −14 6
4 −4 1

−10 15 −5








1
−1

0



=

1
5




23
8

−25





2.4.4 b. B = A−1AB =




4 −2 1
7 −2 4
−1 2 −1





2.4.5 b. 1
10

[
3 −2
1 1

]

d. 1
2

[
0 1
1 −1

]

f. 1
2

[
2 0
−6 1

]

h. − 1
2

[
1 1
1 0

]

2.4.6 b. A = 1
2




2 −1 3
0 1 −1
−2 1 −1





2.4.8 b. A and B are inverses.

2.4.9 b. False.
[

1 0
0 1

]
+

[
1 0
0 −1

]

d. True. A−1 = 1
3 A3

f. False. A = B =

[
1 0
0 0

]

h. True. If (A2)B = I, then A(AB) = I; use
Theorem 2.4.5.

2.4.10 b. (CT )−1 = (C−1)T = AT because
C−1 = (A−1)−1 = A.

2.4.11 b. (i) Inconsistent.

(ii)
[

x1
x2

]
=

[
2
−1

]

2.4.15 b. B4 = I, so B−1 = B3 =

[
0 1
−1 0

]

2.4.16




c2− 2 −c 1
−c 1 0

3− c2 c −1





2.4.18 b. If column j of A is zero, Ay = 0 where y is
column j of the identity matrix. Use Theorem 2.4.5.
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d. If each column of A sums to 0, XA = 0 where X is the
row of 1s. Hence AT XT = 0 so A has no inverse by
Theorem 2.4.5 (XT "= 0).

2.4.19 b. (ii) (−1, 1, 1)A = 0

2.4.20 b. Each power Ak is invertible by Theorem 2.4.4
(because A is invertible). Hence Ak cannot be 0.

2.4.21 b. By (a), if one has an inverse the other is zero
and so has no inverse.

2.4.22 If A =

[
a 0
0 1

]
, a > 1, then A−1 =

[
1
a 0
0 1

]
is an

x-compression because 1
a < 1.

2.4.24 b. A−1 = 1
4(A

3 + 2A2− 1)

2.4.25 b. If Bx = 0, then (AB)x = (A)Bx = 0, so x = 0
because AB is invertible. Hence B is invertible by
Theorem 2.4.5. But then A = (AB)B−1 is invertible by
Theorem 2.4.4.

2.4.26 b.




2 −1 0
−5 3 0
−13 8 −1





d.





1 −1 −14 8
−1 2 16 −9

0 0 2 −1
0 0 1 −1





2.4.28 d. If An = 0, (I−A)−1 = I+A+ · · ·+An−1.

2.4.30 b. A[B(AB)−1] = I = [(BA)−1B]A, so A is
invertible by Exercise 2.4.10.

2.4.32 a. Have AC =CA. Left-multiply by A−1 to get
C = A−1CA. Then right-multiply by A−1 to get
CA−1 = A−1C.

2.4.33 b. Given ABAB = AABB. Left multiply by A−1,
then right multiply by B−1.

2.4.34 If Bx = 0 where x is n× 1, then ABx = 0 so x = 0 as
AB is invertible. Hence B is invertible by Theorem 2.4.5, so
A = (AB)B−1 is invertible.

2.4.35 b. B




−1

3
−1



= 0 so B is not invertible by

Theorem 2.4.5.

2.4.38 b. Write U = In− 2XXT . Then
UT = IT

n − 2XTT XT =U , and
U2 = I2

n − (2XXT )In− In(2XXT )+ 4(XXT )(XXT ) =
In− 4XXT + 4XXT = In.

2.4.39 b. (I− 2P)2 = I− 4P+ 4P2, and this equals I if
and only if P2 = P.

2.4.41 b. (A−1 +B−1)−1 = B(A+B)−1A

Section 2.5

2.5.1 b. Interchange rows 1 and 3 of I. E−1 = E .

d. Add (−2) times row 1 of I to row 2.

E−1 =




1 0 0
2 1 0
0 0 1





f. Multiply row 3 of I by 5. E−1 =




1 0 0
0 1 0
0 0 1

5





2.5.2 b.
[
−1 0

0 1

]

d.
[

1 −1
0 1

]

f.
[

0 1
1 0

]

2.5.3 b. The only possibilities for E are
[

0 1
1 0

]
,

[
k 0
0 1

]
,
[

1 0
0 k

]
,
[

1 k

0 1

]
, and

[
1 0
k 1

]
. In

each case, EA has a row different from C.

2.5.5 b. No, 0 is not invertible.

2.5.6 b.
[

1 −2
0 1

][
1 0
0 1

2

][
1 0
−5 1

]

A =

[
1 0 7
0 1 −3

]
. Alternatively,

[
1 0
0 1

2

][
1 −1
0 1

][
1 0
−5 1

]

A =

[
1 0 7
0 1 −3

]
.

d.




1 2 0
0 1 0
0 0 1








1 0 0
0 1

5 0
0 0 1








1 0 0
0 1 0
0 −1 1








1 0 0
0 1 0
−2 0 1








1 0 0
−3 1 0

0 0 1








0 0 1
0 1 0
1 0 0



A =





1 0 1
5

1
5

0 1 − 7
5 − 2

5

0 0 0 0




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2.5.7 b. U =

[
1 1
1 0

]
=

[
1 1
0 1

][
0 1
1 0

]

2.5.8 b. A =

[
0 1
1 0

][
1 0
2 1

][
1 0
0 −1

]

[
1 2
0 1

]

d. A =




1 0 0
0 1 0
−2 0 1








1 0 0
0 1 0
0 2 1








1 0 −3
0 1 0
0 0 1








1 0 0
0 1 4
0 0 1





2.5.10 UA = R by Theorem 2.5.1, so A =U−1R.

2.5.12 b. U = A−1, V = I2; rank A = 2

d. U =




−2 1 0

3 −1 0
2 −1 1



,

V =





1 0 −1 −3
0 1 1 4
0 0 1 0
0 0 0 1



; rank A = 2

2.5.16 Write U−1 = EkEk−1 · · ·E2E1, Ei elementary. Then[
I U−1A

]
=
[

U−1U U−1A
]

=U−1
[

U A
]
= EkEk−1 · · ·E2E1

[
U A

]
. So[

U A
]
→
[

I U−1A
]

by row operations
(Lemma 2.5.1).

2.5.17 b. (i) A
r∼ A because A = IA. (ii) If A

r∼ B, then
A =UB, U invertible, so B =U−1A. Thus B

r∼ A. (iii)
If A

r∼ B and B
r∼C, then A =UB and B =VC, U and

V invertible. Hence A =U(VC) = (UV )C, so A
r∼C.

2.5.19 b. If B
r∼ A, let B =UA, U invertible. If

U =

[
d b
−b d

]
, B =UA =

[
0 0 b
0 0 d

]
where b

and d are not both zero (as U is invertible). Every
such matrix B arises in this way: Use

U =

[
a b

−b a

]
–it is invertible by Example 2.3.5.

2.5.22 b. Multiply column i by 1/k.

Section 2.6

2.6.1 b.




5
6

−13



= 3




3
2
−1



− 2




2
0
5



, so

T




5
6

−13



= 3T




3
2
−1



− 2T




2
0
5



=

3
[

3
5

]
− 2
[
−1

2

]
=

[
11
11

]

2.6.2 b. As in 1(b), T





5
−1

2
−4



=




4
2
−9



.

2.6.3 b. T (e1) =−e2 and T (e2) =−e1. So
A
[

T (e1) T (e2)
]
=
[
−e2 −e1

]
=[

−1 0
0 −1

]
.

d. T (e1) =




√

2
2√
2

2



 and T (e2) =



 −
√

2
2√
2

2





So A =
[

T (e1) T (e2)
]
=
√

2
2

[
1 −1
1 1

]
.

2.6.4 b. T (e1) =−e1, T (e2) = e2 and T (e3) = e3.
Hence Theorem 2.6.2 gives
A
[

T (e1) T (e2) T (e3)
]
=
[
−e1 e2 e3

]
=


−1 0 0

0 1 0
0 0 1



.

2.6.5 b. We have y1 = T (x1) for some x1 in Rn, and
y2 = T (x2) for some x2 in Rn. So
ay1 + by2 = aT (x1)+ bT(x2) = T (ax1 + bx2). Hence
ay1 + by2 is also in the image of T .

2.6.7 b. T

(
2
[

0
1

])
"= 2

[
0
−1

]
.

2.6.8 b. A = 1√
2

[
1 1
−1 1

]
, rotation through θ =− π

4 .

d. A = 1
10

[
−8 −6
−6 8

]
, reflection in the line y =−3x.

2.6.10 b.




cosθ 0 −sinθ

0 1 0
sinθ 0 cosθ





2.6.12 b. Reflection in the y axis

d. Reflection in y = x

f. Rotation through π
2

2.6.13 b. T (x) = aR(x) = a(Ax) = (aA)x for all x in R.
Hence T is induced by aA.

2.6.14 b. If x is in Rn, then
T (−x) = T [(−1)x] = (−1)T (x) =−T (x).
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2.6.17 b. If B2 = I then
T 2(x) = T [T (x)] = B(Bx) = B2x = Ix = x = 1R2(x)
for all x in Rn. Hence T 2 = 1R2 . If T 2 = 1R2 , then
B2x = T 2(x) = 1R2(x) = x = Ix for all x, so B2 = I by
Theorem 2.2.6.

2.6.18 b. The matrix of Q1 ◦Q0 is[
0 1
1 0

][
1 0
0 −1

]
=

[
0 −1
1 0

]
, which is the

matrix of R π
2

.

d. The matrix of Q0 ◦R π
2

is
[

1 0
0 −1

][
0 −1
1 0

]
=

[
0 −1
−1 0

]
, which is

the matrix of Q−1.

2.6.20 We have

T (x) = x1 + x2 + · · ·+ xn =
[

1 1 · · · 1
]





x1
x2
...

xn




, so T

is the matrix transformation induced by the matrix
A =

[
1 1 · · · 1

]
. In particular, T is linear. On the other

hand, we can use Theorem 2.6.2 to get A, but to do this we
must first show directly that T is linear. If we write

x =





x1
x2
...

xn




and y =





y1
y2
...

yn




. Then

T (x+ y) = T





x1 + y1
x2 + y2

...
xn + yn





= (x1 + y1)+ (x2 + y2)+ · · ·+(xn + yn)

= (x1 + x2 + · · ·+ xn)+ (y1 + y2 + · · ·+ yn)

= T (x)+T(y)

Similarly, T (ax) = aT (x) for any scalar a, so T is linear. By
Theorem 2.6.2, T has matrix
A =

[
T (e1) T (e2) · · · T (en)

]
=
[

1 1 · · · 1
]
, as

before.

2.6.22 b. If T : Rn→R is linear, write T (e j) = wj for
each j = 1, 2, . . . , n where {e1, e2, . . . , en} is the
standard basis of Rn. Since
x = x1e1 + x2e2 + · · ·+ xnen, Theorem 2.6.1 gives

T (x) = T (x1e1 + x2e2 + · · ·+ xnen)

= x1T (e1)+ x2T (e2)+ · · ·+ xnT (en)

= x1w1 + x2w2 + · · ·+ xnwn

= w ·x = Tw(x)

where w =





w1
w2
...

wn




. Since this holds for all x in Rn, it

shows that T = TW. This also follows from
Theorem 2.6.2, but we have first to verify that T is
linear. (This comes to showing that
w · (x+ y) = w · s+w ·y and w · (ax) = a(w ·x) for all
x and y in Rn and all a in R.) Then T has matrix
A =

[
T (e1) T (e2) · · · T (en)

]
=[

w1 w2 · · · wn

]
by Theorem 2.6.2. Hence if

x =





x1
x2
...

xn




in R, then T (x) = Ax = w ·x, as required.

2.6.23 b. Given x in R and a in R, we have
(S ◦T)(ax) = S [T (ax)] Definition of S ◦T

= S [aT (x)] Because T is linear.
= a [S [T (x)]] Because S is linear.
= a [S ◦T (x)] Definition of S ◦T

Section 2.7

2.7.1 b.




2 0 0
1 −3 0
−1 9 1









1 2 1

0 1 − 2
3

0 0 0





d.





−1 0 0 0
1 1 0 0
1 −1 1 0
0 −2 0 1









1 3 −1 0 1
0 1 2 1 0
0 0 0 0 0
0 0 0 0 0





f.





2 0 0 0
1 −2 0 0
3 −2 1 0
0 2 0 1









1 1 −1 2 1

0 1 − 1
2 0 0

0 0 0 0 0

0 0 0 0 0





2.7.2 b. P =




0 0 1
1 0 0
0 1 0





PA =




−1 2 1

0 −1 2
0 0 4





=




−1 0 0

0 −1 0
0 0 4








1 −2 −1
0 1 2
0 0 1





d. P =





1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0




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PA =





−1 −2 3 0
1 1 −1 3
2 5 −10 1
2 4 −6 5





=





−1 0 0 0
1 −1 0 0
2 1 −2 0
2 0 0 5









1 2 −3 0
0 1 −2 −3
0 0 1 −2
0 0 0 1





2.7.3 b. y =




−1

0
0



x =





−1+ 2t

−t
s

t



 s and t arbitrary

d. y =





2
8
−1

0



x =





8− 2t
6− t

−1− t

t



 t arbitrary

2.7.5

[
R1
R2

]
→
[

R1 +R2
R2

]
→
[

R1 +R2
−R1

]
→

[
R2
−R1

]
→
[

R2
R1

]

2.7.6 b. Let A = LU = L1U1 be LU-factorizations of the
invertible matrix A. Then U and U1 have no row of
zeros and so (being row-echelon) are upper triangular
with 1’s on the main diagonal. Thus, using (a.), the
diagonal matrix D =UU−1

1 has 1’s on the main
diagonal. Thus D = I, U =U1, and L = L1.

2.7.7 If A =

[
a 0
X A1

]
and B =

[
b 0
Y B1

]
in block form,

then AB =

[
ab 0

Xb+A1Y A1B1

]
, and A1B1 is lower

triangular by induction.

2.7.9 b. Let A = LU = L1U1 be two such factorizations.
Then UU−1

1 = L−1L1; write this matrix as
D =UU−1

1 = L−1L1. Then D is lower triangular
(apply Lemma 2.7.1 to D = L−1L1); and D is also
upper triangular (consider UU−1

1 ). Hence D is
diagonal, and so D = I because L−1 and L1 are unit
triangular. Since A = LU ; this completes the proof.

Section 2.8

2.8.1 b.




t

3t
t





d.





14t

17t
47t

23t





2.8.2




t
t

t





2.8.4 P =

[
bt

(1− a)t

]
is nonzero (for some t) unless b = 0

and a = 1. In that case,
[

1
1

]
is a solution. If the entries of E

are positive, then P =

[
b

1− a

]
has positive entries.

2.8.7 b.
[

0.4 0.8
0.7 0.2

]

2.8.8 If E =

[
a b

c d

]
, then I−E =

[
1− a −b

−c 1− d

]
, so

det (I−E) = (1− a)(1− d)− bc= 1− tr E + det E . If

det (I−E) "= 0, then (I−E)−1 = 1
det (I−E)

[
1− d b

c 1− a

]
,

so (I−E)−1 ≥ 0 if det (I−E)> 0, that is, tr E < 1+ det E .
The converse is now clear.

2.8.9 b. Use p =




3
2
1



 in Theorem 2.8.2.

d. p =




3
2
2



 in Theorem 2.8.2.

Section 2.9

2.9.1 b. Not regular

2.9.2 b. 1
3

[
2
1

]
, 3

8

d. 1
3




1
1
1



, 0.312

f. 1
20




5
7
8



, 0.306

2.9.4 b. 50% middle, 25% upper, 25% lower

2.9.6 7
16 , 9

16

2.9.8 a. 7
75

b. He spends most of his time in compartment 3; steady

state 1
16





3
2
5
4
2




.
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2.9.12 a. Direct verification.

b. Since 0 < p < 1 and 0 < q < 1 we get 0 < p+ q < 2
whence−1 < p+ q− 1< 1. Finally,
−1 < 1− p− q< 1, so (1− p− q)m converges to zero
as m increases.

Supplementary Exercises for Chapter 2

Supplementary Exercise 2.2. b.
U−1 = 1

4 (U
2− 5U + 11I).

Supplementary Exercise 2.4. b. If xk = xm, then
y+ k(y− z) = y+m(y− z). So (k−m)(y− z) = 0.
But y− z is not zero (because y and z are distinct), so
k−m = 0 by Example 2.1.7.

Supplementary Exercise 2.6. d. Using parts (c) and (b)

gives IpqAIrs = ∑n
i=1 ∑n

j=1 ai jIpqIi jIrs. The only
nonzero term occurs when i = q and j = r, so
IpqAIrs = aqrIps.

Supplementary Exercise 2.7. b. If
A = [ai j] = ∑i j ai jIi j, then IpqAIrs = aqrIps by 6(d).
But then aqrIps = AIpqIrs = 0 if q "= r, so aqr = 0 if
q "= r. If q = r, then aqqIps = AIpqIrs = AIps is
independent of q. Thus aqq = a11 for all q.

Section 3.1

3.1.1 b. 0

d. −1

f. −39

h. 0

j. 2abc

l. 0

n. −56

p. abcd

3.1.5 b. −17

d. 106

3.1.6 b. 0

3.1.7 b. 12

3.1.8 b. det




2a+ p 2b+ q 2c+ r
2p+ x 2q+ y 2r+ z

2x+ a 2y+ b 2z+ c





= 3 det




a+ p+ x b+ q+ y c+ r+ z

2p+ x 2q+ y 2r+ z
2x+ a 2y+ b 2z+ c





= 3 det




a+ p+ x b+ q+ y c+ r+ z

p− a q− b r− c
x− p y− q z− r





= 3 det




3x 3y 3z

p− a q− b r− c

x− p y− q z− r



 · · ·

3.1.9 b. False. A =

[
1 1
2 2

]

d. False. A =

[
2 0
0 1

]
→ R =

[
1 0
0 1

]

f. False. A =

[
1 1
0 1

]

h. False. A =

[
1 1
0 1

]
and B =

[
1 0
1 1

]

3.1.10 b. 35

3.1.11 b. −6

d. −6

3.1.14 b. −(x− 2)(x2 + 2x− 12)

3.1.15 b. −7

3.1.16 b. ±
√

6
2

d. x =±y

3.1.21 Let x =





x1
x2
...

xn




, y =





y1
y2
...

yn




and

A =
[

c1 · · · x+ y · · · cn

]
where x+ y is in column j.

Expanding det A along column j (the one containing x+ y):

T (x+ y) = det A =
n

∑
i=1

(xi + yi)ci j(A)

=
n

∑
i=1

xici j(A)+
n

∑
i=1

yici j(A)

= T (x)+T(y)

Similarly for T (ax) = aT (x).
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3.1.24 If A is n× n, then det B = (−1)k det A where n = 2k
or n = 2k+ 1.

Section 3.2

3.2.1 b.




1 −1 −2
−3 1 6
−3 1 4





d. 1
3




−1 2 2

2 −1 2
2 2 −1



= A

3.2.2 b. c "= 0

d. any c

f. c "=−1

3.2.3 b. −2

3.2.4 b. 1

3.2.6 b. 4
9

3.2.7 b. 16

3.2.8 b. 1
11

[
5

21

]

d. 1
79




12
−37
−2





3.2.9 b. 4
51

3.2.10 b. det A = 1, −1

d. det A = 1

f. det A = 0 if n is odd; nothing can be said if n is even

3.2.15 dA where d = det A

3.2.19 b. 1
c




1 0 1
0 c 1
−1 c 1



 , c "= 0

d. 1
2




8− c2 −c c2− 6

c 1 −c

c2− 10 c 8− c2





f. 1
c3+1




1− c c2 + 1 −c− 1

c2 −c c+ 1
−c 1 c2− 1



 , c "=−1

3.2.20 b. T.
det AB = det A det B = det B det A = det BA.

d. T. det A "= 0 means A−1 exists, so AB = AC implies
that B =C.

f. F. If A =




1 1 1
1 1 1
1 1 1



 then adj A = 0.

h. F. If A =

[
1 1
0 0

]
then adj A =

[
0 −1
0 1

]

j. F. If A =

[
−1 1

1 −1

]
then det (I+A) =−1 but

1+ det A = 1.

l. F. If A =

[
1 1
0 1

]
then det A = 1 but

adj A =

[
1 −1
0 1

]
"= A

3.2.22 b. 5− 4x+ 2x2.

3.2.23 b. 1− 5
3 x+ 1

2 x2 + 7
6 x3

3.2.24 b. 1− 0.51x+ 2.1x2− 1.1x3;1.25, so y = 1.25

3.2.26 b. Use induction on n where A is n× n. It is clear

if n = 1. If n > 1, write A =

[
a X

0 B

]
in block form

where B is (n− 1)× (n− 1). Then

A−1 =

[
a−1 −a−1XB−1

0 B−1

]
, and this is upper

triangular because B is upper triangular by induction.

3.2.28 − 1
21




3 0 1
0 2 3
3 1 −1





3.2.34 b. Have (adj A)A = (det A)I; so taking inverses,
A−1 · (adj A)−1 = 1

det A I. On the other hand,
A−1 adj (A−1) = det (A−1)I = 1

det A I. Comparison
yields A−1(adj A)−1 = A−1 adj (A−1), and part (b)
follows.

d. Write det A = d, det B = e. By the adjugate formula
AB adj (AB) = deI, and
AB adj B adj A = A[eI] adj A = (eI)(dI) = deI. Done
as AB is invertible.

Section 3.3

3.3.1 b. (x− 3)(x+ 2);3;−2;
[

4
−1

]
,
[

1
1

]
;

P =

[
4 1
−1 1

]
; P−1AP =

[
3 0
0 −2

]
.

d. (x− 2)3;2;




1
1
0



 ,




−3

0
1



; No such P; Not

diagonalizable.
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f. (x+ 1)2(x− 2);−1, −2;




−1

1
2



 ,




1
2
1



; No such

P; Not diagonalizable. Note that this matrix and the
matrix in Example 3.3.9 have the same characteristic
polynomial, but that matrix is diagonalizable.

h. (x− 1)2(x− 3);1, 3;




−1

0
1



 ,




1
0
1



 No such P;

Not diagonalizable.

3.3.2 b. Vk =
7
3 2k

[
2
1

]

d. Vk =
3
2 3k




1
0
1





3.3.4 Ax = λ x if and only if (A−αI)x = (λ −α)x. Same
eigenvectors.

3.3.8 b. P−1AP =

[
1 0
0 2

]
, so

An = P

[
1 0
0 2n

]
P−1 =

[
9− 8 ·2n 12(1− 2n)
6(2n− 1) 9 ·2n− 8

]

3.3.9 b. A =

[
0 1
0 2

]

3.3.11 b. and d. PAP−1 = D is diagonal, then b.
P−1(kA)P = kD is diagonal, and d. Q(U−1AU)Q = D
where Q = PU .

3.3.12

[
1 1
0 1

]
is not diagonalizable by Example 3.3.8.

But
[

1 1
0 1

]
=

[
2 1
0 −1

]
+

[
−1 0

0 2

]
where

[
2 1
0 −1

]
has diagonalizing matrix P =

[
1 −1
0 3

]
and

[
−1 0

0 2

]
is already diagonal.

3.3.14 We have λ 2 = λ for every eigenvalue λ (as λ = 0, 1)
so D2 = D, and so A2 = A as in Example 3.3.9.

3.3.18 b. crA(x) = det [xI− rA]
= rn det

[
x
r I−A

]
= rncA

[
x
r

]

3.3.20 b. If λ "= 0, Ax = λ x if and only if A−1x = 1
λ x.

The result follows.

3.3.21 b. (A3− 2A− 3I)x= A3x− 2Ax+ 3x =
λ 3x− 2λ x+ 3x = (λ 3− 2λ − 3)x.

3.3.23 b. If Am = 0 and Ax = λ x, x "= 0, then
A2x = A(λ x) = λ Ax = λ 2x. In general, Akx = λ kx for
all k ≥ 1. Hence, λ mx = Amx = 0x = 0, so λ = 0
(because x "= 0).

3.3.24 a. If Ax = λ x, then Akx = λ kx for each k. Hence
λ mx = Amx = x, so λ m = 1. As λ is real, λ =±1 by
the Hint. So if P−1AP = D is diagonal, then D2 = I by
Theorem 3.3.4. Hence A2 = PD2P = I.

3.3.27 a. We have P−1AP = λ I by the diagonalization
algorithm, so A = P(λ I)P−1 = λ PP−1 = λ I.

b. No. λ = 1 is the only eigenvalue.

3.3.31 b. λ1 = 1, stabilizes.

d. λ1 =
1

24 (3+
√

69) = 1.13, diverges.

3.3.34 Extinct if α < 1
5 , stable if α = 1

5 , diverges if α > 1
5 .

Section 3.4

3.4.1 b. xk =
1
3

[
4− (−2)k

]

d. xk =
1
5

[
2k+2 +(−3)k

]

3.4.2 b. xk =
1
2

[
(−1)k + 1

]

3.4.3 b. xk+4 = xk + xk+2 + xk+3;x10 = 169

3.4.5 1
2
√

5

[
3+
√

5
]

λ k
1 +(−3+

√
5)λ k

2 where

λ1 =
1
2 (1+

√
5) and λ2 =

1
2 (1−

√
5).

3.4.7 1
2
√

3

[
2+
√

3
]

λ k
1 +(−2+

√
3)λ k

2 where λ1 = 1+
√

3

and λ2 = 1−
√

3.

3.4.9 34
3 −

4
3

(
− 1

2

)k
. Long term 11 1

3 million tons.

3.4.11 b. A




1
λ
λ 2



=




λ
λ 2

a+ bλ + cλ 2



=




λ
λ 2

λ 3



=

λ




1
λ
λ 2





3.4.12 b. xk =
11
10 3k + 11

15(−2)k− 5
6

3.4.13 a.
pk+2 + qk+2 = [apk+1 + bpk + c(k)]+ [aqk+1 + bqk] =
a(pk+1 + qk+1)+ b(pk + qk)+ c(k)

Section 3.5
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3.5.1 b. c1

[
1
1

]
e4x + c2

[
5
−1

]
e−2x;c1 =− 2

3 , c2 =
1
3

d. c1




−8
10
7



e−x + c2




1
−2

1



e2x + c3




1
0
1



e4x;

c1 = 0, c2 =− 1
2 , c3 =

3
2

3.5.3 b. The solution to (a) is m(t) = 10
( 4

5

)t/3
. Hence

we want t such that 10
( 4

5

)t/3
= 5. We solve for t by

taking natural logarithms:

t =
3 ln( 1

2 )

ln( 4
5 )

= 9.32 hours.

3.5.5 a. If g′ = Ag, put f = g−A−1b. Then f′ = g′ and
Af = Ag−b, so f′ = g′ = Ag = Af+b, as required.

3.5.6 b. Assume that f ′1 = a1 f1 + f2 and f ′2 = a2 f1.
Differentiating gives f ′′1 = a1 f ′1 + f2

′ = a1 f ′1 + a2 f1,
proving that f1 satisfies Equation 3.15.

Section 3.6

3.6.2 Consider the rows Rp, Rp+1, . . . , Rq−1, Rq. In q− p

adjacent interchanges they can be put in the order
Rp+1, . . . , Rq−1, Rq, Rp. Then in q− p− 1 adjacent
interchanges we can obtain the order Rq, Rp+1, . . . , Rq−1, Rp.
This uses 2(q− p)− 1 adjacent interchanges in all.

Supplementary Exercises for Chapter 3

Supplementary Exercise 3.2. b. If A is 1× 1, then
AT = A. In general,
det [Ai j] = det

[
(Ai j)T

]
= det

[
(AT ) ji

]
by (a) and

induction. Write AT =
[
a′i j

]
where a′i j = a ji, and

expand det AT along column 1.

det AT =
n

∑
j=1

a′j1(−1) j+1 det [(AT ) j1]

=
n

∑
j=1

a1 j(−1)1+ j det [A1 j] = det A

where the last equality is the expansion of det A along
row 1.

Section 4.1

4.1.1 b.
√

6

d.
√

5

f. 3
√

6

4.1.2 b. 1
3




−2
−1

2





4.1.4 b.
√

2

d. 3

4.1.6 b.−→
FE =

−→
FC+

−→
CE = 1

2
−→
AC+ 1

2
−→
CB = 1

2 (
−→
AC+

−→
CB) = 1

2
−→
AB

4.1.7 b. Yes

d. Yes

4.1.8 b. p

d. −(p+q).

4.1.9 b.




−1
−1

5



,
√

27

d.




0
0
0



, 0

f.




−2

2
2



,
√

12

4.1.10 b. (i) Q(5, −1, 2) (ii) Q(1, 1, −4).

4.1.11 b. x = u− 6v+ 5w =




−26

4
19





4.1.12 b.




a

b
c



=




−5

8
6





4.1.13 b. If it holds then




3a+ 4b+ c
−a+ c

b+ c



=




x1
x2
x3



.




3 4 1 x1
−1 0 1 x2

0 1 1 x3



→




0 4 4 x1 + 3x2
−1 0 1 x2

0 1 1 x3





If there is to be a solution then x1 + 3x2 = 4x3 must
hold. This is not satisfied.

4.1.14 b. 1
4




5
−5
−2





4.1.17 b. Q(0, 7, 3).

4.1.18 b. x = 1
40




−20
−13

14




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4.1.20 b. S(−1, 3, 2).

4.1.21 b. T. ‖v−w‖= 0 implies that v−w = 0.

d. F. ‖v‖= ‖− v‖ for all v but v =−v only holds if
v = 0.

f. F. If t < 0 they have the opposite direction.

h. F. ‖− 5v‖= 5‖v‖ for all v, so it fails if v "= 0.

j. F. Take w =−v where v "= 0.

4.1.22 b.




3
−1

4



+ t




2
−1

5



; x = 3+ 2t, y =−1− t,

z = 4+ 5t

d.




1
1
1



+ t




1
1
1



; x = y = z = 1+ t

f.




2
−1

1



+ t




−1

0
1



; x = 2− t, y =−1, z = 1+ t

4.1.23 b. P corresponds to t = 2; Q corresponds to t = 5.

4.1.24 b. No intersection

d. P(2, −1, 3); t =−2, s =−3

4.1.29 P(3, 1, 0) or P( 5
3 , −1

3 , 4
3 )

4.1.31 b.
−→
CPk =−

−→
CPn+k if 1≤ k ≤ n, where there are

2n points.

4.1.33
−→
DA = 2

−→
EA and 2

−→
AF =

−→
FC, so

2
−→
EF = 2(

−→
EF+

−→
AF) =

−→
DA+

−→
FC =

−→
CB+

−→
FC =

−→
FC+

−→
CB=

−→
FB.

Hence
−→
EF = 1

2
−→
FB. So F is the trisection point of both AC and

EB.

Section 4.2

4.2.1 b. 6

d. 0

f. 0

4.2.2 b. π or 180◦

d. π
3 or 60◦

f. 2π
3 or 120◦

4.2.3 b. 1 or −17

4.2.4 b. t




−1

1
2





d. s




1
2
0



+ t




0
3
1





4.2.6 b. 29+ 57= 86

4.2.8 b. A = B =C = π
3 or 60◦

4.2.10 b. 11
18 v

d. − 1
2 v

4.2.11 b. 5
21




2
−1
−4



+ 1
21




53
26
20





d. 27
53




6
−4

1



+ 1
53




−3

2
26





4.2.12 b. 1
26

√
5642, Q( 71

26 , 15
26 , 34

26)

4.2.13 b.




0
0
0





b.




4

−15
8





4.2.14 b. −23x+ 32y+ 11z= 11

d. 2x− y+ z = 5

f. 2x+ 3y+ 2z= 7

h. 2x− 7y− 3z=−1

j. x− y− z = 3

4.2.15 b.




x

y

z



=




2
−1

3



+ t




2
1
0





d.




x

y

z



=




1
1
−1



+ t




1
1
1





f.




x

y

z



=




1
1
2



+ t




4
1
−5





4.2.16 b.
√

6
3 , Q( 7

3 , 2
3 , −2

3 )

4.2.17 b. Yes. The equation is 5x− 3y− 4z= 0.

4.2.19 b. (−2, 7, 0)+ t(3, −5, 2)
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4.2.20 b. None

d. P( 13
19 , −78

19 , 65
19)

4.2.21 b. 3x+ 2z = d, d arbitrary

d. a(x− 3)+ b(y− 2)+ c(z+4)= 0; a, b, and c not all
zero

f. ax+ by+(b− a)z= a; a and b not both zero

h. ax+ by+(a− 2b)z= 5a− 4b; a and b not both zero

4.2.23 b.
√

10

4.2.24 b.
√

14
2 , A(3, 1, 2), B( 7

2 , − 1
2 , 3)

d.
√

6
6 , A( 19

3 , 2, 1
3 ), B( 37

6 , 13
6 , 0)

4.2.26 b. Consider the diagonal d =




a

a

a



 The six face

diagonals in question are ±




a
0
−a



, ±




0
a

−a



,

±




a
−a

0



. All of these are orthogonal to d. The

result works for the other diagonals by symmetry.

4.2.28 The four diagonals are (a, b, c), (−a, b, c),
(a, −b, c) and (a, b, −c) or their negatives. The dot products
are ±(−a2 + b2 + c2), ±(a2− b2 + c2), and ±(a2 + b2− c2).

4.2.34 b. The sum of the squares of the lengths of the
diagonals equals the sum of the squares of the lengths
of the four sides.

4.2.38 b. The angle θ between u and (u+ v+w) is
given by
cosθ = u·(u+v+w)

‖u‖‖u+v+w‖ =
‖u‖√

‖u‖2+‖v‖2+‖w‖2
= 1√

3
because

‖u‖= ‖v‖= ‖w‖. Similar remarks apply to the other
angles.

4.2.39 b. Let p0, p1 be the vectors of P0, P1, so
u = p0−p1. Then u ·n = p0 ·n –
p1 ·n = (ax0 + by0)− (ax1 + by1) = ax0 + by0 + c.
Hence the distance is

∥∥∥
(

u·n
‖n‖2

)
n
∥∥∥= |u·n|

‖n‖

as required.

4.2.41 b. This follows from (a) because
‖v‖2 = a2 + b2 + c2.

4.2.44 d. Take




x1
y1
z1



=




x
y

z



 and




x2
y2
z2



=




y
z

x





in (c).

Section 4.3

4.3.3 b. ±
√

3
3




1
−1
−1



.

4.3.4 b. 0

d.
√

5

4.3.5 b. 7

4.3.6 b. The distance is ‖p−p0‖; use part (a.).

4.3.10 ‖
−→
AB×

−→
AC‖ is the area of the parallelogram

determined by A, B, and C.

4.3.12 Because u and v×w are parallel, the angle θ between
them is 0 or π . Hence cos(θ ) =±1, so the volume is
|u · (v×w)|= ‖u‖‖v×w‖cos(θ ) = ‖u‖‖(v×w)‖. But the
angle between v and w is π

2 so
‖v×w‖= ‖v‖‖w‖cos(π

2 ) = ‖v‖‖w‖. The result follows.

4.3.15 b. If u =




u1
u2
u3



, v =




v1
v2
v3



 and w =




w1
w2
w3



,

then u× (v+w) = det




i u1 v1 +w1
j u2 v2 +w2
k u3 v3 +w3





= det




i u1 v1
j u2 v2
k u3 v3



+ det




i u1 w1
j u2 w2
k u3 w3





= (u× v)+ (u×w) where we used Exercise 4.3.21.

4.3.16 b. (v−w) · [(u× v)+ (v×w)+ (w×u)] =
(v−w)·(u×v)+(v−w)·(v×w)+(v−w)·(w×u)=
−w · (u× v)+ 0+ v · (w×u) = 0.

4.3.22 Let p1 and p2 be vectors of points in the planes, so
p1 ·n = d1 and p2 ·n = d2. The distance is the length of the
projection of p2−p1 along n; that is |(p2−p1)·n|

‖n‖ = |d1−d2|
‖n‖ .

Section 4.4

4.4.1 b. A =

[
1 −1
−1 1

]
, projection on y =−x.

d. A = 1
5

[
−3 4

4 3

]
, reflection in y = 2x.

f. A = 1
2

[
1 −

√
3√

3 1

]
, rotation through π

3 .
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4.4.2 b. The zero transformation.

4.4.3 b. 1
21




17 2 −8
2 20 4
−8 4 5








0
1
−3





d. 1
30




22 −4 20
−4 28 10
20 10 −20








0
1
−3





f. 1
25




9 0 12
0 0 0

12 0 16








1
−1

7





h. 1
11




−9 2 −6

2 −9 −6
−6 −6 7








2
−5

0





4.4.4 b. 1
2





√
3 −1 0
1
√

3 0
0 0 1








1
0
3





4.4.6




cosθ 0 −sinθ

0 1 0
sinθ 0 cosθ





4.4.9 a. Write v =

[
x
y

]
.

PL(v) =
(

v·d
‖d‖2

)
d = ax+by

a2+b2

[
a
b

]

= 1
a2+b2

[
a2x+ aby

abx+ b2y

]

= 1
a2+b2

[
a2 + ab

ab+ b2

][
x

y

]

Section 4.5

4.5.1 b.

1
2





√
2+ 2 7

√
2+ 2 3

√
2+ 2 −

√
2+ 2 −5

√
2+ 2

−3
√

2+ 4 3
√

2+ 4 5
√

2+ 4
√

2+ 4 9
√

2+ 4
2 2 2 2 2





4.5.5 b. P( 9
5 , 18

5 )

Supplementary Exercises for Chapter 4

Supplementary Exercise 4.4. 125 knots in a direction θ
degrees east of north, where cosθ = 0.6 (θ = 53◦ or 0.93
radians).

Supplementary Exercise 4.6. (12, 5). Actual speed 12
knots.

Section 5.1

5.1.1 b. Yes

d. No

f. No.

5.1.2 b. No

d. Yes, x = 3y+ 4z.

5.1.3 b. No

5.1.10 span{a1x1, a2x2, . . . , akxk}⊆ span{x1, x2, . . . , xk}
by Theorem 5.1.1 because, for each i, aixi is in
span{x1, x2, . . . , xk}. Similarly, the fact that xi = a−1

i (aixi)
is in span{a1x1, a2x2, . . . , akxk} for each i shows that
span{x1, x2, . . . , xk}⊆ span{a1x1, a2x2, . . . , akxk}, again
by Theorem 5.1.1.

5.1.12 If y = r1x1 + · · ·+ rkxk then
Ay = r1(Ax1)+ · · ·+ rk(Axk) = 0.

5.1.15 b. x = (x+ y)− y = (x+ y)+ (−y) is in U
because U is a subspace and both x+ y and
−y = (−1)y are in U .

5.1.16 b. True. x = 1x is in U .

d. True. Always span{y, z}⊆ span{x, y, z} by
Theorem 5.1.1. Since x is in span{x, y} we have
span{x, y, z}⊆ span{y, z}, again by Theorem 5.1.1.

f. False. a

[
1
0

]
+ b

[
2
0

]
=

[
a+ 2b

0

]
cannot equal

[
0
1

]
.

5.1.20 If U is a subspace, then S2 and S3 certainly hold.
Conversely, assume that S2 and S3 hold for U . Since U is
nonempty, choose x in U . Then 0 = 0x is in U by S3, so S1
also holds. This means that U is a subspace.

5.1.22 b. The zero vector 0 is in U +W because
0 = 0+ 0. Let p and q be vectors in U +W , say
p = x1 + y1 and q = x2 + y2 where x1 and x2 are in U ,
and y1 and y2 are in W . Then
p+q = (x1 + x2)+ (y1 + y2) is in U +W because
x1 + x2 is in U and y1 + y2 is in W . Similarly,
a(p+q) = ap+ aq is in U +W for any scalar a
because ap is in U and aq is in W . Hence U +W is
indeed a subspace of Rn.

Section 5.2
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5.2.1 b. Yes. If r




1
1
1



+ s




1
1
1



+ t




0
0
1



=




0
0
0



,

then r+ s = 0, r− s = 0, and r+ s+ t = 0. These
equations give r = s = t = 0.

d. No. Indeed:



1
1
0
0



−





1
0
1
0



+





0
0
1
1



−





0
1
0
1



=





0
0
0
0



.

5.2.2 b. Yes. If r(x+ y)+ s(y+ z)+ t(z+ x) = 0, then
(r+ t)x+(r+ s)y+(s+ t)z = 0. Since {x, y, z} is
independent, this implies that r+ t = 0, r+ s = 0, and
s+ t = 0. The only solution is r = s = t = 0.

d. No. In fact, (x+ y)− (y+ z)+ (z+w)− (w+ x) = 0.

5.2.3 b.










2
1
0
−1



 ,





−1
1
1
1









; dimension 2.

d.










−2
0
3
1



 ,





1
2
−1

0









; dimension 2.

5.2.4 b.










1
1
0
1



 ,





1
−1

1
0









; dimension 2.

d.










1
0
1
0



 ,





−1
1
0
1



 ,





0
1
0
1









; dimension 3.

f.










−1
1
0
0



 ,





1
0
1
0



 ,





1
0
0
1









; dimension 3.

5.2.5 b. If r(x+w)+ s(y+w)+ t(z+w)+ u(w) = 0,
then rx+ sy+ tz+(r+ s+ t+ u)w = 0, so r = 0,
s = 0, t = 0, and r+ s+ t +u = 0. The only solution is
r = s = t = u = 0, so the set is independent. Since
dim R4 = 4, the set is a basis by Theorem 5.2.7.

5.2.6 b. Yes

d. Yes

f. No.

5.2.7 b. T. If ry+ sz = 0, then 0x+ ry+ sz = 0 so
r = s = 0 because {x, y, z} is independent.

d. F. If x "= 0, take k = 2, x1 = x and x2 =−x.

f. F. If y =−x and z = 0, then 1x+ 1y+ 1z = 0.

h. T. This is a nontrivial, vanishing linear combination,
so the xi cannot be independent.

5.2.10 If rx2 + sx3 + tx5 = 0 then
0x1 + rx2 + sx3 + 0x4 + tx5 + 0x6 = 0 so r = s = t = 0.

5.2.12 If t1x1 + t2(x1 + x2)+ · · ·+ tk(x1 + x2 + · · ·+ xk) = 0,
then (t1 + t2 + · · ·+ tk)x1 +(t2 + · · ·+ tk)x2 + · · ·+(tk−1 +
tk)xk−1 +(tk)xk = 0. Hence all these coefficients are zero, so
we obtain successively tk = 0, tk−1 = 0, . . . , t2 = 0, t1 = 0.

5.2.16 b. We show AT is invertible (then A is invertible).
Let AT x = 0 where x = [s t]T . This means as+ ct = 0
and bs+ dt = 0, so
s(ax+ by)+ t(cx+ dy) = (sa+ tc)x+(sb+ td)y = 0.
Hence s = t = 0 by hypothesis.

5.2.17 b. Each V−1xi is in null (AV ) because
AV (V−1xi) = Axi = 0. The set {V−1x1, . . . , V−1xk} is
independent as V−1 is invertible. If y is in null (AV ),
then Vy is in null (A) so let Vy = t1x1 + · · ·+ tkxk

where each tk is in R. Thus
y = t1V−1x1 + · · ·+ tkV

−1xk is in
span{V−1x1, . . . , V−1xk}.

5.2.20 We have {0}⊆U ⊆W where dim{0}= 0 and
dim W = 1. Hence dim U = 0 or dim U = 1 by
Theorem 5.2.8, that is U = 0 or U =W , again by
Theorem 5.2.8.

Section 5.3

5.3.1 b.



1√
3




1
1
1



 , 1√
42




4
1
−5



 , 1√
14




2
−3

1








.

5.3.3 b.




a

b

c



= 1
2 (a− c)




1
0
−1



+ 1
18(a+ 4b+

c)




1
4
1



+ 1
9 (2a− b+ 2c)




2
−1

2



.

d.




a

b
c



= 1
3 (a+ b+ c)




1
1
1



+ 1
2 (a− b)




1
−1

0



+

1
6 (a+ b− 2c)




1
1
−2



.

5.3.4 b.





14
1
−8

5



= 3





2
−1

0
3



+ 4





2
1
−2
−1



.



635

5.3.5 b. t





−1
3

10
11



, in R

5.3.6 b.
√

29

d. 19

5.3.7 b. F. x =

[
1
0

]
and y =

[
0
1

]
.

d. T. Every xi ·y j = 0 by assumption, every xi ·x j = 0 if
i "= j because the xi are orthogonal, and every
yi ·y j = 0 if i "= j because the yi are orthogonal. As all
the vectors are nonzero, this does it.

f. T. Every pair of distinct vectors in the set {x} has dot
product zero (there are no such pairs).

5.3.9 Let c1, . . . , cn be the columns of A. Then row i of AT is
cT

i , so the (i, j)-entry of AT A is cT
i c j = ci · c j = 0, 1

according as i "= j, i = j. So AT A = I.

5.3.11 b. Take n = 3 in (a), expand, and simplify.

5.3.12 b. We have (x+ y) · (x− y) = ‖x‖2−‖y‖2.
Hence (x+ y) · (x− y) = 0 if and only if ‖x‖2 = ‖y‖2;
if and only if ‖x‖= ‖y‖—where we used the fact that
‖x‖ ≥ 0 and ‖y‖ ≥ 0.

5.3.15 If AT Ax = λ x, then
‖Ax‖2 = (Ax) · (Ax) = xT AT Ax = xT (λ x) = λ‖x‖2.

Section 5.4

5.4.1 b.








2
−1

1



 ,




0
0
1








 ;










2
−2

4
−6



 ,





1
1
3
0









;2

d.










1
2
−1

3



 ,





0
0
0
1









;
{[

1
−3

]
,
[

3
−2

]}
;2

5.4.2 b.










1
1
0
0
0




,





0
−2

2
5
1




,





0
0
2
−3

6










d.









1
5
−6



 ,




0
1
−1








0
0
1










5.4.3 b. No; no

d. No

f. Otherwise, if A is m× n, we have
m = dim ( row A) = rank A = dim (col A) = n

5.4.4 Let A =
[

c1 . . . cn

]
. Then

col A = span{c1, . . . , cn}= {x1c1 + · · ·+ xncn | xi in R}=
{Ax | x in Rn}.

5.4.7 b. The basis is










6
0
−4

1
0




,





5
0
−3

0
1










so the

dimension is 2.

Have rank A = 3 and n− 3 = 2.

5.4.8 b. n− 1

5.4.9 b. If r1c1 + · · ·+ rncn = 0, let x = [r1, . . . , rn]
T .

Then Cx = r1c1 + · · ·+ rncn = 0, so x is in null A = 0.
Hence each ri = 0.

5.4.10 b. Write r = rank A. Then (a) gives
r = dim (col A≤ dim (null A) = n− r.

5.4.12 We have rank (A) = dim [col (A)] and
rank (AT ) = dim [ row (AT )]. Let {c1, c2, . . . , ck} be a basis
of col (A); it suffices to show that {cT

1 , cT
2 , . . . , cT

k } is a basis
of row (AT ). But if t1cT

1 + t2cT
2 + · · ·+ tkcT

k = 0, t j in R, then
(taking transposes) t1c1 + t2c2 + · · ·+ tkck = 0 so each t j = 0.
Hence {cT

1 , cT
2 , . . . , cT

k } is independent. Given v in row (AT )
then vT is in col (A); say vT = s1c1 + s2c2 + · · ·+ skck, s j in
R: Hence v = s1cT

1 + s2cT
2 + · · ·+ skcT

k , so {cT
1 , cT

2 , . . . , cT
k }

spans row (AT ), as required.

5.4.15 b. Let {u1, . . . , ur} be a basis of col (A). Then b

is not in col (A), so {u1, . . . , ur, b} is linearly
independent. Show that
col [A b] = span{u1, . . . , ur, b}.

Section 5.5

5.5.1 b. traces = 2, ranks = 2, but det A =−5,
det B =−1

d. ranks = 2, determinants = 7, but tr A = 5, tr B = 4

f. traces =−5, determinants = 0, but rank A = 2,
rank B = 1

5.5.3 b. If B = P−1AP, then
B−1 = P−1A−1(P−1)−1 = P−1A−1P.
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5.5.4 b. Yes, P =




−1 0 6

0 1 0
1 0 5



,

P−1AP =




−3 0 0

0 −3 0
0 0 8





d. No, cA(x) = (x+ 1)(x− 4)2 so λ = 4 has multiplicity
2. But dim (E4) = 1 so Theorem 5.5.6 applies.

5.5.8 b. If B = P−1AP and Ak = 0, then
Bk = (P−1AP)k = P−1AkP = P−10P = 0.

5.5.9 b. The eigenvalues of A are all equal (they are the
diagonal elements), so if P−1AP = D is diagonal, then
D = λ I. Hence A = P−1(λ I)P = λ I.

5.5.10 b. A is similar to D = diag (λ1, λ2, . . . , λn) so
(Theorem 5.5.1) tr A = tr D = λ1 +λ2 + · · ·+λn.

5.5.12 b. TP(A)TP(B) = (P−1AP)(P−1BP) =
P−1(AB)P = TP(AB).

5.5.13 b. If A is diagonalizable, so is AT , and they have
the same eigenvalues. Use (a).

5.5.17 b. cB(x) = [x− (a+ b+ c)][x2− k] where
k = a2 + b2 + c2− [ab+ ac+ bc]. Use Theorem 5.5.7.

Section 5.6

5.6.1 b. 1
12




−20

46
95



 , (AT A)−1

= 1
12




8 −10 −18

−10 14 24
−18 24 43





5.6.2 b. 64
13 −

6
13 x

d. − 4
10 −

17
10 x

5.6.3 b. y = 0.127− 0.024x+0.194x2, (MT M)−1 =

1
4248




3348 642 −426
642 571 −187
−426 −187 91





5.6.4 b. 1
92 (−46x+ 66x2+ 60 ·2x), (MT M)−1 =

1
46




115 0 −46

0 17 −18
−46 −18 38





5.6.5 b. 1
20 [18+ 21x2+ 28sin(πx

2 )], (MT M)−1 =

1
40




24 −2 14
−2 1 3
14 3 49





5.6.7 s = 99.71− 4.87x; the estimate of g is 9.74. [The true
value of g is 9.81]. If a quadratic in s is fit, the result is
s = 101− 3

2 t− 9
2 t2 giving g = 9;

(MT M)−1 = 1
2




38 −42 10
−42 49 −12

10 −12 3



.

5.6.9 y =−5.19+ 0.34x1+ 0.51x2+ 0.71x3, (AT A)−1

= 1
25080





517860 −8016 5040 −22650
−8016 208 −316 400

5040 −316 1300 −1090
−22650 400 −1090 1975





5.6.10 b. f (x) = a0 here, so the sum of squares is
S = ∑(yi− a0)2 = na2

0− 2a0 ∑yi +∑y2
i . Completing

the square gives S = n[a0− 1
n ∑yi]2 +[∑y2

i −
1
n (∑yi)2]

This is minimal when a0 =
1
n ∑yi.

5.6.13 b. Here f (x) = r0 + r1ex. If f (x1) = 0 = f (x2)
where x1 "= x2, then r0 + r1 · ex1 = 0 = r0 + r1 · ex2 so
r1(ex1 − ex2) = 0. Hence r1 = 0 = r0.

Section 5.7

5.7.2 Let X denote the number of years of education, and let
Y denote the yearly income (in 1000’s). Then x = 15.3,
s2

x = 9.12 and sx = 3.02, while y = 40.3, s2
y = 114.23 and

sy = 10.69. The correlation is r(X , Y ) = 0.599.

5.7.4 b. Given the sample vector x =





x1
x2
...

xn




, let

z =





z1
z2
...

zn




where zi = a+ bxi for each i. By (a) we

have z = a+ bx, so

s2
z =

1
n−1 ∑

i

(zi− z)2

= 1
n−1 ∑

i

[(a+ bxi)− (a+ bx)]2

= 1
n−1 ∑

i

b2(xi− x)2

= b2s2
x .

Now (b) follows because
√

b2 = |b|.
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d. T

f. T

h. F

j. F

l. T

n. F

p. F

r. F

Section 6.1

6.1.1 b. No; S5 fails.

d. No; S4 and S5 fail.

6.1.2 b. No; only A1 fails.

d. No.

f. Yes.

h. Yes.

j. No.

l. No; only S3 fails.

n. No; only S4 and S5 fail.

6.1.4 The zero vector is (0, −1); the negative of (x, y) is
(−x, −2− y).

6.1.5 b. x = 1
7 (5u− 2v), y = 1

7 (4u− 3v)

6.1.6 b. Equating entries gives a+ c = 0, b+ c = 0,
b+ c = 0, a− c = 0. The solution is a = b = c = 0.

d. If asinx+ bcosy+ c = 0 in F[0, π ], then this must
hold for every x in [0, π ]. Taking x = 0, π

2 , and π ,
respectively, gives b+ c = 0, a+ c = 0, −b+ c = 0
whence, a = b = c = 0.

6.1.7 b. 4w

6.1.10 If z+ v = v for all v, then z+ v = 0+ v, so z = 0 by
cancellation.

6.1.12 b. (−a)v+ av = (−a+ a)v= 0v = 0 by
Theorem 6.1.3. Because also −(av)+ av = 0 (by the
definition of −(av) in axiom A5), this means that
(−a)v =−(av) by cancellation. Alternatively, use
Theorem 6.1.3(4) to give
(−a)v = [(−1)a]v = (−1)(av) =−(av).

6.1.13 b. The case n = 1 is clear, and n = 2 is axiom S3.
If n > 2, then
(a1 + a2+ · · ·+ an)v = [a1 +(a2 + · · ·+ an)]v =
a1v+(a2 + · · ·+ an)v = a1v+(a2v+ · · ·+ anv) using
the induction hypothesis; so it holds for all n.

6.1.15 c. If av = aw, then v = 1v = (a−1a)v =
a−1(av) = a−1(aw) = (a−1a)w = 1w = w.

Section 6.2

6.2.1 b. Yes

d. Yes

f. No; not closed under addition or scalar multiplication,
and 0 is not in the set.

6.2.2 b. Yes.

d. Yes.

f. No; not closed under addition.

6.2.3 b. No; not closed under addition.

d. No; not closed under scalar multiplication.

f. Yes.

6.2.5 b. If entry k of x is xk "= 0, and if y is in Rn, then
y = Ax where the column of A is x−1

k y, and the other
columns are zero.

6.2.6 b. −3(x+ 1)+ 0(x2+ x)+ 2(x2 + 2)

d. 2
3 (x+ 1)+ 1

3 (x
2 + x)− 1

3 (x
2 + 2)

6.2.7 b. No.

d. Yes; v = 3u−w.

6.2.8 b. Yes; 1 = cos2 x+ sin2 x

d. No. If 1+ x2 = acos2 x+ bsin2 x, then taking x = 0
and x = π gives a = 1 and a = 1+π2.

6.2.9 b. Because P2 = span{1, x, x2}, it suffices to
show that {1, x, x2}⊆ span{1+ 2x2, 3x, 1+ x}. But
x = 1

3 (3x);1 = (1+ x)− x and x2 = 1
2 [(1+ 2x2)− 1].

6.2.11 b. u = (u+w)−w, v =−(u− v)+ (u+w)−w,
and w = w

6.2.14 No.

6.2.17 b. Yes.

6.2.18 v1 =
1
a1

u− a2
a1

v2− · · ·− an
a1

vn, so
V ⊆ span{u, v2, . . . , vn}
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6.2.21 b. v = (u+ v)−u is in U .

6.2.22 Given the condition and u ∈U , 0 = u+(−1)u ∈U .
The converse holds by the subspace test.

Section 6.3

6.3.1 b. If ax2 + b(x+ 1)+ c(1− x− x2) = 0, then
a+ c = 0, b− c = 0, b+ c = 0, so a = b = c = 0.

d. If a

[
1 1
1 0

]
+ b

[
0 1
1 1

]
+ c

[
1 0
1 1

]
+

d

[
1 1
0 1

]
=

[
0 0
0 0

]
, then a+ c+ d = 0,

a+ b+ d = 0, a+ b+ c= 0, and b+ c+ d = 0, so
a = b = c = d = 0.

6.3.2 b.
3(x2− x+ 3)− 2(2x2+ x+ 5)+ (x2+ 5x+ 1) = 0

d. 2
[
−1 0

0 −1

]
+

[
1 −1
−1 1

]
+

[
1 1
1 1

]
=

[
0 0
0 0

]

f. 5
x2+x−6 +

1
x2−5x+6 −

6
x2−9 = 0

6.3.3 b. Dependent: 1− sin2 x− cos2 x = 0

6.3.4 b. x "=− 1
3

6.3.5 b. If
r(−1, 1, 1)+ s(1, −1, 1)+ t(1, 1, −1) = (0, 0, 0),
then −r+ s+ t = 0, r− s+ t = 0, and r− s− t = 0,
and this implies that r = s = t = 0. This proves
independence. To prove that they span R3, observe
that (0, 0, 1) = 1

2 [(−1, 1, 1)+(1, −1, 1)] so (0, 0, 1)
lies in span{(−1, 1, 1), (1, −1, 1), (1, 1, −1)}. The
proof is similar for (0, 1, 0) and (1, 0, 0).

d. If r(1+ x)+ s(x+ x2)+ t(x2 + x3)+ ux3 = 0, then
r = 0, r+ s = 0, s+ t = 0, and t + u = 0, so
r = s = t = u = 0. This proves independence. To show
that they span P3, observe that x2 = (x2 + x3)− x3,
x = (x+ x2)− x2, and 1 = (1+ x)− x, so
{1, x, x2, x3}⊆ span{1+ x, x+ x2, x2 + x3, x3}.

6.3.6 b. {1, x+ x2}; dimension = 2

d. {1, x2}; dimension = 2

6.3.7 b.
{[

1 1
−1 0

]
,
[

1 0
0 1

]}
; dimension = 2

d.
{[

1 0
1 1

]
,
[

0 1
−1 0

]}
; dimension = 2

6.3.8 b.
{[

1 0
0 0

]
,
[

0 1
0 0

]}

6.3.10 b. dim V = 7

6.3.11 b. {x2− x, x(x2− x), x2(x2− x), x3(x2− x)};
dim V = 4

6.3.12 b. No. Any linear combination f of such
polynomials has f (0) = 0.

d. No.{[
1 0
0 1

]
,
[

1 1
0 1

]
,
[

1 0
1 1

]
,
[

0 1
1 1

]}
;

consists of invertible matrices.

f. Yes. 0u+ 0v+ 0w = 0 for every set {u, v, w}.

h. Yes. su+ t(u+ v) = 0 gives (s+ t)u+ tv = 0, whence
s+ t = 0 = t.

j. Yes. If ru+ sv = 0, then ru+ sv+ 0w = 0, so
r = 0 = s.

l. Yes. u+ v+w "= 0 because {u, v, w} is independent.

n. Yes. If I is independent, then |I|≤ n by the
fundamental theorem because any basis spans V .

6.3.15 If a linear combination of the subset vanishes, it is a
linear combination of the vectors in the larger set (coefficients
outside the subset are zero) so it is trivial.

6.3.19 Because {u, v} is linearly independent, su′+ tv′ = 0

is equivalent to
[

a c
b d

][
s
t

]
=

[
0
0

]
. Now apply

Theorem 2.4.5.

6.3.23 b. Independent.

d. Dependent. For example,
(u+ v)− (v+w)+ (w+ z)− (z+u) = 0.

6.3.26 If z is not real and az+ bz2 = 0, then
a+ bz = 0(z "= 0). Hence if b "= 0, then z =−ab−1 is real. So
b = 0, and so a = 0. Conversely, if z is real, say z = a, then
(−a)z+ 1z2 = 0, contrary to the independence of {z, z2}.

6.3.29 b. If Ux = 0, x "= 0 in Rn, then Rx = 0 where
R "= 0 is row 1 of U . If B ∈Mmn has each row equal to
R, then Bx "= 0. But if B = ∑ riAiU , then
Bx = ∑riAiUx = 0. So {AiU} cannot span Mmn.

6.3.33 b. If U ∩W = 0 and ru+ sw = 0, then ru =−sw

is in U ∩W , so ru = 0 = sw. Hence r = 0 = s because
u "= 0 "= w. Conversely, if v "= 0 lies in U ∩W , then
1v+(−1)v = 0, contrary to hypothesis.
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6.3.36 b. dim On =
n
2 if n is even and dim On =

n+1
2 if n

is odd.

Section 6.4

6.4.1 b. {(0, 1, 1), (1, 0, 0), (0, 1, 0)}

d. {x2− x+ 1, 1, x}

6.4.2 b. Any three except {x2 + 3, x+ 2, x2− 2x− 1}

6.4.3 b. Add (0, 1, 0, 0) and (0, 0, 1, 0).

d. Add 1 and x3.

6.4.4 b. If z = a+ bi, then a "= 0 and b "= 0. If
rz+ sz = 0, then (r+ s)a = 0 and (r− s)b = 0. This
means that r+ s = 0 = r− s, so r = s = 0. Thus {z, z}
is independent; it is a basis because dim C= 2.

6.4.5 b. The polynomials in S have distinct degrees.

6.4.6 b. {4, 4x, 4x2, 4x3} is one such basis of P3.
However, there is no basis of P3 consisting of
polynomials that have the property that their
coefficients sum to zero. For if such a basis exists,
then every polynomial in P3 would have this property
(because sums and scalar multiples of such
polynomials have the same property).

6.4.7 b. Not a basis.

d. Not a basis.

6.4.8 b. Yes; no.

6.4.10 det A = 0 if and only if A is not invertible; if and only
if the rows of A are dependent (Theorem 5.2.3); if and only if
some row is a linear combination of the others (Lemma 6.4.2).

6.4.11 b. No. {(0, 1), (1, 0)}⊆ {(0, 1), (1, 0), (1, 1)}.

d. Yes. See Exercise 6.3.15.

6.4.15 If v ∈U then W =U ; if v /∈U then
{v1, v2, . . . , vk, v} is a basis of W by the independent lemma.

6.4.18 b. Two distinct planes through the origin (U and
W ) meet in a line through the origin (U ∩W ).

6.4.23 b. The set {(1, 0, 0, 0, . . . ), (0, 1, 0, 0, 0, . . .),
(0, 0, 1, 0, 0, . . . ), . . .} contains independent subsets
of arbitrary size.

6.4.25 b.
Ru+Rw = {ru+ sw | r, s in R}= span{u, w}

Section 6.5

6.5.2 b. 3+ 4(x− 1)+ 3(x−1)2+(x− 1)3

d. 1+(x− 1)3

6.5.6 b. The polynomials are (x− 1)(x− 2),
(x− 1)(x− 3), (x− 2)(x− 3). Use a0 = 3, a1 = 2, and
a2 = 1.

6.5.7 b. f (x) =
3
2 (x− 2)(x− 3)− 7(x− 1)(x−3)+ 13

2 (x− 1)(x− 2).

6.5.10 b. If r(x− a)2 + s(x− a)(x− b)+ t(x−b)2 = 0,
then evaluation at x = a(x = b) gives t = 0(r = 0).
Thus s(x− a)(x− b) = 0, so s = 0. Use
Theorem 6.4.4.

6.5.11 b. Suppose {p0(x), p1(x), . . . , pn−2(x)} is a
basis of Pn−2. We show that
{(x− a)(x− b)p0(x), (x− a)(x− b)p1(x), . . . , (x−
a)(x− b)pn−2(x)} is a basis of Un. It is a spanning set
by part (a), so assume that a linear combination
vanishes with coefficients r0, r1, . . . , rn−2. Then
(x− a)(x− b)[r0p0(x)+ · · ·+ rn−2 pn−2(x)] = 0, so
r0 p0(x)+ · · ·+ rn−2 pn−2(x) = 0 by the Hint. This
implies that r0 = · · ·= rn−2 = 0.

Section 6.6

6.6.1 b. e1−x

d. e2x−e−3x

e2−e−3

f. 2e2x(1+ x)

h. eax−ea(2−x)

1−e2a

j. eπ−2x sinx

6.6.4 b. ce−x + 2, c a constant

6.6.5 b. ce−3x + de2x− x3

3

6.6.6 b. t =
3 ln( 1

2 )

ln( 4
5 )

= 9.32 hours

6.6.8 k = ( π
15)

2 = 0.044

Supplementary Exercises for Chapter 6



640 Selected Exercise Answers

Supplementary Exercise 6.2. b. If YA = 0, Y a row, we
show that Y = 0; thus AT (and hence A) is invertible.
Given a column c in Rn write c = ∑

i

ri(Avi) where

each ri is in R. Then Y c = ∑
i

riYAvi, so

Y = YIn = Y
[

e1 e2 · · · en

]
=[

Ye1 Y e2 · · · Y en

]
=
[

0 0 · · · 0
]
= 0,

as required.

Supplementary Exercise 6.4. We have null A⊆ null (AT A)
because Ax = 0 implies (AT A)x = 0. Conversely, if
(AT A)x = 0, then ‖Ax‖2 = (Ax)T (Ax) = xT AT Ax = 0. Thus
Ax = 0.

Section 7.1

7.1.1 b. T (v) = vA where A =




1 0 0
0 1 0
0 0 −1





d. T (A+B) = P(A+B)Q = PAQ+PBQ=
T (A)+T(B);T (rA) = P(rA)Q = rPAQ = rT (A)

f. T [(p+ q)(x)] = (p+ q)(0) = p(0)+ q(0) =
T [p(x)]+T [q(x)];
T [(rp)(x)] = (rp)(0) = r(p(0)) = rT [p(x)]

h. T (X +Y ) = (X +Y ) ·Z = X ·Z+Y ·Z = T (X)+T (Y ),
and T (rX) = (rX) ·Z = r(X ·Z) = rT (X)

j. If v = (v1, . . . , vn) and w = (w1, . . . , wn), then
T (v+w) = (v1 +w1)e1 + · · ·+(vn +wn)en = (v1e1 +
· · ·+ vnen)+ (w1e1 + · · ·+wnen) = T (v)+T(w)
T (av) = (av1)e+ · · ·+(avn)en = a(ve+ · · ·+ vnen) =
aT (v)

7.1.2 b. rank (A+B) "= rank A+ rank B in general. For

example, A =

[
1 0
0 1

]
and B =

[
1 0
0 −1

]
.

d. T (0) = 0+u = u "= 0, so T is not linear by
Theorem 7.1.1.

7.1.3 b. T (3v1 + 2v2) = 0

d. T

[
1
−7

]
=

[
−3

4

]

f. T (2− x+ 3x2) = 46

7.1.4 b. T (x, y) = 1
3(x− y, 3y, x− y);

T (−1, 2) = (−1, 2, −1)

d. T

[
a b

c d

]
= 3a− 3c+ 2b

7.1.5 b. T (v) = 1
3 (7v− 9w), T (w) = 1

3(v+ 3w)

7.1.8 b. T (v) = (−1)v for all v in V , so T is the scalar
operator −1.

7.1.12 If T (1) = v, then T (r) = T (r ·1) = rT (1) = rv for all
r in R.

7.1.15 b. 0 is in U = {v ∈V | T (v) ∈ P} because
T (0) = 0 is in P. If v and w are in U , then T (v) and
T (w) are in P. Hence T (v+w) = T (v)+T (w) is in P
and T (rv) = rT (v) is in P, so v+w and rv are in U .

7.1.18 Suppose rv+ sT (v) = 0. If s = 0, then r = 0 (because
v "= 0). If s "= 0, then T (v) = av where a =−s−1r. Thus
v = T 2(v) = T (av) = a2v, so a2 = 1, again because v "= 0.
Hence a =±1. Conversely, if T (v) =±v, then {v, T (v)} is
certainly not independent.

7.1.21 b. Given such a T , write T (x) = a. If
p = p(x) = ∑n

i=0 aix
i, then T (p) = ∑aiT (xi) =

∑ai [T (x)]
i = ∑aia

i = p(a) = Ea(p). Hence T = Ea.

Section 7.2

7.2.1 b.








−3
7
1
0



 ,





1
1
0
−1









;









1
0
1



 ,




0
1
−1








; 2, 2

d.









−1

2
1








;










1
0
1
1



 ,





0
1
−1
−2









; 2, 1

7.2.2 b. {x2− x}; {(1, 0), (0, 1)}

d. {(0, 0, 1)}; {(1, 1, 0, 0), (0, 0, 1, 1)}

f.
{[

1 0
0 −1

]
,
[

0 1
0 0

]
,
[

0 0
1 0

]}
; {1}

h. {(1, 0, 0, . . . , 0, −1), (0, 1, 0, . . . , 0, −1),
. . . , (0, 0, 0, . . . , 1, −1)}; {1}

j.
{[

0 1
0 0

]
,
[

0 0
0 1

]}
;

{[
1 1
0 0

]
,
[

0 0
1 1

]}

7.2.3 b. T (v) = 0 = (0, 0) if and only if P(v) = 0 and
Q(v) = 0; that is, if and only if v is in ker P∩ ker Q.

7.2.4 b. ker T = span{(−4, 1, 3)};
B = {(1, 0, 0), (0, 1, 0), (−4, 1, 3)},
im T = span{(1, 2, 0, 3), (1, −1, −3, 0)}

7.2.6 b. Yes. dim ( im T ) = 5− dim (ker T ) = 3, so
im T =W as dim W = 3.
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d. No. T = 0 : R2→R2

f. No. T : R2→R2, T (x, y) = (y, 0). Then
ker T = im T

h. Yes. dim V = dim (ker T )+ dim ( im T )≤
dim W + dim W = 2 dim W

j. No. Consider T : R2→ R2 with T (x, y) = (y, 0).

l. No. Same example as (j).

n. No. Define T : R2→R2 by T (x, y) = (x, 0). If
v1 = (1, 0) and v2 = (0, 1), then R2 = span{v1, v2}
but R2 "= span{T (v1), T (v2)}.

7.2.7 b. Given w in W , let w = T (v), v in V , and write
v = r1v1 + · · ·+ rnvn. Then
w = T (v) = r1T (v1)+ · · ·+ rnT (vn).

7.2.8 b. im T = {∑i rivi | ri in R}= span{vi}.

7.2.10 T is linear and onto. Hence 1 = dim R=
dim ( im T ) = dim (Mnn)− dim (ker T ) = n2− dim (ker T ).

7.2.12 The condition means ker (TA)⊆ ker (TB), so
dim [ker (TA)]≤ dim [ker (TB)]. Then Theorem 7.2.4 gives
dim [ im (TA)]≥ dim [ im (TB)]; that is, rank A≥ rank B.

7.2.15 b. B = {x− 1, . . . , xn− 1} is independent
(distinct degrees) and contained in ker T . Hence B is a
basis of ker T by (a).

7.2.20 Define T : Mnn→Mnn by T (A) = A−AT for all A in
Mnn. Then ker T =U and im T =V by Example 7.2.3, so
the dimension theorem gives
n2 = dim Mnn = dim (U)+ dim (V ).

7.2.22 Define T : Mnn→ Rn by T (A) = Ay for all A in Mnn.
Then T is linear with ker T =U , so it is enough to show that
T is onto (then dim U = n2− dim ( im T ) = n2− n). We have
T (0) = 0. Let y =

[
y1 y2 · · · yn

]T "= 0 in Rn. If yk "= 0

let ck = y−1
k y, and let c j = 0 if j "= k. If

A =
[

c1 c2 · · · cn

]
, then

T (A) = Ay = y1c1 + · · ·+ ykck + · · ·+ yncn = y. This shows
that T is onto, as required.

7.2.29 b. By Lemma 6.4.2, let {u1, . . . , um, . . . , un} be
a basis of V where {u1, . . . , um} is a basis of U . By
Theorem 7.1.3 there is a linear transformation
S : V →V such that S(ui) = ui for 1≤ i≤ m, and
S(ui) = 0 if i > m. Because each ui is in im S,
U ⊆ im S. But if S(v) is in im S, write
v = r1u1 + · · ·+ rmum + · · ·+ rnun. Then
S(v) = r1S(u1)+ · · ·+ rmS(um) = r1u1 + · · ·+ rmum is
in U . So im S ⊆U .

Section 7.3

7.3.1 b. T is onto because T (1, −1, 0) = (1, 0, 0),
T (0, 1, −1) = (0, 1, 0), and T (0, 0, 1) = (0, 0, 1).
Use Theorem 7.3.3.

d. T is one-to-one because 0 = T (X) =UXV implies that
X = 0 (U and V are invertible). Use Theorem 7.3.3.

f. T is one-to-one because 0 = T (v) = kv implies that
v = 0 (because k "= 0). T is onto because T

( 1
k v
)
= v

for all v. [Here Theorem 7.3.3 does not apply if dim V
is not finite.]

h. T is one-to-one because T (A) = 0 implies AT = 0,
whence A = 0. Use Theorem 7.3.3.

7.3.4 b. ST (x, y, z) = (x+ y, 0, y+ z),
T S(x, y, z) = (x, 0, z)

d. ST

[
a b

c d

]
=

[
c 0
0 d

]
,

T S

[
a b
c d

]
=

[
0 a
d 0

]

7.3.5 b. T 2(x, y) = T (x+ y, 0) = (x+ y, 0) = T (x, y).
Hence T 2 = T .

d. T 2
[

a b

c d

]
= 1

2 T

[
a+ c b+ d

a+ c b+ d

]
=

1
2

[
a+ c b+ d
a+ c b+ d

]

7.3.6 b. No inverse; (1, −1, 1, −1) is in ker T .

d. T−1
[

a b

c d

]
= 1

5

[
3a− 2c 3b− 2d

a+ c b+ d

]

f. T−1(a, b, c) = 1
2

[
2a+(b− c)x− (2a−b− c)x2

]

7.3.7 b.
T 2(x, y) = T (ky− x, y) = (ky− (ky− x), y) = (x, y)

d. T 2(X) = A2X = IX = X

7.3.8 b. T 3(x, y, z, w) = (x, y, z, −w) so
T 6(x, y, z, w) = T 3

[
T 3(x, y, z, w)

]
= (x, y, z, w).

Hence T−1 = T 5. So
T−1(x, y, z, w) = (y− x, −x, z, −w).

7.3.9 b. T−1(A) =U−1A.

7.3.10 b. Given u in U , write u = S(w), w in W

(because S is onto). Then write w = T (v), v in V (T is
onto). Hence u = ST (v), so ST is onto.

7.3.12 b. For all v in V , (RT )(v) = R [T (v)] is in im (R).
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7.3.13 b. Given w in W , write w = ST (v), v in V (ST is
onto). Then w = S [T (v)], T (v) in U , so S is onto. But
then im S =W , so dim U =
dim (ker S)+ dim ( im S)≥ dim ( im S) = dim W .

7.3.16 {T (e1), T (e2), . . . , T (er)} is a basis of im T by
Theorem 7.2.5. So T : span{e1, . . . , er}→ im T is an
isomorphism by Theorem 7.3.1.

7.3.19 b. T (x, y) = (x, y+ 1)

7.3.24 b.
T S[x0, x1, . . .) = T [0, x0, x1, . . .) = [x0, x1, . . . ), so
T S = 1V . Hence T S is both onto and one-to-one, so T

is onto and S is one-to-one by Exercise 7.3.13. But
[1, 0, 0, . . .) is in ker T while [1, 0, 0, . . . ) is not in
im S.

7.3.26 b. If T (p) = 0, then p(x) =−xp′(x). We write
p(x) = a0 + a1x+ a2x2 + · · ·+ anxn, and this becomes
a0 + a1x+ a2x2 + · · ·+ anxn =
−a1x− 2a2x2− · · ·− nanxn. Equating coefficients
yields a0 = 0, 2a1 = 0, 3a2 = 0, . . . , (n+ 1)an = 0,
whence p(x) = 0. This means that ker T = 0, so T is
one-to-one. But then T is an isomorphism by
Theorem 7.3.3.

7.3.27 b. If ST = 1V for some S, then T is onto by
Exercise 7.3.13. If T is onto, let {e1, . . . , er, . . . , en}
be a basis of V such that {er+1, . . . , en} is a basis of
ker T . Since T is onto, {T (e1), . . . , T (er)} is a basis
of im T =W by Theorem 7.2.5. Thus S : W →V is an
isomorphism where by S{T(ei)] = ei for
i = 1, 2, . . . , r. Hence TS[T (ei)] = T (ei) for each i,
that is T S[T (ei)] = 1W [T (ei)]. This means that
T S = 1W because they agree on the basis
{T (e1), . . . , T (er)} of W .

7.3.28 b. If T = SR, then every vector T (v) in im T has
the form T (v) = S[R(v)], whence im T ⊆ im S. Since
R is invertible, S = T R−1 implies im S ⊆ im T .
Conversely, assume that im S = im T . Then
dim (ker S) = dim (ker T ) by the dimension theorem.
Let {e1, . . . , er, er+1, . . . , en} and
{f1, . . . , fr, fr+1, . . . , fn} be bases of V such that
{er+1, . . . , en} and {fr+1, . . . , fn} are bases of ker S

and ker T , respectively. By Theorem 7.2.5,
{S(e1), . . . , S(er)} and {T (f1), . . . , T (fr)} are both
bases of im S = im T . So let g1, . . . , gr in V be such
that S(ei) = T (gi) for each i = 1, 2, . . . , r. Show that

B = {g1, . . . , gr, fr+1, . . . , fn} is a basis of V .

Then define R : V →V by R(gi) = ei for
i = 1, 2, . . . , r, and R(f j) = e j for j = r+ 1, . . . , n.
Then R is an isomorphism by Theorem 7.3.1. Finally
SR = T since they have the same effect on the basis B.

7.3.29 Let B = {e1, . . . , er, er+1, . . . , en} be a basis of V
with {er+1, . . . , en} a basis of ker T . If
{T (e1), . . . , T (er), wr+1, . . . , wn} is a basis of V , define S by
S[T(ei)] = ei for 1≤ i≤ r, and S(w j) = e j for r+ 1≤ j ≤ n.
Then S is an isomorphism by Theorem 7.3.1, and
TST (ei) = T (ei) clearly holds for 1≤ i≤ r. But if i≥ r+ 1,
then T (ei) = 0 = TST (ei), so T = T ST by Theorem 7.1.2.

Section 7.5

7.5.1 b. {[1), [2n), [(−3)n)};
xn =

1
20 (15+ 2n+3+(−3)n+1)

7.5.2 b. {[1), [n), [(−2)n)}; xn = 1
9 (5− 6n+(−2)n+2)

d. {[1), [n), [n2)}; xn = 2(n− 1)2− 1

7.5.3 b. {[an), [bn)}

7.5.4 b. [1, 0, 0, 0, 0, . . . ), [0, 1, 0, 0, 0, . . .),
[0, 0, 1, 1, 1, . . .), [0, 0, 1, 2, 3, . . . )

7.5.7 By Remark 2,

[in +(−i)n) = [2, 0, −2, 0, 2, 0, −2, 0, . . . )

[i(in− (−i)n)) = [0, −2, 0, 2, 0, −2, 0, 2, . . .)

are solutions. They are linearly independent and so are a
basis.

Section 8.1

8.1.1 b. {(2, 1), 3
5 (−1, 2)}

d. {(0, 1, 1), (1, 0, 0), (0, −2, 2)}

8.1.2 b. x = 1
182(271, −221, 1030)+ 1

182(93, 403, 62)

d. x = 1
4 (1, 7, 11, 17)+ 1

4 (7, −7, −7, 7)

f. x =
1

12 (5a−5b+c−3d, −5a+5b−c+3d, a−b+11c+

3d, −3a+ 3b+ 3c+3d)+ 1
12 (7a+ 5b− c+3d, 5a+

7b+ c− 3d, −a+ b+ c− 3d, 3a− 3b− 3c+9d)

8.1.3 a. 1
10(−9, 3, −21, 33) = 3

10 (−3, 1, −7, 11)

c. 1
70 (−63, 21, −147, 231) = 3

10(−3, 1, −7, 11)

8.1.4 b. {(1, −1, 0), 1
2 (−1, −1, 2)};

projU x = (1, 0, −1)

d. {(1, −1, 0, 1), (1, 1, 0, 0), 1
3 (−1, 1, 0, 2)};

projU x = (2, 0, 0, 1)
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8.1.5 b. U⊥ = span{(1, 3, 1, 0), (−1, 0, 0, 1)}

8.1.8 Write p = projU x. Then p is in U by definition. If x is
U , then x−p is in U . But x−p is also in U⊥ by
Theorem 8.1.3, so x−p is in U ∩U⊥ = {0}. Thus x = p.

8.1.10 Let {f1, f2, . . . , fm} be an orthonormal basis of U . If x

is in U the expansion theorem gives
x = (x · f1)f1 +(x · f2)f2 + · · ·+(x · fm)fm = projU x.

8.1.14 Let {y1, y2, . . . , ym} be a basis of U⊥, and let A be
the n× n matrix with rows yT

1 , yT
2 , . . . , yT

m, 0, . . . , 0. Then
Ax = 0 if and only if yi ·x = 0 for each i = 1, 2, . . . , m; if and
only if x is in U⊥⊥ =U .

8.1.17 d. ET = AT [(AAT )−1]T (AT )T =
AT [(AAT )T ]−1A = AT [AAT ]−1A = E

E2 = AT (AAT )−1AAT (AAT )−1A = AT (AAT )−1A = E

Section 8.2

8.2.1 b. 1
5

[
3 −4
4 3

]

d. 1√
a2+b2

[
a b

−b a

]

f.





2√
6

1√
6
− 1√

6
1√
3
− 1√

3
1√
3

0 1√
2

1√
2





h. 1
7




2 6 −3
3 2 6
−6 3 2





8.2.2 We have PT = P−1; this matrix is lower triangular (left
side) and also upper triangular (right side–see Lemma 2.7.1),
and so is diagonal. But then P = PT = P−1, so P2 = I. This
implies that the diagonal entries of P are all ±1.

8.2.5 b. 1√
2

[
1 −1
1 1

]

d. 1√
2




0 1 1√
2 0 0
0 1 −1





f. 1
3
√

2




2
√

2 3 1√
2 0 −4

2
√

2 −3 1



 or 1
3




2 −2 1
1 2 2
2 1 −2





h. 1
2





1 −1
√

2 0
−1 1

√
2 0

−1 −1 0
√

2
1 1 0

√
2





8.2.6 P = 1√
2k




c
√

2 a a

0 k −k

−a
√

2 c c





8.2.10 b. y1 =
1√
5
(−x1 + 2x2) and y2 =

1√
5
(2x1 + x2);

q =−3y2
1 + 2y2

2.

8.2.11 c. ⇒ a. By Theorem 8.2.1 let
P−1AP = D = diag (λ1, . . . , λn) where the λi are the
eigenvalues of A. By c. we have λi =±1 for each i,
whence D2 = I. But then
A2 = (PDP−1)2 = PD2P−1 = I. Since A is symmetric
this is AAT = I, proving a.

8.2.13 b. If B = PT AP = P−1, then
B2 = PT APPT AP = PT A2P.

8.2.15 If x and y are respectively columns i and j of In, then
xT AT y = xT Ay shows that the (i, j)-entries of AT and A are
equal.

8.2.18 b. det
[

cosθ −sinθ
sinθ cosθ

]
= 1

and det
[

cosθ sinθ
sinθ −cosθ

]
=−1

[Remark: These are the only 2× 2 examples.]

d. Use the fact that P−1 = PT to show that
PT (I−P) =−(I−P)T . Now take determinants and
use the hypothesis that det P "= (−1)n.

8.2.21 We have AAT = D, where D is diagonal with main
diagonal entries ‖R1‖2, . . . , ‖Rn‖2. Hence A−1 = AT D−1,
and the result follows because D−1 has diagonal entries
1/‖R1‖2, . . . , 1/‖Rn‖2.

8.2.23 b. Because I−A and I +A commute,
PPT = (I−A)(I+A)−1[(I +A)−1]T (I−A)T =
(I−A)(I+A)−1(I−A)−1(I +A) = I.

Section 8.3

8.3.1 b. U =
√

2
2

[
2 −1
0 1

]

d. U = 1
30




60
√

5 12
√

5 15
√

5
0 6

√
30 10

√
30

0 0 5
√

15





8.3.2 b. If λ k > 0, k odd, then λ > 0.

8.3.4 If x "= 0, then xT Ax > 0 and xT Bx > 0. Hence
xT (A+B)x = xT Ax+ xT Bx > 0 and xT (rA)x = r(xT Ax)> 0,
as r > 0.
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8.3.6 Let x "= 0 in Rn. Then xT (UT AU)x = (Ux)T A(Ux)> 0
provided Ux "= 0. But if U =

[
c1 c2 . . . cn

]
and

x = (x1, x2, . . . , xn), then Ux = x1c1 + x2c2 + · · ·+ xncn "= 0

because x "= 0 and the ci are independent.

8.3.10 Let PT AP = D = diag (λ1, . . . , λn) where PT = P.
Since A is positive definite, each eigenvalue λi > 0. If
B = diag (

√
λ1, . . . ,

√
λn) then B2 = D, so

A = PB2PT = (PBPT )2. Take C = PBPT . Since C has
eigenvalues

√
λi > 0, it is positive definite.

8.3.12 b. If A is positive definite, use Theorem 8.3.1 to
write A =UTU where U is upper triangular with
positive diagonal D. Then A = (D−1U)T D2(D−1U) so
A = L1D1U1 is such a factorization if U1 = D−1U ,
D1 = D2, and L1 =UT

1 . Conversely, let
AT = A = LDU be such a factorization. Then
UT DT LT = AT = A = LDU , so L =UT by (a). Hence
A = LDLT =V TV where V = LD0 and D0 is diagonal
with D2

0 = D (the matrix D0 exists because D has
positive diagonal entries). Hence A is symmetric, and
it is positive definite by Example 8.3.1.

Section 8.4

8.4.1 b. Q = 1√
5

[
2 −1
1 2

]
, R = 1√

5

[
5 3
0 1

]

d. Q = 1√
3





1 1 0
−1 0 1

0 1 1
1 −1 1



,

R = 1√
3




3 0 −1
0 3 1
0 0 2





8.4.2 If A has a QR-factorization, use (a). For the converse
use Theorem 8.4.1.

Section 8.5

8.5.1 b. Eigenvalues 4, −1; eigenvectors
[

2
−1

]
,

[
1
−3

]
; x4 =

[
409
−203

]
; r3 = 3.94

d. Eigenvalues λ1 =
1
2 (3+

√
13), λ2 =

1
2(3−

√
13);

eigenvectors
[

λ1
1

]
,
[

λ2
1

]
; x4 =

[
142

43

]
;

r3 = 3.3027750 (The true value is λ1 = 3.3027756, to
seven decimal places.)

8.5.2 b. Eigenvalues λ1 =
1
2 (3+

√
13) = 3.302776,

λ2 =
1
2(3−

√
13) =−0.302776

A1 =

[
3 1
1 0

]
, Q1 =

1√
10

[
3 −1
1 3

]
,

R1 =
1√
10

[
10 3

0 −1

]

A2 =
1

10

[
33 −1
−1 −3

]
,

Q2 =
1√

1090

[
33 1
−1 33

]
,

R2 =
1√

1090

[
109 −3

0 −10

]

A3 =
1

109

[
360 1

1 −33

]

=

[
3.302775 0.009174
0.009174 −0.302775

]

8.5.4 Use induction on k. If k = 1, A1 = A. In general
Ak+1 = Q−1

k AkQk = QT
k AkQk, so the fact that AT

k = Ak implies
AT

k+1 = Ak+1. The eigenvalues of A are all real (Theorem
5.5.5), so the Ak converge to an upper triangular matrix T .
But T must also be symmetric (it is the limit of symmetric
matrices), so it is diagonal.

Section 8.6

8.6.4 b. tσ1, . . . , tσr.

8.6.7 If A =UΣV T then Σ is invertible, so A−1 =VΣ−1UT is
a SVD.

8.6.8 b. First AT A = In so ΣA = In.

A = 1√
2

[
1 1
1 −1

][
1 0
0 1

]
1√
2

[
1 1
−1 1

]

= 1√
2

[
1 −1
1 1

]
1√
2

[
−1 1

1 1

]

=

[
−1 0

0 1

]

8.6.9 b.
A = F

= 1
5

[
3 4
4 −3

][
20 0 0 0
0 10 0 0

]
1
2




1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 1 −1





8.6.13 b. If x ∈ Rn then
xT (G+H)x = xT Gx+ xT Hx≥ 0+ 0 = 0.

8.6.17 b.
[ 1

4 0 1
4

− 1
4 0 − 1

4

]

Section 8.7

8.7.1 b.
√

6

d.
√

13

8.7.2 b. Not orthogonal
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d. Orthogonal

8.7.3 b. Not a subspace. For example,
i(0, 0, 1) = (0, 0, i) is not in U .

d. This is a subspace.

8.7.4 b. Basis {(i, 0, 2), (1, 0, −1)}; dimension 2

d. Basis {(1, 0, −2i), (0, 1, 1− i)}; dimension 2

8.7.5 b. Normal only

d. Hermitian (and normal), not unitary

f. None

h. Unitary (and normal); hermitian if and only if z is real

8.7.8 b. U = 1√
14

[
−2 3− i

3+ i 2

]
,

UHAU =

[
−1 0

0 6

]

d. U = 1√
3

[
1+ i 1
−1 1− i

]
, UHAU =

[
1 0
0 4

]

f. U = 1√
3





√
3 0 0

0 1+ i 1
0 −1 1− i



,

UHAU =




1 0 0
0 0 0
0 0 3





8.7.10 b. ‖λ Z‖2 = 〈λ Z, λ Z〉= λ λ 〈Z, Z〉= |λ |2‖Z‖2

8.7.11 b. If the (k, k)-entry of A is akk, then the
(k, k)-entry of A is akk so the (k, k)-entry of
(A)T = AH is akk. This equals a, so akk is real.

8.7.14 b. Show that (B2)H = BHBH = (−B)(−B) = B2;
(iB)H = iBH = (−i)(−B) = iB.

d. If Z = A+B, as given, first show that ZH = A−B, and
hence that A = 1

2(Z +ZH) and B = 1
2 (Z−ZH).

8.7.16 b. If U is unitary, (U−1)−1 = (UH)−1 = (U−1)H ,
so U−1 is unitary.

8.7.18 b. H =

[
1 i
−i 0

]
is hermitian but

iH =

[
i −1
1 0

]
is not.

8.7.21 b. Let U =

[
a b
c d

]
be real and invertible, and

assume that U−1AU =

[
λ µ
0 v

]
. Then

AU =U

[
λ µ
0 v

]
, and first column entries are

c = aλ and −a = cλ . Hence λ is real (c and a are
both real and are not both 0), and (1+λ 2)a = 0. Thus
a = 0, c = aλ = 0, a contradiction.

Section 8.8

8.8.1 b. 1−1 = 1, 9−1 = 9, 3−1 = 7, 7−1 = 3.

d. 21 = 2, 22 = 4, 23 = 8, 24 = 16 = 6, 25 = 12 = 2,
26 = 22 . . . so a = 2k if and only if a = 2, 4, 6, 8.

8.8.2 b. If 2a = 0 in Z10, then 2a = 10k for some integer
k. Thus a = 5k.

8.8.3 b. 11−1 = 7 in Z19.

8.8.6 b. det A = 15− 24= 1+ 4 = 5 "= 0 in Z7, so A−1

exists. Since 5−1 = 3 in Z7, we have

A−1 = 3
[

3 −6
3 5

]
= 3

[
3 1
3 5

]
=

[
2 3
2 1

]
.

8.8.7 b. We have 5 ·3 = 1 in Z7 so the reduction of the
augmented matrix is:

[
3 1 4 3
4 3 1 1

]
→
[

1 5 6 1
4 3 1 1

]

→
[

1 5 6 1
0 4 5 4

]

→
[

1 5 6 1
0 1 3 1

]

→
[

1 0 5 3
0 1 3 1

]
.

Hence x = 3+ 2t, y = 1+ 4t, z = t; t in Z7.

8.8.9 b. (1+ t)−1 = 2+ t.

8.8.10 b. The minimum weight of C is 5, so it detects 4
errors and corrects 2 errors.

8.8.11 b. {00000, 01110, 10011, 11101}.

8.8.12 b. The code is
{0000000000, 1001111000, 0101100110,
0011010111, 1100011110, 1010101111,
0110110001, 1111001001}. This has minimum
distance 5 and so corrects 2 errors.

8.8.13 b. {00000, 10110, 01101, 11011} is a
(5, 2)-code of minimal weight 3, so it corrects single
errors.
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8.8.14 b. G =
[

1 u
]

where u is any nonzero vector

in the code. H =

[
u

In−1

]
.

Section 8.9

8.9.1 b. A =

[
1 0
0 2

]

d. A =




1 3 2
3 1 −1
2 −1 3





8.9.2 b. P = 1√
2

[
1 1
1 −1

]
;

y = 1√
2

[
x1 + x2
x1− x2

]
;

q = 3y2
1− y2

2; 1, 2

d. P = 1
3




2 2 −1
2 −1 2
−1 2 2



;

y = 1
3




2x1 + 2x2 − x3
2x1 − x2 + 2x3
−x1 + 2x2 + 2x3



;

q = 9y2
1 + 9y2

2− 9y2
3; 2, 3

f. P = 1
3




−2 1 2

2 2 1
1 −2 2



;

y = 1
3




−2x1 + 2x2 + x3

x1 + 2x2 − 2x3
2x1 + x2 + 2x3



;

q = 9y2
1 + 9y2

2; 2, 2

h. P = 1√
6




−
√

2
√

3 1√
2 0 2√
2
√

3 −1



;

y = 1√
6




−
√

2x1 +
√

2x2 +
√

2x3√
3x1 +

√
3x3

x1 + 2x2 − x3



;

q = 2y2
1 + y2

2− y2
3; 2, 3

8.9.3 b. x1 =
1√
5
(2x− y), y1 =

1√
5
(x+2y); 4x2

1− y2
1 = 2;

hyperbola

d. x1 =
1√
5
(x+ 2y), y1 =

1√
5
(2x− y); 6x2

1 + y2
1 = 1;

ellipse

8.9.4 b. Basis {(i, 0, i), (1, 0, −1)}, dimension 2

d. Basis {(1, 0, −2i), (0, 1, 1− i)}, dimension 2

8.9.7 b. 3y2
1 + 5y2

2− y2
3− 3
√

2y1 +
11
3

√
3y2 +

2
3

√
6y3 = 7

y1 =
1√
2
(x2 + x3), y2 =

1√
3
(x1 + x2− x3),

y3 =
1√
6
(2x1− x2 + x3)

8.9.9 b. By Theorem 8.3.3 let A =UTU where U is
upper triangular with positive diagonal entries. Then
q = xT (UTU)x = (Ux)TUx = ‖Ux‖2.

Section 9.1

9.1.1 b.




a

2b− c

c− b





d. 1
2




a− b

a+ b
−a+ 3b+ 2c





9.1.2 b. Let v = a+ bx+ cx2. Then
CD[T (v)] = MDB(T )CB(v) =
[

2 1 3
−1 0 −2

]


a

b
c



=

[
2a+ b+ 3c

−a− 2c

]

Hence

T (v) = (2a+ b+ 3c)(1, 1)+ (−a− 2c)(0, 1)

= (2a+ b+ 3c, a+ b+ c).

9.1.3 b.





1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1





d.




1 1 1
0 1 2
0 0 1





9.1.4 b.





1 2
5 3
4 0
1 1



;

CD[T (a, b)] =





1 2
5 3
4 0
1 1





[
b

a− b

]
=





2a− b

3a+ 2b

4b
a





d. 1
2

[
1 1 −1
1 1 1

]
; CD[T (a+ bx+ cx2)] =

1
2

[
1 1 −1
1 1 1

]


a

b

c



= 1
2

[
a+ b− c

a+ b+ c

]

f.





1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1



; CD

(
T

[
a b
c d

])
=





1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1









a

b
c

d



=





a

b+ c
b+ c

d




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9.1.5 b. MED(S)MDB(T ) =

[
1 1 0 0
0 0 1 −1

]




1 1 0
0 1 1
1 0 1
−1 1 0



=

[
1 2 1
2 −1 1

]
= MEB(ST )

d. MED(S)MDB(T ) =
[

1 −1 0
0 0 1

]


1 −1 0
−1 0 1

0 1 0



=

[
2 −1 −1
0 1 0

]
= MEB(ST )

9.1.7 b.
T−1(a, b, c) = 1

2 (b+ c− a, a+ c− b, a+ b− c);

MDB(T ) =




0 1 1
1 0 1
1 1 0



;

MBD(T−1) = 1
2




−1 1 1

1 −1 1
1 1 −1





d. T−1(a, b, c) = (a− b)+ (b− c)x+ cx2;

MDB(T ) =




1 1 1
0 1 1
0 0 1



;

MBD(T−1) =




1 −1 0
0 1 −1
0 0 1





9.1.8 b. MDB(T−1) = [MBD(T )]−1 =



1 1 1 0
0 1 1 0
0 0 1 0
0 0 0 1





−1

=





1 −1 0 0
0 1 −1 0
0 0 1 0
0 0 0 1



.

Hence CB[T−1(a, b, c, d)] =
MBD(T−1)CD(a, b, c, d) =



1 −1 0 0
0 1 −1 0
0 0 1 0
0 0 0 1









a

b

c
d



=





a− b

b− c

c
d



, so

T−1(a, b, c, d) =

[
a− b b− c

c d

]
.

9.1.12 Have CD[T (e j)] = column j of In. Hence
MDB(T ) =

[
CD[T (e1)] CD[T (e2)] · · · CD[T (en)]

]
= In.

9.1.16 b. If D is the standard basis of Rn+1 and
B = {1, x, x2, . . . , xn}, then MDB(T ) =

[
CD[T (1)] CD[T (x)] · · · CD[T (xn)]

]
=



1 a0 a2
0 · · · an

0
1 a1 a2

1 · · · an
1

1 a2 a2
2 · · · an

2
...

...
...

...
1 an a2

n · · · an
n




.

This matrix has nonzero determinant by
Theorem 3.2.7 (since the ai are distinct), so T is an
isomorphism.

9.1.20 d. [(S+T )R](v) = (S+T )(R(v)) = S[(R(v))]+
T [(R(v))] = SR(v)+TR(v) = [SR+TR](v) holds for
all v in V . Hence (S+T )R = SR+TR.

9.1.21 b. If w lies in im (S+T ), then w = (S+T )(v)
for some v in V . But then w = S(v)+T(v), so w lies
in im S+ im T .

9.1.22 b. If X ⊆ X1, let T lie in X0
1 . Then T (v) = 0 for

all v in X1, whence T (v) = 0 for all v in X . Thus T is
in X0 and we have shown that X0

1 ⊆ X0.

9.1.24 b. R is linear means Sv+w = Sv + Sw and
Sav = aSv. These are proved as follows: Sv+w(r) =
r(v+w) = rv+ rw = Sv(r)+ Sw(r) = (Sv+ Sw)(r),
and Sav(r) = r(av) = a(rv) = (aSv)(r) for all r in R.
To show R is one-to-one, let R(v) = 0. This means
Sv = 0 so 0 = Sv(r) = rv for all r. Hence v = 0 (take
r = 1). Finally, to show R is onto, let T lie in L(R, V ).
We must find v such that R(v) = T , that is Sv = T . In
fact, v = T (1) works since then
T (r) = T (r ·1) = rT (1) = rv = Sv(r) holds for all r,
so T = Sv.

9.1.25 b. Given T : R→V , let T (1) = a1b1 + · · ·+anbn,
ai in R. For all r in R, we have
(a1S1 + · · ·+ anSn)(r) = a1S1(r)+ · · ·+ anSn(r) =
(a1rb1 + · · ·+ anrbn) = rT (1) = T (r). This shows
that a1S1 + · · ·+ anSn = T .

9.1.27 b. Write v = v1b1 + · · ·+ vnbn, v j in R. Apply Ei

to get Ei(v) = v1Ei(b1)+ · · ·+ vnEi(bn) = vi by the
definition of the Ei.

Section 9.2

9.2.1 b. 1
2




−3 −2 1

2 2 0
0 0 2




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9.2.4 b. PB←D =




1 1 −1
1 −1 0
1 0 1



,

PD←B = 1
3




1 1 1
1 −2 1
−1 −1 2



,

PE←D =




1 0 1
1 −1 0
1 1 −1



, PE←B =




0 0 1
0 1 0
1 0 0





9.2.5 b. A = PD←B, where
B = {(1, 2, −1), (2, 3, 0), (1, 0, 2)}. Hence

A−1 = PB←D =




6 −4 −3
−4 3 2

3 −2 −1





9.2.7 b. P =




1 1 0
0 1 2
−1 0 1





9.2.8 b. B =

{[
3
7

]
,
[

2
5

]}

9.2.9 b. cT (x) = x2− 6x− 1

d. cT (x) = x3 + x2− 8x− 3

f. cT (x) = x4

9.2.12 Define TA : Rn→ Rn by TA(x) = Ax for all x in Rn. If
null A = null B, then ker (TA) = null A = null B = ker (TB)
so, by Exercise 7.3.28, TA = STB for some isomorphism
S : Rn→ Rn. If B0 is the standard basis of Rn, we have
A = MB0(TA) = MB0(STB) = MB0(S)MB0(TB) =UB where
U = MB0(S) is invertible by Theorem 9.2.1. Conversely, if
A =UB with U invertible, then Ax = 0 if and only Bx = 0, so
null A = null B.

9.2.16 b. Showing S(w+ v) = S(w)+ S(v) means
MB(Tw+v) = MB(Tw)+MB(Tv). If B = {b1, b2}, then
column j of MB(Tw+v) is
CB[(w+ v)b j] =CB(wb j + vb j) =CB(wb j)+CB(vb j)
because CB is linear. This is column j of
MB(Tw)+MB(Tv). Similarly MB(Taw) = aMB(Tw); so
S(aw) = aS(w). Finally TwTv = Twv so
S(wv) = MB(TwTv) = MB(Tw)MB(Tv) = S(w)S(v) by
Theorem 9.2.1.

Section 9.3

9.3.2 b. T (U)⊆U , so T [T (U)]⊆ T (U).

9.3.3 b. If v is in S(U), write v = S(u), u in U . Then
T (v) = T [S(u)] = (T S)(u) = (ST )(u) = S[T (u)] and
this lies in S(U) because T (u) lies in U (U is
T -invariant).

9.3.6 Suppose U is T -invariant for every T . If U "= 0, choose
u "= 0 in U . Choose a basis B = {u, u2, . . . , un} of V

containing u. Given any v in V , there is (by Theorem 7.1.3) a
linear transformation T : V →V such that T (u) = v,
T (u2) = · · ·= T (un) = 0. Then v = T (u) lies in U because U

is T -invariant. This shows that V =U .

9.3.8 b.
T (1− 2x2) = 3+ 3x− 3x2 = 3(1− 2x2)+ 3(x+ x2)
and T (x+ x2) =−(1− 2x2), so both are in U . Hence
U is T -invariant by Example 9.3.3. If
B = {1− 2x2, x+ x2, x2} then

MB(T ) =




3 −1 1
3 0 1
0 0 3



, so

cT (x) = det




x− 3 1 −1
−3 x −1
0 0 x− 3



=

(x− 3) det
[

x− 3 1
−3 x

]
= (x− 3)(x2− 3x+ 3)

9.3.9 b. Suppose Ru is TA-invariant where u "= 0. Then
TA(u) = ru for some r in R, so (rI−A)u = 0. But
det (rI−A) = (r− cosθ )2 + sin2θ "= 0 because
0 < θ < π . Hence u = 0, a contradiction.

9.3.10 b. U = span{(1, 1, 0, 0), (0, 0, 1, 1)} and
W = span{(1, 0, 1, 0), (0, 1, 0, −1)}, and these
four vectors form a basis of R4. Use Example 9.3.9.

d. U = span
{[

1 1
0 0

]
,
[

0 0
1 1

]}
and

W = span
{[

1 0
−1 0

]
,
[

0 1
0 1

]}
and these

vectors are a basis of M22. Use Example 9.3.9.

9.3.14 The fact that U and W are subspaces is easily verified
using the subspace test. If A lies in U ∩V , then A = AE = 0;
that is, U ∩V = 0. To show that M22 =U +V , choose any A
in M22. Then A = AE +(A−AE), and AE lies in U [because
(AE)E = AE2 = AE], and A−AE lies in W [because
(A−AE)E = AE−AE2 = 0].

9.3.17 b. By (a) it remains to show U +W =V ; we
show that dim (U +W) = n and invoke
Theorem 6.4.2. But U +W =U⊕W because
U ∩W = 0, so dim (U +W) = dim U + dim W = n.

9.3.18 b. First, ker (TA) is TA-invariant. Let U = Rp be
TA-invariant. Then TA(p) is in U , say TA(p) = λ p.
Hence Ap = λ p so λ is an eigenvalue of A. This
means that λ = 0 by (a), so p is in ker (TA). Thus
U ⊆ ker (TA). But dim [ker (TA)] "= 2 because TA "= 0,
so dim [ker (TA)] = 1 = dim (U). Hence U = ker (TA).
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9.3.20 Let B1 be a basis of U and extend it to a basis B of V .

Then MB(T ) =

[
MB1(T ) Y

0 Z

]
, so

cT (x) = det [xI−MB(T )] = det [xI−MB1(T )] det [xI−Z] =
cT 1(x)q(x).

9.3.22 b. T 2[p(x)] = p[−(−x)] = p(x), so T 2 = 1;
B = {1, x2; x, x3}

d. T 2(a, b, c) = T (−a+ 2b+ c, b+ c, −c) = (a, b, c),
so T 2 = 1; B = {(1, 1, 0); (1, 0, 0), (0, −1, 2)}

9.3.23 b. Use the Hint and Exercise 9.3.2.

9.3.25 b. T 2(a, b, c) = T (a+ 2b, 0, 4b+ c) =
(a+ 2b, 0, 4b+ c) = T (a, b, c), so T 2 = T ;
B = {(1, 0, 0), (0, 0, 1); (2, −1, 4)}

9.3.29 b. Tf , z[Tf , z(v)] = Tf , z[ f (v)z] = f [ f (v)z]z =
f (v){ f [z]z}= f (v) f (z)z. This equals
Tf , z(v) = f (v)z for all v if and only if
f (v) f (z) = f (v) for all v. Since f "= 0, this holds if
and only if f (z) = 1.

9.3.30 b. If A =
[

p1 p2 · · · pn

]
where Upi = λ pi

for each i, then UA = λ A. Conversely, UA = λ A

means that Up = λ p for every column p of A.

Section 10.1

10.1.1 b. P5 fails.

d. P5 fails.

f. P5 fails.

10.1.2 Axioms P1–P5 hold in U because they hold in V .

10.1.3 b. 1√
π

f

d. 1√
17

[
3
−1

]

10.1.4 b.
√

3

d.
√

3π

10.1.8 P1 and P2 are clear since f (i) and g(i) are real
numbers.

P3: 〈 f + g, h〉= ∑
i

( f + g)(i) ·h(i)

= ∑
i

( f (i)+ g(i)) ·h(i)

= ∑
i

[ f (i)h(i)+ g(i)h(i)]

= ∑
i

f (i)h(i)+∑
i

g(i)h(i)

= 〈 f , h〉+ 〈g, h〉.
P4: 〈r f , g〉= ∑

i

(r f )(i) ·g(i)

= ∑
i

r f (i) ·g(i)

= r∑
i

f (i) ·g(i)

= r〈 f , g〉

P5: If f "= 0, then 〈 f , f 〉 = ∑
i

f (i)2 > 0 because some

f (i) "= 0.

10.1.12 b.
〈v, v〉= 5v2

1− 6v1v2 + 2v2
2 =

1
5 [(5v1− 3v2)2 + v2

2]

d. 〈v, v〉= 3v2
1 + 8v1v2 + 6v2

2 =
1
3 [(3v1 + 4v2)2 + 2v2

2]

10.1.13 b.
[

1 −2
−2 1

]

d.




1 0 −2
0 2 0
−2 0 5





10.1.14 By the condition, 〈x, y〉= 1
2〈x+ y, x+ y〉= 0 for all

x, y. Let ei denote column i of I. If A = [ai j], then
ai j = eT

i Ae j = {ei, e j}= 0 for all i and j.

10.1.16 b. −15

10.1.20 1. Using P2:
〈u, v+w〉= 〈v+w, u〉= 〈v, u〉+ 〈w, u〉= 〈u, v〉+ 〈u, w〉.
2. Using P2 and P4: 〈v, rw〉= 〈rw, v〉= r〈w, v〉= r〈v, w〉.
3. Using P3: 〈0, v〉= 〈0+ 0, v〉= 〈0, v〉+ 〈0, v〉, so
〈0, v〉= 0. The rest is P2.
4. Assume that 〈v, v〉= 0. If v "= 0 this contradicts P5, so
v = 0. Conversely, if v = 0, then 〈v, v〉= 0 by Part 3 of this
theorem.

10.1.22 b. 15‖u‖2− 17〈u, v〉− 4‖v‖2

d. ‖u+ v‖2 = 〈u+ v, u+ v〉= ‖u‖2 + 2〈u, v〉+ ‖v‖2

10.1.26 b. {(1, 1, 0), (0, 2, 1)}

10.1.28 〈v−w, vi〉= 〈v, vi〉− 〈w, vi〉= 0 for each i, so
v = w by Exercise 10.1.27.

10.1.29 b. If u = (cosθ , sinθ ) in R2 (with the dot
product) then ‖u‖= 1. Use (a) with v = (x, y).

Section 10.2
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10.2.1 b.

1
14




(6a+ 2b+ 6c)




1
1
1



+(7c− 7a)




−1

0
1





+(a− 2b+ c)




1
−6

1










d.
(

a+d
2

)[ 1 0
0 1

]
+
(

a−d
2

)[ 1 0
0 −1

]
+

(
b+c

2

)[ 0 1
1 0

]
+
(

b−c
2

)[ 0 1
−1 0

]

10.2.2 b. {(1, 1, 1), (1, −5, 1), (3, 0, −2)}

10.2.3 b.{[
1 1
0 1

]
,
[

1 −2
3 1

]
,
[

1 −2
−2 1

]
,
[

1 0
0 −1

]}

10.2.4 b. {1, x− 1, x2− 2x+ 2
3}

10.2.6 b. U⊥ =
span{

[
1 −1 0 0

]
,
[

0 0 1 0
]

,
[

0 0 0 1
]
},

dim U⊥ = 3, dim U = 1

d. U⊥ = span{2− 3x, 1− 2x2}, dim U⊥ = 2,
dim U = 1

f. U⊥ = span
{[

1 −1
−1 0

]}
, dim U⊥ = 1,

dim U = 3

10.2.7 b.

U = span
{[

1 0
0 1

]
,
[

1 1
1 −1

]
,
[

0 1
−1 0

]}
;

projU A =

[
3 0
2 1

]

10.2.8 b. U = span{1, 5− 3x2}; projU x = 3
13 (1+ 2x2)

10.2.9 b. B = {1, 2x− 1} is an orthogonal basis of U

because
∫ 1

0 (2x− 1)dx = 0. Using it, we get
projU (x2 + 1) = x+ 5

6 , so
x2 + 1 = (x+ 5

6 )+ (x2− x+ 1
6 ).

10.2.11 b. This follows from
〈v+w, v−w〉= ‖v‖2−‖w‖2.

10.2.14 b. U⊥ ⊆ {u1, . . . , um}⊥ because each ui is in
U . Conversely, if 〈v, ui〉= 0 for each i, and
u = r1u1 + · · ·+ rmum is any vector in U , then
〈v, u〉= r1〈v, u1〉+ · · ·+ rm〈v, um〉= 0.

10.2.18 b. projU (−5, 4, −3) = (−5, 4, −3);
projU (−1, 0, 2) = 1

38 (−17, 24, 73)

10.2.19 b. The plane is U = {x | x ·n = 0} so

span
{

n×w, w− n·w
‖n‖2 n

}
⊆U . This is equality

because both spaces have dimension 2 (using (a)).

10.2.20 b. CE(bi) is column i of P. Since
CE(bi) ·CE(b j) = 〈bi, b j〉 by (a), the result follows.

10.2.23 b. If U = span{f1, f2, . . . , fm}, then

projU v =
m

∑
i=1

〈v1, fi〉
‖fi‖2 fi by Theorem 10.2.7. Hence

‖ projU v‖2 =
m

∑
i=1

〈v1, fi〉
‖fi‖2 fi by Pythagoras’ theorem.

Now use (a).

Section 10.3

10.3.1 b.

B =

{[
1 0
0 0

]
,
[

0 1
0 0

]
,
[

0 0
1 0

]
,
[

0 0
0 1

]}
;

MB(T ) =





−1 0 1 0
0 −1 0 1
1 0 2 0
0 1 0 2





10.3.4 b. 〈v, (rT )w〉= 〈v, rT (w)〉= r〈v, T (w)〉=
r〈T (v), w〉= 〈rT (v), w〉= 〈(rT )(v), w〉

d. Given v and w, write T−1(v) = v1 and T−1(w) = w1.
Then 〈T−1(v), w〉= 〈v1, T (w1)〉= 〈T (v1), w1〉=
〈v, T−1(w)〉.

10.3.5 b. If B0 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, then

MB0(T ) =




7 −1 0
−1 7 0

0 0 2



 has an orthonormal basis

of eigenvectors





1√
2




1
1
0



 , 1√
2




1
−1

0



 ,




0
0
1








.

Hence an orthonormal basis of eigenvectors of T is{
1√
2
(1, 1, 0), 1√

2
(1, −1, 0), (0, 0, 1)

}
.

d. If B0 = {1, x, x2}, then MB0(T ) =




−1 0 1

0 3 0
1 0 −1





has an orthonormal basis of eigenvectors







0
1
0



 , 1√
2




1
0
1



 , 1√
2




1
0
−1








.

Hence an orthonormal basis of eigenvectors of T is{
x, 1√

2
(1+ x2), 1√

2
(1− x2)

}
.

10.3.7 b. MB(T ) =

[
A 0
0 A

]
, so

cT (x) = det
[

xI2−A 0
0 xI2−A

]
= [cA(x)]2.
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10.3.12 (1)⇒ (2). If B = {f1, . . . , fn} is an orthonormal
basis of V , then MB(T ) = [ai j] where ai j = 〈fi, T (f j)〉 by
Theorem 10.3.2. If (1) holds, then
a ji = 〈f j, T (fi)〉=−〈T (f j), fi〉=−〈fi, T (f j)〉=−ai j.
Hence [MV (T )]T =−MV (T ), proving (2).

10.3.14 c. The coefficients in the definition of

T ′(f j) =
n

∑
i=1
〈f j, T (fi)〉fi are the entries in the jth

column CB[T ′(f j)] of MB(T ′). Hence
MB(T ′) = [〈f j, T (f j)〉], and this is the transpose of
MB(T ) by Theorem 10.3.2.

Section 10.4

10.4.2 b. Rotation through π

d. Reflection in the line y =−x

f. Rotation through π
4

10.4.3 b. cT (x) = (x− 1)(x2 + 3
2 x+ 1). If

e =
[

1
√

3
√

3
]T

, then T is a rotation about Re.

d. cT (x) = (x+ 1)(x+ 1)2. Rotation (of π) about the x
axis.

f. cT (x) = (x+ 1)(x2−
√

2x+ 1). Rotation (of − π
4 )

about the y axis followed by a reflection in the x− z

plane.

10.4.6 If ‖v‖= ‖(aT )(v)‖= |a|‖T (v)‖ = |a|‖v‖ for some
v "= 0, then |a|= 1 so a =±1.

10.4.12 b. Assume that S = Su ◦T , u ∈V , T an isometry
of V . Since T is onto (by Theorem 10.4.2), let
u = T (w) where w ∈V . Then for any v ∈V , we have
(T ◦Sw) = T (w+v) = T (w)+T (w) = ST(w)(T (v)) =
(ST (w) ◦T )(v), and it follows that T ◦ Sw = ST(w) ◦T .

Section 10.5

10.5.1 b. π
2 −

4
π

[
cosx+ cos3x

32 + cos5x
52

]

d. π
4 +

[
sinx− sin2x

2 + sin3x
3 −

sin4x
4 + sin5x

5

]

− 2
π

[
cosx+ cos3x

32 + cos5x
52

]

10.5.2 b. 2
π −

8
π

[
cos2x
22−1

+ cos4x
42−1

+ cos6x
62−1

]

10.5.4
∫

cos kx cos lx dx

= 1
2

[
sin[(k+l)x]

k+l − sin[(k−l)x]
k−l

]π

0
= 0 provided that k "= l.

Section 11.1

11.1.1 b. cA(x) = (x+ 1)3;

P =




1 0 0
1 1 0
1 −3 1



;

P−1AP =




−1 0 1

0 −1 0
0 0 −1





d. cA(x) = (x− 1)2(x+ 2);

P =




−1 0 −1

4 1 1
4 2 1



;

P−1AP =




1 1 0
0 1 0
0 0 −2





f. cA(x) = (x+ 1)2(x− 1)2;

P =





1 1 5 1
0 0 2 −1
0 1 2 0
1 0 1 1



;

P−1AP =





−1 1 0 0
0 −1 1 0
0 0 1 −2
0 0 0 1





11.1.4 If B is any ordered basis of V , write A = MB(T ). Then
cT (x) = cA(x) = a0 + a1x+ · · ·+ anxn for scalars ai in R.
Since MB is linear and MB(T k) = MB(T )k, we have
MB[cT (T )] = MV [a0 + a1T + · · ·+ anT n] =
a0I+ a1A+ · · ·+ anAn = cA(A) = 0 by the Cayley-Hamilton
theorem. Hence cT (T ) = 0 because MB is one-to-one.

Section 11.2

11.2.2




a 1 0
0 a 0
0 0 b








0 1 0
0 0 1
1 0 0





=




0 1 0
0 0 1
1 0 0








a 1 0
0 a 1
0 0 a





Appendix A

A.1 b. x = 3

d. x =±1

A.2 b. 10+ i

d. 11
26 +

23
26 i

f. 2− 11i

h. 8− 6i

A.3 b. 11
5 + 3

5 i

d. ±(2− i)

f. 1+ i
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A.4 b. 1
2 ±

√
3

2 i

d. 2, 1
2

A.5 b. −2, 1±
√

3i

d. ±2
√

2, ±2
√

i

A.6 b. x2− 4x+ 13; 2+ 3i

d. x2− 6x+ 25; 3+ 4i

A.8 x4− 10x3 + 42x2− 82x+ 65

A.10 b. (−2)2 + 2i− (4− 2i)= 0; 2− i

d. (−2+ i)2+ 3(1− i)(−1+ 2i)− 5i= 0; −1+ 2i

A.11 b. −i, 1+ i

d. 2− i, 1− 2i

A.12 b. Circle, centre at 1, radius 2

d. Imaginary axis

f. Line y = mx

A.18 b. 4e−π i/2

d. 8e2π i/3

f. 6
√

2e3π i/4

A.19 b. 1
2 +

√
3

2 i

d. 1− i

f.
√

3− 3i

A.20 b. − 1
32 +

√
3

32 i

d. −32i

f. −216(1+ i)

A.23 b. ±
√

2
2 (
√

3+ i), ±
√

2
2 (−1+

√
3i)

d. ±2i, ±(
√

3+ i), ±(
√

3− i)

A.26 b. The argument in (a) applies using β = 2π
n . Then

1+ z+ · · ·+ zn−1 = 1−zn

1−z = 0.

Appendix B

B.1 b. If m = 2p and n = 2q+ 1 where p and q are
integers, then m+ n = 2(p+ q)+ 1 is odd. The
converse is false: m = 1 and n = 2 is a
counterexample.

d. x2− 5x+ 6= (x− 2)(x− 3) so, if this is zero, then
x = 2 or x = 3. The converse is true: each of 2 and 3
satisfies x2− 5x+ 6= 0.

B.2 b. This implication is true. If n = 2t + 1 where t is
an integer, then n2 = 4t2 +4t +1 = 4t(t +1)+1. Now
t is either even or odd, say t = 2m or t = 2m+ 1. If
t = 2m, then n2 = 8m(2m+ 1)+ 1; if t = 2m+ 1, then
n2 = 8(2m+ 1)(m+ 1)+ 1. Either way, n2 has the
form n2 = 8k+ 1 for some integer k.

B.3 b. Assume that the statement “one of m and n is
greater than 12” is false. Then both n≤ 12 and
m≤ 12, so n+m≤ 24, contradicting the hypothesis
that n+m = 25. This proves the implication. The
converse is false: n = 13 and m = 13 is a
counterexample.

d. Assume that the statement “m is even or n is even” is
false. Then both m and n are odd, so mn is odd,
contradicting the hypothesis. The converse is true: If
m or n is even, then mn is even.

B.4 b. If x is irrational and y is rational, assume that
x+ y is rational. Then x = (x+ y)− y is the difference
of two rationals, and so is rational, contrary to the
hypothesis.

B.5 b. n = 10 is a counterexample because 103 = 1000
while 210 = 1024, so the statement n3 ≥ 2n is false if
n = 10. Note that n3 ≥ 2n does hold for 2≤ n≤ 9.

Appendix C

C.6 n
n+1 +

1
(n+1)(n+2) =

n(n+2)+1
(n+1)(n+2) =

(n+1)2

(n+1)(n+2) =
n+1
n+2

C.14

2
√

n−1+ 1√
n+1

= 2
√

n2+n+1√
n+1

−1 < 2(n+1)√
n+1
−1 = 2

√
n+ 1−1

C.18 If n3− n = 3k, then
(n+ 1)3− (n+ 1) = 3k+ 3n2+ 3n = 3(k+ n2+ n)

C.20 Bn = (n+ 1)!− 1

C.22 b. Verify each of S1, S2, . . . , S8.


