
 

Exercise 2

Étz 3

source lecture y

Xt y 122 4

4 22 2

1 1 1 3 1 1 1 3

11
1 1 3

o o 1 1

o g reft Hranitne
0 I 2 2

x y z 3 11 0 1 3 IT solution

2 1 IET E I
9 22 2 y1247 2 IT

b

Y't ya

matrix multiplication which

you can perform to verify your solution

fish
Perform the matrix multiplication

it if.gr0 0 2.1



2
Source Lecture 29,25

D
M

1 2 1 3 1
32 4 1 0 5I 134 31 f s o

12217 2RitR Rst R tR3

1 q
i

y0 0 3 6 3
o o d f d

Rat Rz

b The above REF matrix has two leading Is

so rank M 2

stream.is i1 Ii tI it1
are all 4 3 matrices with rank 2



3 source Lecture 29

Find solutions to the system
a 2b d 2

C 2d I

1 2 0 1 2think

o o 1 2 1

The 2nd 4th columns left of bar have no leading 1s

A Two columns have ne leading 1 So

two parameters are needed to describe the solutions

b Let b t d s

Then c 2d 1 C 25 1 C It 2s

9 2b d 2 7 a at 5 2 a stat s

The solutions are

a 2 24 s 2

for all

it tag Htt Its numbers
and s

C The dimension is 2 source Lecture 99

d The shape is a plane



Q4 Key

a Source Lecture 29

1
Rightmost column has no leading 1 so the system
is consistent

The 2nd 4th 5th columns left of the vertical bar
have no leading 1

So there are infinitely many solutions

and we need 3 parameters to describe the solutions

b Source Lecture 39

If M 5 2 6

what is Mt

MT

f
What is the transpose of AT

AT A



Q5 Key
A What is the size of the product

4 11
2 3 3 2 tiger

b What is the size of the product

11 11
3 2 2 3 I yer

C What is the size of the product

I
5 44 1

Agger

d What is the size of the product

1 P
2 5 5 4

I yer

e Simplify each expression into a single matrix

or state that it does not exist

i 61,1 151
1
6 1.7 1595 1

ii 1114 1 135

iii Hittite
iv 8 4 3,9 1 13



Q6 Key
Write down a 2 2 matrix
which commutes with every 2 2 matrix

9 the identity matrix

commutes with every
2 2 matrix

Do Write down another 2 2 matrix
which commutes with every 2 2 matrix

3276 1 218979.1 21 Ya
E works

E L 1 4 7 4 1
C Is matrix multiplication commutative No

d Write down two easy to remember matrices

which do not commute with each other

If A has site 3 2 and B has size 2 3

AB and BA are defined but they have

different sizes so AB DA

A fog and Biff
3 8 198 1

BAE L 1 Ref Matrix multiplication Lecture49,46



Q 7 key
similar to

Exercise 3

Lecture Ja

d Suppose A B and C are 2 2 matrices

and det c 5

Rewrite the matrix equation
AC BC 4 CB

as a formula for A

Adda
since det c to c exists

AC BC 4 CB

A B C 4 CB

A B CE 4 CBE

A B 4 CBE

A 4 CBE t B

b a sanity check
4CBE

t B

AC BC I 4 CB
4C BE't B C BC

4CBE'CTEEBC
4 CB



Similar to lecture 5h Exercise 9

1 00 1980
01 7 3 231

ME
4015724

a is invertible
000 2002
000050 I
0000 Ol y0 0 00 O O

Whyte det M 2.5 1040 and we know

if the determinant of a matrix is nonzero

then the inverse of the matrix exists

Alternatively The rank of M is 7

and its size is 7 7

so M is invertible according to the

invertibility and rank theorem

D C is not invertible

0 000 0 1 I

8873334WY C 8
t to the 7 7 tr

fooo i o o

which has determinant 0 000 0 1 Of
0 000 01 1and rank smaller than 7 0000000



9 Key Source Lecture 79
Exercise 3

do A possible step by step process
For cofactor method the most convenient choice is

either the 4th column or 4th row

i p j
É

at

2 C it det 10 2 6 I
1 4 43

Rat Rit Ry
does not change
the determinant

2 ED det o
0 0 1 O
00 32

1241 7 3123 124

I 4 7 y does not change
the determinant2 det 1839

O 0 0 2

2 1 2 1.2

8

Do Yes M is invertible because detCM 0

Con't below f
for alternative
solution



Exercise 3

ji

For cofactor method the most convenient choice is

either the 4th column or 4th row

Here I choose the4th row

1 170 I
0 26 0 1

det 7 5 624 941041 942042 943043 944644 945451

I

to computeCa it
detffg 041,042,044,45

then fate II row 1stcolumn 941945944945 0
but I wanted to show

42 114
detfyIg

you examples
for computing
cofactors

theoriginal matrix
without the 4th row 2ndcolumn

43 C17
3
det 6 I 8 theoriginalmatrix

without the 4th row 3rd m

ii
Cofactor
along the
3rd I Lot o 2 titdetl to

I 2 det
1

1.2 1.2.2

8

So det 75 624 941041 942242 943043 944244 94545

99 89 0.04 t O 042 f 1 Cast 0 044 TO 45
O t O t C 1 C8 T O T O

FI
b o Yes M is invertible because det M 0



TO K Source Lecture 76 Exercise 8

d Find all eigenvectors of A 423 with eigenvalue 7 0

Set An or

4111 1 ETI
R ER 3 118

Rat Rita I 8
let y t

2x y o 2x t o 2x t X It

The eigenvectors of A with eigenvalue 7 0

are of the form

ft tf for nonzero t

b cheat compute f Et Is it equal to off
Co If M 1

does it mean i is an eigenvector of M

Yes This means If is an eigenvector with eigenvalue o
d If M 1 does it mean o is an eigenvalue of M Yes

e If MLL 8 does it mean 8 is an eigenvector of M

No Eigenvector cannot be a zero matrix

f Suppose Bf y
Write down one the eigenvalues

of the matrix B

7 2 is an eigenvalue of B because B 31 2 É



Q I 1 Lecture 76 sa

A Suppose M is a 4x4 matrix

Suppose M 5 Id

4
has a unique solution

exactly one

Is it enough information to determine
whether 5 is an eigenvalue of M Yes

If so state whether 5 is an eigenvalue

This means the only satisfying ME 54g
is

so 5 is not an eigenvalue of M

Is it enough information to determine

whether 5 is an eigenvalue of M

If so state whether 5 is an eigenvalue
Not enough information about 5

b Suppose M 51d

4
has infinitely many

solutions

Is it enough information to determine
whether 5 is an eigenvalue of M Yes

If so state whether 5 is an eigenvalue

This means there are non zero vectors satisfying M
E 541

so 5 is an eigenvalue of M

Is it enough information to determine

whether 5 is an eigenvalue of M

If so state whether 5 is an eigenvalue
Not enough information about 5



12 Key

do v is shown below

Sketch 3W and IV

In
v

v is stretched
V

by a factor The length of
of 3

v is
The length of 37 is
three times try half of fu

b sketch Vt w where v and w are shown below

into
w are drawn in dashed line



Q 13 Key

Atv A AT

A XT by assumption AT It

X AT

X A'AT

X XT by assumption AT It

XX A F

XX AAT

XX Att by assumption AT It

XXX AT

XXXX t by assumption AT to

Xp
We have shown that Atv hi so

is an eigenvalue of A4
with F as a X eigenvector of A



Q 14 Key
a False Counterexample 2 3y 42 0

zyx z z
has 3 variables

The augmented matrix has 2 rows

b False Counterexample If I8 has exactly one solution

C True Applying a sequence ofelementary operations

results in a system which has the same set of

solutions as the original system

d True Applying a sequence ofelementary operations
results in a system which has the same set of

solutions as the original system

e False Counterexample M EJ A L 13189

Q 15 Key
a True detCAB det A detCB is a property of det

b True A square matrix is invertible iff
its determinant is nonzero so E exists

We know det c detCoD detCCC D det Id n

So 2 det C D 1

c False Counterexample Let D i
detC2B det 323 4

2 det D 2 det 89 2

d False Counterexample Let E F i
det Etf det 381 4

Key det E det F 1 1 2



Q 16 Answer whether each statement is TRUE or FALSE

If true give a justification If false provide a counterexample

A True Ref Lec sa a

Justification A exists so IF
b True Ref LeeGa

Justification
A square matrix is invertible
if and only if its determinant is nonzero

C True RefLecsb
An n xn matrix is invertible

Justification if and only if its rank is n

d True Ref Lecsb
Justification The algorithm starting from A Id

tells us that if we can perform
row operations to get to Id B

then B is the inverse of A

e True Ref Lecsb
Justification The algorithm starting from A Id

tells us that if A has an inverse then

we must be able to perform
row operations to get to Id B



Q 17 RefLec sa

A Compute the polynomial PA x det x Id A

for A I what are the eigenvalues of A

det x Id A det I II
x 1 Cx 2 Ex 3 because the matrix is

upper triangular
simply take the product
of the diagonal entries

The eigenvalues of A are 1 2 3

b Compute the polynomial PA x det x Id A

for A f what are the eigenvalues of A

det x Id A det É

the 3rd row because there are manyOs

x 2 x x 3 DEA
x 2 x2 3 2

x 2 x 1 x 2

x 1 x 27

The eigenvalues of A are 1and 2


