Matrix Inverses




How to multiply matrices by matrices.

® AB may not equal BA.
® AB =0 doesn't always imply A =0 or B = 0.
® AB = AC doesn't always imply B = C, even when A # 0.

As we will see, these dangers mean division doesn't always exist.

Dividing by a matrix (when it is possible).




Identity matrix
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In fact, the more elementary problem is to find inverses.

Intuition from real numbers

For real numbers, we can turn division into multiplication as long
as we can find the inverse to the denominator.

P_1 1
—=—_p=q p
q q

The inverse to g is the number g~—! such that
g lg=1and/orqgqg =1

Notice that if one property is true, the other automatically is.

Let's generalize these ideas to matrices!



Identity matrix
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First, we need to generalize the number 1 to matrices.

Recall: The identity matrix

The n x n identity matrix Id is the n X n-matrix with 1s on the
diagonal and all other entries 0.

There is no such thing as a non-square identity matrix! )




Identity matrix
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Properties of the identity matrix

For any matrix A,
Id A=A Ald=A

2 2
-1 =|-1
3 3

OO ==
O = O
= O O

This is why Id is the matrix analog of the number 1. J
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Inverse matrices

If A is an n X n-matrix, the inverse of A is the n X n-matrix B
where

AB = Id and BA = Id

The inverse of a matrix A is usually denoted A1,

| A\

Exercise 1
Check that
[ 18 —7 |
L 5 _2 |
Is the inverse to
T
| 5 —18

using both equations in the definition.
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Exercise 1 (solution)

Check that [ 1? :; ] Is the inverse to [

equations in the definition.
18 772 /7\] qi8.2+-7-5> m
5 -2 5 18)] 5.2+ 2.5 —7—|— —2- 0 l/
2 —71[18 -7
5 —18 5 —2 |

2 =T
5 —18

] using both
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Exercise 1 (solution)

18 —7 | . : 2 -7 :
Check that 5 9o ] is the inverse to [ 5 18 ] using both
equations in the definition.

18 —7 2 —7] [18.24-7-5 18- —7+-7--18] [1 0
5 -2 5 18| |5.2+-2.5 5.-74+-2.-18| |0 1|/

2 77718 7] _ [2:18+-7-5 2. —7+-7--2] [1 0
5 —18 5 —2 | |5-184+—18-5 5.-—74+—18-—2| |0 1

— cﬁcl b‘g' QQ\\A*IOV\ I
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Exercise 2: Not every matrix has an inverse!

1 -1 .
Show that {_1 1 ] has no inverse.
-1 -1
If we could find an inverse matrix [_1 1 ] . then
_ - —1 r
1 -1 |1 -1 1 -1/ (1 -1 —1a
d [1 _1} =1 1] |1 1] [1 _1} because AT*A = Id
_ 4 -1 r
1 -1 0 O 1 -1] |1 -1 0O O
=1 1 0 0] because [_1 1} L _1] = [0 O] (Iez:ifs)
0 0 L . :
=1lo o multiplying by a zero matrix gives a zero matrix.
1 -1 0 0 .
— [
So [1 _1} 0 0] Impossible!
1 -1 :
Therefore, {_1 1 ] cannot have an inverse.

(This is called proof by contradiction, where we assume the opposite of
our claim and show something impossible happens.)
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“The"” inverse

The inverse of a matrix is unique...if it exists!

This is why we can use unambiguous notation like A~1.

If A= exists, we say the matrix A is invertible.
If A=! doesn't exist, we say A is non-invertible or not invertible.

Left inverses and right inverses are the same

If AB = Id is true, then BA = Id is automatically true!

A non-square matrix cannot have an inverse! |

Saslc=Ray RA - [ Z

X2
2)\3 LR z

A ‘b = Tdyus RX3
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We can use inverses to rearrange equations!

Example

Assume that AB = C and A is invertible. If we multiply both sides
by A~ on the left, we get

A~1(AB) = AIC
ld B=A"1C

B=A"1C

Order matters!

We must do the same thing to each side of an equation!
If AB = C, it would be wrong to assume that A}(AB) = CAL.

Two different kinds of division

In general, A~LC = CA—1. Both could be called ‘C divided by A’

so we avoid the terminology entirely, and we never write %.
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Exercise 3

If B is invertible, rewrite each of the equations as formulas for A.
® BAB ! =C

® BA=-BA+CB
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(o] lele]

Exercise 3

If B is invertible, rewrite each of the equations as formulas for A.
® BAB 1 =C

® BA=-BA+CB

() BAB!=C
BAB~1B = CB
BA = CB

B~!BA =B!CB

A=B"1CB

Sanity check: Plug
in A=B"1CB into
the original
equation.



® BAB ! =C
® BA = —BA +CB

Rearranging equations
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Exercise 3

If B is invertible, rewrite each of the equations as formulas for A.

@ BAB™' =C

BAB !B = CB
BA = CB
B~!BA =B ICB

A=B"1CB

Sanity check: Plug
in A=B"1CB into
the original
equation.

@ BA=-BA+CB
BA+BA=CB

(B + B)A = CB
2BA = CB
1
BA = =CB
5C

B !BA =B (%CB)

gl
A=B <2CB)

|-
A=|-B "CB
2

Check: Plug in A = %B_lCB into the original equation.
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Let A be invertible. Check whether the inverse to AT is (A=1)T. \

We will verify that AT(A=1)" = Id and (A"})TAT = Id.

-
AT(A_l)T -~ (@A) = =
.

1
and Lectue % M @M} [11‘ } _ [ 1 ‘X
Thinks M=A,N=A r 1
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Let A be invertible. Check whether the inverse to AT is (A=1)T. \

We will verify that AT(A"1)T = Id and (A~1)TAT = Id.

ATAHT =(ATA T =1d" = 1d

and
(ADHTAT = (AAY =1d" = 1Id

We have shown that (A7) = (A"1)T.



Rearranging equations
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Properties of inverses

Assume A, B, and A1, A,, ..., A, are invertible matrices.
o |d7! =1d.
A_l)_1 = A. ne3d
AN~ = (A71)", for example, (AAA)~1 = A=1 A-1 AL

AB)_]- — B_]-A_]-_ \-E C ic Tn‘\/&f'{"—bl&
AiAs--A) T=AT L ATIATY eg (ABC) = CIBTIATY
2 1

If A 'is invertible, then for any integer n, define 4 At
A" if n >0 A A& A

A" = |d if n=20 (
—1\|n| _ -2+ _
(A~Hll ifn <0 AZA’/\Z =
Then, for any integers m and n, AMA" = AM+",
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Solving systems of linear equations with inverses

Suppose that a system of n linear equations in n variables is
written in matrix form as AxX = b. If A is invertible, then this
system has a unique solution, given by

Xx=A"1p

If A is non-invertible, then we can't say anything yet.

Exercise b

Solve the system of linear equations

2x — Ty = 3
5x—18y = 8

using inverses.




Solving linear systems
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Systems of Linear Equations and Inverses

Exercise 5 (solution)

(Step i) Turn the following system of linear equations into a matrix
equation of the form Ax = b.

2x — Ty = 3
bx — 18y =

The matrix equation in the form Agz bis R
X

HBAIHEH

- rets pcdeS  conshrih
Coe X577 dacts KermS
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Exercise 5 (solution)

(Step ii) Solve by computing A-1lp (we already computed A~1 in
Exercise 1).

Since A~1! exists and has the property A=A = I we obtain the

following. AX — b
A"YAR) = A7'b
(A~TA)R A~'h
Id X A~1h
X = A'b



Solving linear systems
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Exercise 5 (solution)

(Step ii) Solve by computing A-1lp (we already computed A~1 in
Exercise 1).

Since A~1! exists and has the property A=*A = [, we obtain the

following. AX — b
A"YAR) = A7'b
(A~TA)R A~'h
Id X A~'b
X = A7lb
i.e., AX = b has the unique solution given by X = A~1h. Therefore,

SEHEEHEE

‘ojE—'x.{
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Exercise 5 (solution)

(Step iii) After computing A~1b, and plug it back in the system.

Sanity check: verify that x = —2, y = —1 is a solution to the
system (plug in).

2(-2) —7(~1) = 3
5(—2) — 18(—1) =



Solving linear systems
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Recap Lecture 5a

® Some but not all square matrices have an inverse.
® \When an inverse exists, it is unique.

® When the inverse exists, it allows us to rearrange equations.

® |n particular, we can solve AxX = b for X.

Next time: How to determine when the inverse exists and how to
compute It.

Do SHAYNC sted
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