Bases and dimension for vector spaces (part b)




Review

Definition 1: Bases

A subset of a vector space V is called a basis for V if every element of
V can be written as a linear combination in exactly one way.

Definition 3: Dimension

The dimension of a vector space is the number of elements in any basis.
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Generalize the relations between spanning sets, linearly independent sets, and
bases to finite-dimensional vector spaces.

Relations between spanning, linear independence, and bases

Let V be a finite-dimensional vector space; i.e. dim(V) < co.

® Every spanning set for V/ contains a basis for V. (direst algerithw)

unura\
® Every linearly independent set in V' can be extended to a basis for V.C’,’;Lﬂﬂﬂhn}

Theorem 1 (Dimension and number of vectors)

Let V be a finite-dimensional vector space; i.e. dim(V) < co.
@ Every basis for V contains exactly dim(V)-many elements.

@ Every spanning set for V contains at least dim(V/)-many elements, and
equality implies it is a basis.

@ Every linearly independent set in V' contains at most dim(V/)-many
elements, and equality implies it is a basis.

If the dimension is infinite, equality does not imply a basis!
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The ‘2 out of 3 rule’ (from Lecture 13b) still holds.

Theorem 2 (The ‘2 out of 3 Rule’ for vector spaces)

Let V be a finite-dimensional vector space. Let vi, vp, ..., vk be
elements in V. If any 2 of the following 3 are true, then the 3rd is
automatically true.

® {vi,va,..., vk} is a spanning set for V.
® {vi,va,..., vk} is a linearly independent set.
® The dimension of V is k.

So, if any 2 of these are true, then vq, v, ..., vk form a basis for V.

If you know dim(V/) and you want to check if a subset T of V is a
basis...

» If T has dim(V)-many vectors, you only need to check one of
the two conditions (and one is usually easier).




Theorem 3 (Bounds on dimension)

Let W be a subspace of a finite dimensional subspace V.
o 0<dim(W) <dim(V).  (finte-dimensiom( vector sgoce)
o If dim(W) =0, then W = {0}, i.e. W is the zero subspace.
e If dim(W) =dim(V), then W =V, i.e. Wis all of V.

Exercise 4
Let V be a subspace of P> with the following properties.
®x>—1lisin V.
® x*+1lisnotin V.
® V contains a non-zero polynomial p(x) such that p(3) = 0.
Find the dimension of V.




Exercise 4

Let V be a subspace of IP; with the following properties.

® x> —1lisin V.

® x2+1isnotin V.

® V contains a non-zero polynomial p(x) such that p(3) = 0.
Find the dimension of V.
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Exercise 5

Let S denote the set of polynomials in P> such that f(5) = 0.
That is,

S ={f(x) in Py | f(5) = 0}.
In Lecl16b, Exercise 5(a), we showed S is subspace of ;.

® Find the dimension of S.
® Find a basis for S.




Exercise 5
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Let S denote the set of polynomials in P, such that f(5) = 0.
That is,
S ={f(x) in Py | £(5) = 0}. hneosec o ?orJC ()

In Lecl16b, Exercise 5(a), we showed S is subspace of Ps.
® Find the dimension of S.
® Find a basis for S.
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Back to vectors

Bases allow us to return to the world of vectors!

We can use bases to convert elements in general vector spaces into
vectors, unlocking the many tools from this class.

Definition 4: The coefficient vector

Let B := {1, vs,..., v, } be a basis for a vector space V. Given w in V,
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the coefficient vector of w in the basis B is
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where ci1vo + Vo + -+ + ¢, v, = w.
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The coefficient vector records the list of coefficients of the unique linear

combination equal to w.

E.g. the coefficient vector of x2 + 5 in the standard basis of P, is .7
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Back to vectors

A simple but useful observation

Fix a basis for an n-dimensional vector space V. Then every
vector in R” is the coefficient vector of a unique element in
V.

We can use this to translate problems in V' into problems in R".



Back to vectors

Fact 4 (Checking special sets using coefficient vectors)

Fix a basis for an n-dimensional vector space V.

@ A set of elements in V is a spanning set for V if and only if their
coefficient vectors is a spanning set for R".

@® A set of elements in V is linearly independent in V if and only if their
coefficient vectors are linearly independent in R".

© A set of elements in V is a basis if and only if their coefficient vectors
form a basis in R".

Exercise 6

Let W be the subspace of C*° spanned by {e*,e™*}.
@ Show that {e*, e} is a basis for W. Shew thel sinh(x) , osh () ave i W
O What is the coefficient vectors of sinh(x) and cosh(x) in the basis

{e*,e7*}?
@® Use the coefficient vectors above to show that {sinh(x), cosh(x)} is also a
basis for W.
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Exercise 6

Let W be the subspace of C* spanned by {e*,e™>}.
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O What is the coefficient vectors of sinh(x) and cosh(x) in the basis
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Exercise 6

Let W be the subspace of C*° spanned by {€*,e™*}.

i cwer  te ark (O
© Show that {€*, e >} is a basis for W. Shew Tt sinh (%) 5 Cosh () are in W: ._[\,w__/\/r;’_'
O What is the coefficient vectors of sinh(x) and cosh(x) in the basis

{e¥,e7*}?

@ Use the coefficient vectors above to show that {sinh(x), cosh(x)} is also a
basis for W.
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