Eigenbases




Review

Recap: Finding a basis for standard subspaces

Subspace A method to find one basis
Image of A Put A in REF, |
keep columns of A corresponding to L1s
Span of {vi,...vp} = im(concatenation), use 1
Put A into REF, find gen. sol. to Ax =0
Kernel of A : . S
rewrite as linear combination, keep vectors

Solutions to HSLE = ker(coeff. matrix), use 1
A-eigenspace of A = ker(A — \ld), use 1




Review

Recap: Finding the dimension of standard subspaces

Subspace Dimension

Image of A rank(A)
Span of {vi,...v,} rank(concatenation)

Kernel of A width(A) — rank(A)
Solutions to HSLE | (# of variables) —rank(coeff. matrix)
A-eigenspace of A width(A) — rank(A — Ald)

~> ey (A—)\H)

In each case, the dimension is easy if we know a certain rank. J




ExerCise 4 CR&VI&M —Ff'a""' Le,c'{'ure. |4+47

(") Find a basis of the 2-eigenspace of
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(L) What is the dimension of this eigenspace?
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Motivation

Recall: 'ETDe,m/e.c:f-o(‘s turn watrix W\ul‘(—TFchQ‘Fan Tnte scalar w\ul-hFlchHm,

Av = hv

Simplifying multiplication by A

Let A be a specific matrix. We can simplify multiplication by A
(that is, the action of the linear transformation Tp).

® The action on any vector can be reduced to the action on a
basis. Specifically, if w = civq + covo + - - - + ¢c,vp, then

o Dot A dees 4o each basis Vectoyr wWe Can cnm?u'\-g
A the actron o A

Aw = c1Avs + ©Avy + - + R AV, en any
Vectoxr 1n The

subsrnc.e_

l_F we kn

® Matrices act on their eigenvectors in a particularly simple way.
Av = \v

So, we can simplify a matrix multiplication using a basis of
eigenvectors.



We call ‘a basis of eigenvectors’ an eigenbasis.

Definition 1: Eigenbases

An eigenbasis for an n x n-matrix A is a basis for R” consisting of

eigenvectors of A. O &)
17 [0 2 2 2 4
Let S:=¢ [0],]|-2], -1 A=10 1 -2
0] |1 1 01 4

Do the vectors of S form an eigenbasis for A?
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Observation 1 (Matrix multiplication and eigenbases)

Let vi,Vvo,...,v, be an eigenbasis for A, and let \; denote the
eigenvalue of v;. If w = civi + covo + - - - + ¢cpvp, then

Aw = c1A1v1 + ©Aava + - - + CpAnVi
A’w = cl)\%vl 4 C2>\%V2 + -+ cn)\%vn
AMw = Cl)\invl + C2>\£nV2 + -4 Cn)\’,fvn

v

This reduces matrix multiplication to several scalar multiplications!

Exercise 2
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Eigenbases don't always exist!

Exercise 3

Show that the following matrix does not have an eigenbasis.

e [23
0 2

o To "Ftn‘! L?jbh\fﬁl“55> write down the claractevistic Tcl\j\r\omiql e{: R:

e () = det [xu—ls>= det ["‘Z 3 )= (x-2)(x-2)

(o X=-2
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