Lecture 14a

Basis Algorithmg for the kernel of a matrix




Review

Definition (Subspaces of R”

A subspace of R” is anon—emgty subset of R” which is closed under
addition and@scalar ultiplication.

» Subspaces generalize linear objects like lines and planes ((te higher dimension)

» Many sets we've studied are subspaces: solution sets to
homogeneous linear systems, eigenspaces, kernels, images, spans.

Definition (Bases for a subspaces)

A basis S of a subspace V is a list of vectors such that every vector in V
can be written uniquely as a linear combination of the vectors in S.

» Useful for efficiently encoding subspaces in a finite list of vectors.

» Gives us the notion of dimension



Review
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Review

Recall: Getting a basis from the other special sets
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» One way (Algorithm 5 from the last lecture): Keep the
columns with a leading 1 in the REF.

® Every linearly independent set can be extended to a basis.
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Review

Recall: Dimension and number of vectors

® Every basis for a V' contains exactly dim(V)-many vectors.

Theorem 7 from the last lecture:

® Every spanning set for V contains at least dim(V/)-many vectors,
and equality implies it is a basis.

® Every linearly independent set in V' contains at most dim(V')-many
vectors, and equality implies it is a basis.
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Review

Recall Theorem 7 from the last lecture (The ‘2 out of 3' rule)

To show a set of vectors in a subspace V is a basis, you only need to
check 2 of the following 3:

® The set is linearly independent.
® The set is a spanning set for V.

® The number of vectors in the set equals dim(V/).
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Cheak whether T e a Lasis or W,

Theorem 7, restated (The ‘2 out of 3 Rule’ for checking a basis)

Let vi, va, ..., vk be elements in V. If any 2 of the following 3 properties
are true, then the 3rd one is automatically true.

® Vi, Vp, ..., Vg iS @ Spanning set.
® v, Vo, ..., Vg is linearly independent.
® The dimension of V is k.

So, if any 2 of these are true, then vy, vy, ..., v, is a basis for V.
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Computing a basis for the kernel of A (i.e. solutions to Av = 0).

Exercise 2

@ Find the general solution to the following matrix equation.
10
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® Use the general solution to find a basis for the subspace of solutions
to Ax = 0.
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A general solution is a description of all solutions using parameters.



Exercise 2

@ Find the general solution to the following matrix equation.
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Algorithm 1 (basis for kernel): Find one basis for the kernel of A
® Put A into REF.

® Write a general solution to Ax = 0, introducing a parameter
for each column of the REF without a leading 1.

© Rewrite the general solution as a linear combination whose
coefficients are the parameters.

Then vectors in the linear combination form a basis for ker(A).

Why does this work?

It's a spanning set since every solution is a linear combination.
It's linearly independent since each vector is non-zero in a new row

This is not the only basis for the kernel of Al




Exercise 3

1 11 2
A=111 0 -1
0 01 3
@® Find a basis for ker(A) and the dimension of ker(A).

® Check that the following set of vectors is a basis for ker(A).
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Exercise 3
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@ Find a basis for ker(A) and the dimension of ker(A).
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® Check that the following set of vectors is a basis for ker(A).

0 1

111 2 | == 1| |-1
A=1]1 1 0 -1 31| o
0 01 3 1 0

Stnee we alveady fouod dim (kec (A) =2 feom  past@,

\e:f"s Q'r‘r \\'-3 _:l—\qe_ 2 out o'F [ rule ’I_

FTPQ‘I’) we l«a\,e_ +- C,(ne_ck _}’l,w"‘ L s a Qm\zse—\‘ "',: kﬁ“- (AB-

(11 1 2 ro_ o o
L L e - l= ol J/ o —’3 fg 7n |Cef[/4>

lJ ! Co L 7o centained

(( | lz] (17 [o | " ker (.
[ o
o |

;7 [ S ‘Of S in J(er//Q
0) 0

Ne><+) STrnce weve Seen ot dien [ter (Ab =9
and [ has “two vectere N
We_ Sms—(— need +o c,‘nedz_ “hat L < Fmﬂs K&F(A>

o

L_— is \_lr\cqu% Tmo\&?-e,hcle.ﬂt-
|:_11] } Cl/“ check —thig
1o

’,\ow (‘eoltu;c

| e

o ||o 0 0 I elo ! 0
I -/lo I -llo| — o Ilo 0"0_%010
5 ﬁ
-2 0|0 -2 0|0 O Ofo O Ofo O Olo
[ Olo o 1o o I|o o Ofo o 0lo
=R
Ri € Ry p, 4R, R
KBW’SRI+R3 K‘f"ﬂiﬁﬁq | 130'{;’ an KEF ma&r\lx

With o (&ao‘:"’\"& |G

each Column

Le. of "
go | - s hn&ﬁw\\j —tﬁcke-?tw;eh‘\\. -F{— f \

Combined With *the —fact +lat L ic aq cubest of ker A
L lae dimCter(ﬁ%—mth vectors, “this ¢ hows —hat
L is o lbasis Coc vec (A). e of Ex 2Ly



If we can find a basis, we can find the dimension.

dimension of ker(A) E # of vectors in basis

1 : :
MI= # of parameters in general solution

= # columns in REF without a leading 1

That is...
Fact 2: The dimension of the kernel of A

dim(ker(A)) = width(A) — rank(A)
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Lo have Tive standard types of subsets which we know are

a(wang S\AESFQC,QS’
We now have methods to find a basis and the dimension of each of

our general constructions of a subspace!

Finding a basis and dimension for standard subspaces

Subspace Method to find one basis | Dimension
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Exercise 4

(a7 Find a basis of the 2-eigenspace of
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(L) What is the dimension of this eigenspace?
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